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PREFACE 

The National Center for Earthquake Engineering Research (NCEER) was established in 1986 to 
develop and disseminate new knowledge about earthquakes, earthquake-resistant design and 
seismic hazard mitigation procedures to minimize loss of life and property. The emphasis of the 
Center is on eastern and central United States structures, and lifelines throughout the country 
that may be exposed to any level of earthquake hazard. 

NCEER's research is conducted under one offour Projects: the Building Project, the Nonstructural 
Components Project, and the Lifelines Project, all three of which are principally supported by 
the National Science Foundation, and the Highway Project which is primarily sponsored by the 
Federal Highway Administration. 

The research and implementation plan in years six through ten (1991-1996) for the Building, 
Nonstructural Components, and Lifelines Projects comprises four interdependent elements, as 
shown in the figure below. Element I, Basic Research, is carried out to support projects in the 
Applied Research area. Element II, Applied Research, is the major focus of work for years six 
through ten for these three projects. Demonstration Projects under Element III have been 
planned to support the Applied Research projects and include individual case studies and 
regional studies. Element IV, Implementation, will result from activity in the Applied Research 
projects, and from Demonstration Projects. 

ELEMENT I 
BASIC RESEARCH 

• Seismic hazards and 
ground motion 

• Geotechnical 
engineering 

• Structures and systems 

• Risk and reliability 

• Intelligent and protective 
systems 

• Socioeconomic issues 

ELEMENT II 
APPLIED RESEARCH 
• The Building Project 

• The Nonstructural 
Components Project 

• The Lifelines Project 

• The Highway Project 

ELEMENT III 
DEMONSTRATION PROJECTS 

Case Studies 
• Active and hybrid control 
• Hospital and data processing 

facilities 
• Short and medium span bridges 
• Water supply systems in 

Memphis and San Francisco 
Regional Studies 

• New York City 
• Mississippi Valley 
• San Francisco Bay Area 
• City of Memphis and Shelby 

County, Tennessee 

ELEMENT IV 
IMPLEMENTATION 
• Conferences/Workshops 
• EducationlTraining courses 
• Publications 
• Public Awareness 
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Research in the Building Project focuses on the evaluation and retrofit of buildings in regions of 
moderate seismicity. Emphasis is on lightly reinforced concrete buildings, steel semi-rigid frames, 
and masonry walls or infills. The research involves small- and medium-scale shake table tests and 
full-scale component tests at several institutions. In a parallel effort, analytical models and computer 
programs are being developed to aid in the prediction of the response of these buildings to various 
types of ground motion. 

Two of the short-term products of the Building Project will be a monograph on the evaluation of 
lightly reinforced concrete buildings and a state-of-the-art report on unreinforced masonry. The 
structures and systems program constitutes one of the important areas of research in the Building 
Project. Current tasks include the following: 

1. Continued testing of lightly reinforced concrete external joints. 
2. Continued development of analytical tools, such as system identification, idealization, and 

computer programs. 
3. Perform parametric studies of building response. 
4. Retrofit of lightly reinforced concrete frames, flat plates and unreinforced masonry. 
5. Enhancement of the IDARC (inelastic damage analysis of reinforced concrete) computer 

program. 
6. Research in filled frames, including the development of an experimental program, develop

ment of analytical models and response simulation. 
7. Investigate the torsional response of symmetrical buildings. 

The purpose of this report is to investigate the phenomena of pounding. It introduces the concept of 
a pseudo energy radius to be used as a tool to study pounding between adjacent structures in terms 
of energy. This pseudo energy radius is then used, along with statistical linearization, to calculate 
the minimum gap space between structures to avoid pounding. The pseudo energy radius is also used 
to estimate the effects of pounding and to estimate the effectiveness of different mitigation techniques. 
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ABSTRACT 

Pounding between inelastic structures IS investigated usmg an energy approach. A 

comprehensive state of the art review, summanzmg previous approaches used to model 

pounding, and important results and conclusions from previous studies, is presented. The main 

characteristics of the pounding problem are identified and formulated in terms of energy. The 

Pseudo Energy Radius concept is introduced to study: (i) the minimum gap size to avoid 

pounding, (d) the amplifications due to pounding, and, (iii) the evaluation of different pounding 

mitigation techniques, including the use of supplemental damping devices and shock absorbers. 

A simple formulation, based on the Pseudo Energy Radius and statistical linearization, was 

developed to calculate the minimum gap to avoid pounding. Pounding effects in the response of 

structures were studied, and a simple methodology based on the Pseudo Energy Radius was 

developed to estimate these effects. Possible pounding mitigation techniques using energy 

dissipation devices, such as damper links, shock absorbers, or supplemental damping in the 

structure, are described. The use of the Pseudo Energy Radius is suggested to estimate 

mitigation effectiveness. The formulations presented are then summarized to provide structural 

engineers with simple design/evaluation procedures to solve pounding problems. 

Building code considerations for pounding are reviewed. Critical gap to avoid pounding is 

usually specified in terms of the sum of the maximum displacements, or as a percentage of the 

height, or as a fixed quantity, or as a SRSS combination of the response. Making use of the 

improved correlation coefficient based on the above mentioned Pseudo Energy Radius, the 

Double Difference Combination rule may be used to calculate the critical gap to avoid pounding. 

The formulation can be extended to determine more rational critical gap formulations in seismic 

codes. 
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1.1 Pounding of Buildings 

SECTION 1 

INTRODUCTION 

In the past, major earthquakes affecting large metropolitan areas have induced severe pounding 

damage. In some cases, the additional forces generated by the impact interactions have lead to 

structural collapse. In other cases, the buildings presented minor local damage, but indicating 

that pounding may be a serious threat to the structures if a stronger earthquake takes place. 

Pounding damage has been identified in previous earthquakes, for example, in the Olive View 

Hospital, during the 1971 San Fernando earthquake, where pounding between the emergency 

stair towers and the main building occurred, and evidence of the main building colliding against 

the retaining wall below grade was also detected. Pounding-related damage was also reported 

during the 1964 Alaskan earthquake, when parts of the Anchorage-Westward Hotel pounded 

against each other. A greater number of pounding incidents were identified during the 1985 

Mexico City earthquake, in which pounding was listed as a major contributing factor to the 

observed damage patterns. 

Pounding between two structures occurs when, due to their different dynamic parameters, the 

structures oscillate out of phase, and the separation is not sufficient to accommodate the relative 

displacements. Therefore, a sufficient separation between the bodies would avoid the problem, 

however, in large metropolitan areas the need for space has lead to small separations, often 

leading to structures likely to pound during a strong earthquake. The problem is complicated by 

the fact that, in general, adjacent buildings belong to different owners, and in most cases are built 

with different materials, at different times, according to different building code specifications, 

and designed with different functional objectives that translate into different dynamic 

characteristics. 

Base isolated buildings may experience pounding when the gap between the main structure and 

the surrounding retaining walls is not sufficient. USC Hospital's performance during the 



Northridge California earthquake is an example of such an occurrence. Moreover, other types of 

pounding may be observed in these buildings when a fail-safe mechanism is activated, like the 

boundary of the Friction Pendulum System (FPS), or the supports in a rubber bearing system. 

Pounding was also observed between bridge segments, and between the bridge and the abutment, 

during the recent Northridge earthquake. 

Studies on the effects of pounding were done by the nuclear power industry, since some impact 

may occur during the maximum credible seismic event. The studies emphasized that impact 

originates a stress concentration that has to be considered in the design. To reduce the local 

effects of pounding, some elastic link elements were proposed. Nevertheless, since nuclear 

power plants are designed to withstand missile impacts, some level of pounding is not hazardous 

to the integrity of the system. Earlier studies of impact by the nuclear power industry 

concentrated on the response of fuel rods in a reactor core when they interact, or when motion 

limiting constraints are used. 

The negative effects that pounding impose in a structure have been acknowledged by building 

codes. In general, the approach taken has been to either, fully connect the structures, or to built 

them separate enough to avoid contact during vibration. Only one building code was found that 

allowed some level of pounding if the effects do not jeopardize the integrity of either 

construction. However, no procedure was outlined to indicate how the collision effects are to be 

calculated. In some cases, the code specified gap is not sufficient, and in others, some 

construction debris has reduced the actual gap. At present, there is an important number of 

buildings in major metropolitan areas, and regions of active seismicity, that do not have adequate 

separation, and are prone to pounding damage. 

The pounding problem has some complications inherent to the strong non-linearity that occurs 

when two structures come in contact. Besides the complexities in the mathematical 

formulations, some uncertainties are introduced to the model due to differences in the design 

philosophies, structural systems, building owners, etc. of the structures. Therefore, due to the 

unavoidable uncertainties that a structural engineer may face when assessing the likelihood of 
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pounding between two structures, the variation in the response due to some degree of error in the 

model parameters must be accounted for. 

In recent years, research has being done to outline a criteria under which existing buildings can 

be evaluated, and if necessary, retrofitted. Pounding has been included in the list of important 

areas to be checked during a seismic evaluation, but in general, the engineer does not have much 

information on how to evaluate the effects of pounding, nor how to reduce them. The motivation 

to study pounding came when the seismic capacity of an existing building in the eastern United 

States was being estimated, and pounding was deemed likely to occur (Valles et aI., 1992). 

1.2 Scope of Study 

The scope of this report is to: (I) Provide a comprehensive state of the art reVIew, that 

summarizes previous approaches to model the pounding phenomenon, and present important 

results and observations from previous studies; (il) Identify and formulate the main 

characteristics of the pounding problem, and introduce the concept of a Pseudo Energy Radius as 

a simple tool to study pounding between adjacent structures in terms of energy; (iii) Develop a 

simple formulation, using the Pseudo Energy Radius and statistical linearization, to calculate the 

minimum gap to avoid pounding in inelastic structures; (iv) Study the effects of pounding in the 

response of structures, and introduce a simple methodology, based on the Pseudo Energy Radius, 

to estimate these effects; (v) Summarize possible pounding mitigation techniques, including 

supplemental damper elements or shock absorbers, and introduce the use of the Pseudo Energy 

Radius to estimate the effectiveness of different mitigation techniques; and (VI) Summarize the 

different methods presented for critical gap computation, for pounding effects estimation, and for 

the evaluation of mitigation techniques, and explain the procedure using a sample study. 
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1.3 Organization of Report 

To investigate pounding phenomenon, the current state of the art was studied. Section 2 presents 

an extended review of research in the field. The concepts and observations included in this 

section provided a solid background for this study. The state of the art is summarized to 

complement the studies presented in later sections, and for further use by other researchers. 

Using the concepts learned during the state of the art review, preliminary observations and 

studies were carried, and the structural problem was identified (see Section 3). Four major 

research objectives were identified: (a) estimate the minimum gap (critical gap), to avoid 

pounding, (b) estimate amplification effects in structures separated by a gap less than critical, ( c) 

evaluate possible pounding mitigation techniques for structures with undesirable amplifications, 

and, (d) summarize the results in a concise and simple fonnat to guide structural engineers to 

evaluate, prevent or mitigate pounding damage. The concept of a Pseudo Energy Radius was 

introduced as a simple tool to study each of the research objectives. A separate section is used to 

present the development for each of the research objectives, Sections 4 to 7, respectively. Finally, 

a summary of relevant findings and conclusions of this study are presented in Section 8. 
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SECTION 2 

STATE OF THE ART REVIEW 

2.1 Observed Damage due to Pounding 

Pounding damage has been reported in most of the recent earthquakes affecting large 

metropolitan areas. Some ofthe early observations on structural pounding include the McKinley 

building during the 1964 Alaskan earthquake, the Misawa Commercial High School during the 

1968 Tokachi-oki earthquake, and the Kuju Lakeside Hotel by the 1975 Oita earthquake (Wada 

et aI., 1984). 

During the 1971 San Fernando earthquake, some level of pounding was detected between the 

Olive View Hospital main building and the stairtowers (Mahin et aI., 1976). Three of the four 

towers collapsed due to lack of adequate shear reinforcement (Bertero and Collins, 1973), but did 

not exhibit significant hammering. However, severe pounding damage was evident in the fourth 

of them, tower "C". After the earthquake, the main building had a 16.6 inches permanent drift, 

between the first and second floors, towards tower "C". Therefore, the 0.4 inches of construction 

gap was insufficient to accommodate for the difference in displacements, and tower "C", 

although it did not collapse, had a permanent tilting of 1112. 

During the 1985 Mexico City earthquake, about 40% of the damaged structures experienced 

some level of pounding, 15% of them leading to structural collapse (Rosenblueth and Meli, 

1986). Damage tables indicate that structures from 9 to 12 stories were the most damaged 

constructions (Rosenblueth and Meli, 1986). Studies on the building foundations reveal that 

most of these buildings are on friction piles (Mendoza and Auvinet, 1988). Friction piles in the 

downtown area of the city are commonly designed to settle at the same rate as the clay 

consolidation, that is, the safety factor used for pile design is close to one. This design 

philosophy has lead to flexible foundations, some of which, after the 1985 earthquake, exhibited 

sudden differential settlements. Although no table is available to indicate the type of foundation 

that the structures subjected to pounding had, it is likely that a flexible foundation may have 
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promoted impact during the earthquake. Furthermore, Rosenblueth and Meli (1986) suggest that 

a low modulus of elasticity, stiffness deterioration, strength degradation, torsion, and P-O effects 

lead to the high percentage of pounding related damage during an earthquake. The Mexico City 

earthquake was the first to cause a large amount of damage due to impact. 

During the 1989 Lorna Prieta earthquake, over 200 pounding occurrences were observed at sites 

over 90 km from the epicenter (Kasai and Maison, 1991b). Pounding was mostly observed in 

multistory masonry and wood structures, built prior to 1930, with a small gap between them, or 

sometimes in contact with each other. Parts of the building on 11 th Street in the Oakland city 

center were sUbjected to pounding, as evidenced in the slabs on the upper floors (Kasai and 

Maison, 1991a), but did not suffer any structural damage, as opposed to observed pounding 

damage between different structures. Nonetheless: high-frequency lateral accelerations were 

generated during the pounding interactions that probably was the cause of the shift of heavy 

building equipment on the penthouse, the shifted and turned over computer equipment, and the 

fallen windows. More cases of structural pounding have been observed during the 1994 

Northridge earthquake. 

Observations from pounding damage that occurred during previous earthquakes have identified 

the following factors that greatly influence the occurrence of pounding and pounding related 

damage: 

- Inelastic deformations (ductile response). 

- Foundation rotation. 

- Damage is less severe when the structures are part ofthe same complex. 

- High frequency pulses may damage sensitive equipment. 

2.2 Modeling of Impact/Contact Effects 

The modeling formulations for impact problems may be classified as: stereomechanical impact, 

and piece-wise impact. The former one considers only the macroscopic response of the colliding 
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bodies, while the latter one activates a linear, or nonlinear, element between the bodies when 

they become in contact. 

2.2.1 Stereomechanical Impact 

The stereomechanical theory of impact is the classical formulation to the problem of impacting 

bodies. The original theory considered the impacting bodies as rigid, later a correction factor to 

account for energy losses was introduced. The formulation has practically remained unchanged 

since then (Goldsmith, 1960). The theory concentrates on determining the final velocities of two 

impacting bodies depending on their initial velocities and a coefficient of restitution (e) to 

account for plasticity during impact. Due to the macroscopic approach to the problem, the theory 

does not consider transient stresses and deformations in the impacting bodies. Permanent 

deformation of the bodies is implicitly accounted for by the coefficient of restitution (e). Fig. 

2.1 presents the assumed deformation history during a stereomechanical impact. Furthermore, 

the part of the initial kinetic energy that is transformed into post-impact vibrations in one of the 

impacting bodies is assumed to be negligible. 

The final velocities when two non-rotating bodies impact (see Fig. 2.2), when the contact point 

and the center of mass of the bodies lie in the same line (central impact), are given by: 

( ) m2(v] -v2) (21 ) v;=v]-l+e .a 
m] +m2 
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Fig. 2.1 History of deformations during stereomechanical impact (adapted from 
Goldsmith, 1960). 
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Fig.2.2 Stereomechanical impact of two non-rotating bodies: (a) onset of pounding, 
(b) post impact conditions. 
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m (v - v ) 
V' - V + (1 + e) I I 2 2 - 2 

ml +m2 

(2.1b) 

Where v I and v 2 are the. initial velocities of the bodies at the onset of impact, ml and m2 are the 

masses, and e is the coefficient of restitution: 

v' -v' e = I 2 (2.2) 
VI -V2 

The loss of kinetic energy is: 

1 [ ml m2) 2 )( ) 2 !1T = - 1- e VI - v2 2 ml +m2 

(2.3) 

Therefore the maximum loss of kinetic energy, for perfectly plastic impacts, is: 

(2.4) 

Traditionally the value of the coefficient of restitution was assumed to depend only on the 

material properties (Goldsmith, 1960), however, the influence of the mass, the shapes, and the 

relative velocities has being recognized. The coefficient of restitution is traditionally determined 

from observations of rebound height (h*), when a sphere is dropped from a height h on a 

massive plate of the same material: 

(2.5) 

When two spheres of different materials collide, the coefficient of restitution may be estimated 

from: 

(2.6) 

Where ell and e22 are the coefficient of restitution for a sphere impacting a plate of the same 

material, and EI and E2 are the elasticity moduli from each sphere. 

The formulas presented for a central impact have been widely used by some researchers to model 

pounding between buildings (Papadrakakis et a1., 1991). The theory of stereo mechanical impact 
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can estimate the post-impact velocities of bodies in three-dimensional motion, and eccentric 

impact. 

Load time response curves may be generated for elastic, perfectly plastic, and elastoplastic 

models. For an elastic impact, the contact force (Ie) may be calculated using (van Mier et aI., 

1991): 

312 mlm2 d2'6 
j -K'6 --_.!....-"---

- e - (ml +m2) dt2 
(2.7) 

where '6 corresponds to the deformation in the contact zone ke is a contact parameter that 

depends on the material properties and the specific contact surface geometry, ml and m2 are the 

effective masses. The boundary conditions for the problem are: 

d'6 
-=V at8= 0 
dt 0 

d'6 
dt = 0 at '6 = '6 max 

(2.8a) 

(2.8b) 

The maximum contact force, the maximum deformation, and the time at which the maximum 

force occurs are: 

(2.9) 

( 

2 J2

/

5 

'6max = 1.25a ~ (2.1 0) 

( J
2/5 

t max = 1.47 1.25 vo~ ~ (2.11) 

where: 

(2.12) 

For plastic impact, the contact force may be calculated according to Meyer's law (van Mier et aI., 

1991): 

(2.13) 
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For the case of a rigid sphere and a deformable plane n is one, and the maximum contact force, 

the maximum deformation, and the time at which the maximum force occurs, are given by: 

( )
112 (2.14) 

[max = V aKp 

(2.15) 

(2.16) 

The author proposed a simple elastoplastic model for impact that depends on four parameters: 

the contact parameter Ke for the elastic phase, the critical stress and the critical size of the contact 

surface, and the unloading stiffness. Fig. 2.3 presents the proposed load vs. time response of the 

system in three stages. The initial loading rate (c l ) is determined using Ke to calculate the 

maximum load and contact time from an elastic impact. The loading rate c2 depends on the 

material characteristics, for strain hardening materials, or if the contact plastic contact area 

increases c2 > o. And, the elastic restitution coefficient corresponds to c3 • 

2.2.2 Piece-wise Impact. 

The second approach to model impact phenomenon has been to consider a contact element that is 

activated when the gap between the structures closes. Four types of contact elements has been 

used in the past: Linear solid, nonlinear solid, Kelvin solid, and the Hertz contact law. 

The simplest contact element consist of a linear elastic element (see Fig. 2.4). The force in the 

contact element may be expressed according to: 

(2.17) 
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Fig.2.3 Simple elasto-plastic load time-history model for impact (adapted from van 
Mier et aI., 1991). 

Fig. 2.4 Piece-wise linear spring contact element. 
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Where u j and u2 are the displacements of the impacting bodies, g p is the static separation 

between the structures, and, U[x] corresponds to the unit step function of x. The present model 

for impact has been used by Kasai et al. (1990, 1991c), Maison and Kasai (1990, 1992), Den 

Hartog and Heiles (1936). 

A generalization to the piece-wise linear stiffuess contact element has been to consider nonlinear 

stiffuess for the contact element. The simplest of the models proposed considers two stiffuess, 

an approaching stiffness kj and a higher stiffuess for separation kf (see Fig. 2.5). The force in 

the contact element can be expressed as: 

i = (k, (u j - U 2 - gp) U[ilj - il2 ] + k/u j - U 2 - g~) U[il2 - ilj]) U[Uj - u2 - gp] (2.18) 

The present model includes some energy dissipation due to hysteretic behavior at the impact 

element. 

Another widely used piece-wise model to study impact has been to consider a Kelvin model (see 

Fig. 2.6) that is activated when the structures come in contact (Anagnostopoulos, 1988; 

Anagnostopoulos and Spiliopoulos, 1990 and 1992; Wolf and Shrikerud, 1980). The forces in 

the contact element may be calculated from: 

i = (kJu j - u2 - gp) + ce(il j - il2 )) U[u j - u2 - gp] (2.19) 

where ke and ce are the spring and dashpot constants of the element. Considering two 

impacting masses, a relationship may be found between the dashpot constant and the coefficient 

of restitution ( e ) during a stereomechanical impact (Anagnostopoulos, 1988): 

-lne 
S = -----,======= 
, ~n2 + {lnei 

(2.20) 

(2.21) 

Note that a variation of the Kelvin model may include a nonlinear spring, and a contact element 

that only contributes for positive loading, as discussed in Section 3.4. 
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Fig. 2.5 Piece-wise linear contact element with different loading and unloading 
branches. 

k 
c 

Fig. 2.6 Piece-wise linear Kelvin model for contact problems. 
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The fourth type of piece-wise element adopted by researchers to model impact uses the Hertz 

contact law, where the force in the contact element may be expressed as: 

( )

3/2 

j=kC u j -u2 -gp U[u j -u2 -gp ] 
(2.22) 

The Hertz contact law corresponds to the solution of static contact of two elastic bodies. 

Nonetheless, the formula has been extrapolated to the cases of dynamic contact problems 

(Goldsmith, 1960). The Hertz contact law, considering elastic bodies, is incapable of taking into 

account dissipation during the impact phenomenon. However, the formula has been widely used 

since it appears to predict the impact parameters that can be determined experimentally 

(Goldsmith, 1960). Several of the researchers studying pounding have adopted the Hertz contact 

law to model pounding (Soong, 1983; Jing and Sheu, 1990; Jing and Young, 1991; Davis, 1992) 

2.3 Analytical SDOF Studies 

A number of studies have been published for single degree of freedom systems SUbjected to 

pounding. A brief summary of the major studies, and their relevant conclusions are presented 

below. 

2.3.1 Time Harmonic Excitation 

Some early studies on pounding of adjacent structures were performed by the nuclear power 

industry (Wolf and Shrikerud, 1980). Due to insufficient gap when retrofitting nuclear power 

plants, and an increase in the seismic requirements for nuclear power plants, studies for pounding 

evaluation were performed. Furthermore, the performance of nuclear power plants is carefully 

examined when subjected to the maximum credible earthquake in the site, for which pounding is 

likely to occur. 

Studies carried by Wolf and Shrikerud (1980) investigated two and one sided impact of a single 

degree of freedom structure (see Fig. 2.7). The authors studied pounding using a 
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Fig. 2.7 One and two sided impact of a single degree of freedom structure. 
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piece-wise linear spring for the contact element, extrapolating the studies by Den Hartog and 

Heiles (1936) and Timoshenko et al. (1974), to the case of one sided impact. The study focused 

on elastic impact, but the effect of energy dissipation in the impact process was not investigated. 

Depending on the ratio of the exciting frequency to the natural frequency of the structure 

(ill g I (f)), and the stiffness of the contact spring (ke ), peaks in the displacement response 

spectrum, for the zero gap case, were identified for the hyperharmonic response (00 g 100 = 1 for 

k e ~ 00 ), harmonic response ( ill g I ill = 2 for k e ~ 00 ), and subharmonic response 

(ill g I ill = 3, 4, 5 ... for ke ~ 00). 

Some conclusions can be derived from the simple model considered by Wolf and Skrikerud 

(1980): an increase in the response is observed for flexible structures, whereas stiff structures 

may experience a reduction in forces. An important stress concentration is observed in the 

neighborhood of the impact. The impact force has a high frequency component, and since it acts 

on a small area, it may excite higher modes of vibration. Note however, that the model studied 

considers the impact of a SDOF structure with a structure that moves with the ground. As noted 

by Davis (1992), the other extreme cases would be when the adjacent structure is very flexible, 

and therefore is not affected by the ground excitation. Davis studied both limit cases using a 

SDOF with the Hertz contact law to model impact. Using the impact velocity spectrum, one may 

detect .the excitation frequencies at which the response is amplified or deamplified, or even the 

frequency ranges where chaotic impacts occur. In the spectra, the harmonic and subharmonic 

response peaks may be easily detected. Results are congruent with the solutions by Wolf and 

Skrikerud (1980). 

Miller (1980) derived close form solutions for the response of two impacting SDOF systems. 

The solution is valid only for the case of a single impact per cycle. The equations of motion for 

the system are: 

x+x = (Q-l)YJ 
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Where: 

(2.24) 

and YI and Y2 are the displacements of each structure. The boundary conditions for the problem 

are, that at time "[ p : 

Where: 

x("[~)=-1 

x("[~) = -x(O+) / e 

YI ("[~) = YI (0+) 

. ( -) = . (0+) /-1(1 + e) . (0+) 
YI "[ p YI + e(1 + /-1) x 

/-1 = m2 / m l 

2n 
"[ p = 11112 

The solution to the problem satisfies the system of equations: 

x(O+) = (b l + cI cosa +dl sina)/al 

. + (1+e)/-1. + 112/30sina 
YI(O )=-2e(1+/-1)x(0)+ 11-£1 

+ (1+e)/-1 sine . + 11ocosa 
YI (0 ) = - 2e(1 + /-1) £11/2 (1- cose) x(O ) - 11- £1 

x( "[) > -1 V 0 < "[ < "[ p 

(2.25a) 

(2.25b) 

(2.25c) 

(2.25d) 

(2.26) 

(2.27) 

(2.28a) 

(2.28b) 

(2.28c) 

(2.28d) 

where a, aI' bl , cI ' d l and e are determined as a function of the frequency of excitation, the 

coefficient of restitution, and . the mass ratio. Miller indicates that inelastic impacts may protect 

both structures if they oscillate close to resonance. 

2.3.2 Earthquake Excitation 

Anagnostopoulos, (1988) used actual earthquake records to study the trends in the response of 

SDOF systems with pounding. The project focused on the response of a series of bilinear single

degree-of-freedom systems. Two distinct periods are considered in the structures: one for the 
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external structures, and a different one for the interior structures. The analysis of the systems for 

different period ratios was performed when subjected to five actual earthquake records. 

The effect of the ratio between the periods, the period of the structures, the seismic gap, and the 

number of buildings was studied. The results indicate that the displacement of exterior 

constructions may be considerably amplified, while interior structures may expenence 

amplification or deamplification, depending on the ratio of structural periods. The results show 

that the effects of pounding diminish as the gap increases, and that inelastic and linear structures 

have a similar response due to pounding. The author notes that the relative masses of the 

buildings have an important effect in the response, being greater the amplification in the structure 

with smaller mass. Other parameters, like the stiffness of the contact element, playa minor role 

in the response. 

Anagnostopoulos suggests that the use of a viscoelastic material to fill the gap may reduce the 

effects of pounding, although the effect will not be as beneficial when the displacements are 

considered. The results of this study corroborate the observed greater damage that comer 

buildings experience, while interior buildings may exhibit a deamplification in the response. 

2.3.3 Zero Mean Gaussian Stationary Input 

Soong (1983) studied the response of a single-degree-of-freedom vibrating between two elastic 

reflectors due to a zero mean Gaussian white noise input. The study was intended for the design 

of restraining systems. The system is solved by separating the solution in two distinct phases: 

before and during impact, for which the solutions are known. The solution of the combined 

system is then obtained by equating the energy consumption during impact to the kinetic energy 

in the system. The probability density function of the maximum impact acceleration, Rayleigh 

type, is found to depend only on the variance of the velocity, the mass ratios and the impact 

parameters. However, the density function is independent of the gap size, or the stiffness of the 

oscillator. 
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The author then calculates the likelihood of pounding using the assumption that the extreme 

points follow a Poisson process, that is, that the maximums are uncorrelated. The likelihood of 

pounding may then be calculated from the parameters of the structure, or, the gap for a given 

allowable likelihood of pounding may be found. By combining the Likelihood of pounding and 

the density function for the maximum impact acceleration, a rational design of the clear distance 

maybe made. 

Jing (Jing and Young, 1990; Jing and Sheu, 1990) studied the response of a SDOF system to a 

zero mean Gaussian input. The solution to the governing Fokker-Planck equation was found, 

and the joint probability density function for the displacement and velocity of the system was 

derived in closed form solution. The probability density function for the steady state solution 

was then obtained as a limiting form of the joint density function, and it was observed that the 

density function for the velocity was still Gaussian, while the density function for the 

displacements was not. The level crossing with positive slope of the displacement was obtained, 

and the probability of peaks for a given amplitude was then obtained. 

Later Jing and Young (1991) extended their studies to the case of two single-degree-of-freedom 

systems subjected to a zero mean white noise input. The equations of motion of the system to be 

studied are: 

mjXj +cjXj +kjxj +llg(xp x2) = F;(t) 

~X2 + C2X2 + k2x2 +llg(xp x2) = F2(t) 

(2.29a) 

(2.29b) 

where g(x p x2 ) is the contact force according to a Hertz contact law. For this problem, the 

reSUlting Fokker-Planck equation is considerably more complicated, and closed form solutions 

are not possible for an arbitrary set of parameters since the displacements are coupled. The 

authors found the exact solution for the case when: 

C2.30) 

A closed form solution for the joint probability density function for displacements and velocities 

was derived. The probability of impact was determined as: 

00 00 '( 1 )n-m(2n) p = ""C-1)n m. _ k2m A2n-2m 
Impact ~~ n' 2 2m j2 

n=O m=O • 

(2.31) 
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where k12 is the square root of the ratio of stiffness, and A is the gap. Then, the clearance for a 

single-degree-of-freedom system is: 

amin = 0"0 211n(~mpact)1 
and for two vibration systems, the approximate formula is: 

amin = 0"1 2(1 + k l
2
2 ) Iln( ~mpact )1 

where 0"1 is the greater variance of the two corresponding linear systems. 

2.3.4 Stability and Bifurcation Studies for the Harmonic Excitation Case 

(2.32) 

(2.33) 

Some studies have investigated the stability and bifurcation of oscillators that expenence 

pounding (Nastsiavas, 1990; Li et aI., 1990). The studies were intended to study the response of 

mechanical systems with motion limiting constraints. However, the results are not as useful for 

buildings subj ected to pounding. 

2.4 Analytical Case Studies for MDOF Systems 

A reduced number of researchers have studied the response of multi-degree-of-freedom 

structures subjected to pounding. Due to the number of parameters involved, in general, the 

studies have used actual buildings, and the effects of varying the structural parameters have been 

investigated. 
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2.4.1 Pounding between Flexible and Rigid Structures 

The first analysis of a building pounding against a rigid structure was the study of the Olive 

View Hospital (Mahin et aI., 1976). The two dimensional model of the structure, using ANSR, 

included a piece-wise linear spring element that is activated when the displacement of the 

structure exceeds the 4" gap. The contact element was included to model pounding interactions 

between the main building and the one story warehouse. The model did not include the 

stairtower buildings, although evidence of significant pounding was detected in one of them. 

The report only indicates that a large value for the stiffness of the contact element was used, but 

no further comments are made in that regard. 

Later, Maison and Kasai (1990 and 1988) developed a post-processor of the SuperETABS 

(SLAM) to analyze the response of a building that pounds against a rigid structure. However, 

pounding is assumed to occur only at one level. The impact phenomenon was modeled using a 

piece-wise linear spring. The solution is carried out using two distinct states: when the structure 

vibrates by itself, and when it vibrates in contact with its neighboring structure. The governing 

equation of motion for state 1 is: 

Mii + Cu + Ku = -Mrxg (2.34) 

where r is the earthquake influence coefficients. The equation of motion for state 2 is: 

Mii+Cu+Ku=-Mrxg +b (2.35) 

where K is the stiffness matrix of the structure including the contribution from the contact 

element, C is the damping matrix of the structure assumed as a linear combination of the mass 

and stiffness matrices, and b is a vector with the preload forces from the contact springs. 

The governing equations for the motion of the building for each state are solved in the modal 

space by numerically calculating Duhamel's integral, and checking for a change in state at each 

time step of analysis. Adjustment of the time step of analysis is incorporated in the program to 

minimize overshooting and undershooting for the change in dynamic state of the structure. For 

state 2, the modal solution of the system is separated into static and dynamic solutions: 

z =Zs +Zd 
I I I 

(2.36) 
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where the static solution is: 

(2.37) 

and the dynamic solution is obtained by numerically calculating the Duhamel's integral. 

The program models the response of the structure in three dimensions, allowing for an eccentric 

position for the impact spring. The displacement, including rotation of the floor slab is: 

w = U x -ueY (2.38) 

Considering the total displacement w, two set of boundary conditions are specified in the modal 

coordinates for each state. When the structure changes from state 2 to state 1, release of the 

contact spring, the initial conditions are: 

Zi (t') = ~;Mu(t') 

ti (t') = ~;Mu(t') 

(2.39a) 

(2.39b) 

When pounding occurs at time (' , change from state 1 to state 2, the initial conditions are: 

Zid 
((') = ~ ;Mu(t') - Z/ 

tid (t') = ~;Mu(t') 

(2.40a) 

(2.40b) 

Using the program SLAM, Maison and Kasai (1990) studied the response of the University of 

California Medical Center building in San Francisco, under a hypothetical scenario. The 15-

story steel moment resisting frame is assumed to be adjacent to a rigid structure without any 

separation, with the maximum contact level being the eighth story. The stiffness for the contact 

element was set equal to the in-plane axial stiffness of the concrete slab. The response of the 

system was studied under a free vibration (snap-back test), and a forced vibration according to 

the 1940 El Centro earthquake. 

From the results of the analysis, the following conclusions were drawn: Large shears were 

observed at the stories immediately above and below the contact level, creating a shear wave that 

travels through the structure, increasing the maximum base and top shears in the structure. Peak 

lateral displacements were smaller than the no pounding results, while the observed trend for the 

maximum story drifts was a decrease at the stories below the pounding level, and an increase for 
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the stories above the pounding level. A 290% increase was observed at the top of the structure. 

Overturning moments exhibit a trend similar to that observed for interstory drifts. 

Some parametric studies, using the snap-back numerical simulation, were carried out to study the 

effects of pounding location, building separation, stiffuess of the contact spring, and initial sway 

amplitude. The trends observed in the results indicate that the maximum base shear increases for 

higher pounding location elevation, while no clear trend is observed in the maximum 

displacements. As the gap size is increased, the results approach the no pounding maximums, 

therefore, a decrease in the peak parameters is observed. The stiffuess of the contact spring has a 

minor influence on the peak displacement, drift and overturning moments, but a somewhat larger 

influence on the maximum shears observed. The effect of initial sway exhibit an almost linear 

influence on the maximum response parameters. 

Note that the results obtained are valid for the combination of building period (1.13 sec), and the 

earthquake predominant frequencies, and one should be careful when trying to extrapolate the 

results to other characteristic frequencies. A different combination of periods may lead to an 

increase in displacements. Furthermore, the analysis did not study the response of the shorter, 

stiffer building. 

2.4.2 Prediction of Peak Response 

A method for predicting the peak displacement of the structures subjected to pounding was 

proposed by Kasai et al. (1990). The method considers that the maximum kinetic energy of a 

structure subjected to pounding may be expressed as a linear variation of the maximum kinetic 

energy for the no pounding case: 

(2.41) 

and the maximum kinetic energy of the structure with the contact spnng connected to it 

(continuous contact): 

(2.42) 
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The authors indicate that the maximum kinetic energy for the pounding case may be calculated 

according to: 

(1- ~) ( ) KE ~ 2 KEnp + KE Is + ~KEnp 
(2.43) 

where ~ is the normalized gap size: 

(2.44) 

The authors indicate that the linear variation of the kinetic energy for the pounding solution was 

obtained from extensive numerical studies using the program SLAM. 

The maximum positive and negative displacements may be estimated by considering: 

(2.45 a) 

(2.45b) 

after some algebra, and considering that the kinetic energy of the fixed spring system is greater 

than the kinetic energy in the no pounding case, some bounds may be calculated for the 

maximum deformations: 

(2.46a) 

(2.46b) 

According to the bounds in the previous formulas, the maximum displacements of a system with 

pounding, is always smaller than the no pounding response. These results seems to contradict, 

for some ground dominant frequency to structural frequency ratios, the observations by other 

researchers presented earlier.. The assumption of linear variation of the kinetic energy, derived 

from studying pounding against a infinitely stiff structure, may not be extrapolated to other 

combinations of characteristic periods. 
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2.4.3 Pounding between two Flexible Buildings 

Maison and Kasai (1992) extended the methodology presented earlier to study the response of 

two flexible buildings pounding against each other. In the present formulation, the dynamic 

properties of the two structures are conveniently placed using matrices that include both 

structures. The solution of the augmented system is once again carried out in the modal space 

coordinates. A new post-processor for SuperETABS, named SLAM-2 (Maison and Kasai, 

1990), was developed. 

Using the computer program SLAM-2, the response of the University of California Medical 

Center Building, with a fundamental mode of 1.13 sec, was determined when pounding occurs 

with a hypothetical 8-story adjacent structure, with a fundamental period of 0.8 sec. The floor 

masses of the hypothetical building are four times the floor masses that corresponds to the 

Medical Center Building. The response of the structures is studied under the 1940 EI Centro 

earthquake, considering no initial separation between the structures. Results indicate an 

important increase in displacements, story drifts, story shears and overturning moments for the 

Medical center building, while reductions in the response of the 8-story structures were observed. 

A parametric study was carried out by the authors to study the influence in the response of the 

building masses, the gap, and the stiffness and damping of the contact element. The study was 

carried out using three artificial earthquakes representative of a deep cohesionless soil (S2), 

according to the SEAOC recommended provisions. The response of the taller structure becomes 

larger when the mass of the shorter structure increases, while the response of the shorter structure 

is hardly influenced by the variation in this parameter. An increase of the separation between the 

structures reduces the maximum response of the taller structure, while in the shorter structure a 

decrease in the response away from the pounding side is observed. A response increase is 

observed in the upper stories of the taller structure for a decrease in the separation. The results 

indicated that, for the structures considered, the stiffness and damping of the contact element had 

little influence on the response parameters being studied, but the authors recognize that the 

acceleration response may be greatly influenced by the contact element stiffness. 
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After the 1989 Lorna Prieta earthquake, Kasai et al. (1991c) performed an analysis of the 

buildings that experienced pounding. The buildings on Mission Street in San Francisco, a 10 

story building and a 5 story building, experienced significant torsional response at the stories 

above pounding level. The two buildings on 15th Street at the Oakland city center that were 

subjected to pounding damage were also studied. The results of the analysis agree with the 

observed structural damage. 

A number of researchers have studied alternative methods to calculate the contact forces that 

develop between adjacent structures. Stavroulakis and Abdalla (1991) studied the contact forces 

between adjacent structures subjected to static lateral loads. The authors note that the problem of 

determining the solution for the static load case is equivalent to a quadratic programming 

problem, and the solution corresponds to the minimization of potential or complementary energy 

of the structure. The authors propose the method to estimate the required seismic gap to keep the 

contact forces within some allowable limit, or, estimate the contact forces given an existing gap. 

A Lagrange multiplier solution was proposed (Papadrakakis et aI., 1991) to enforce geometric 

compatibility when pounding occurs. The Lagrange multiplier method is, along with the penalty 

method and the mixed (hybrid) method, one of the three approaches commonly used to solve 

contact problems in finite elements, based on a variational formulation. For the dynamic contact 

problem, involving linear elastic structures, the equations of motion are transformed to: 

(2.47) 

Where c\ corresponds to the initial gap between the two structures at story "i", A is the vector of 

nodal contact forces, and K A is a contact matrix that enforces no penetration: 

(2.48) 

The solution is carried out by iterations. The method was developed by minimizing the potential 

function subjected to the no penetration geometric constraint, which was transformed to the 

unconstrained optimization problem of a Lagrangian functional. 
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Papadrakakis et al. (1991) also studied the influence of the Newmark-Beta integration parameters 

(f3 and y) on the post-impact solutions. The authors derived the conditions to observe separation 

after one time step: 

I vl -v2 -8jfl( 
f3= l+e VI -V2 

(2.49) 

(3 - e)( VI - vJ -28/ fl( 

y> 2(1+e)(v
I 
-vJ 

(2.50) 

Where e is the coefficient of restitution, V I and v 2 are the velocities at the onset of contact, 8 is 

the initial gap size, and fl( the time step in the analysis. However, changing the numerical 

integration parameters is not desirable, since it is better to choose them based on numerical 

stability conditions. The authors therefore, proposed to calculate the velocities of the structure 

when they come in contact, enforcing compatibility conditions using the Lagrange multipliers, 

and using the formulas for stereomechanical pounding, impose the calculated separation 

velocities as initial conditions for the next time step. The value of accelerations are set equal to 

their values before the bodies came into contact. The authors indicate that by imposing the post 

impact conditions, inaccuracies due to the translation of the masses before separation are 

avoided. Numerical simulations using the developed methodology indicated an amplification of 

the response in the less excited structure, while a decrease in the peak responses was observed in 

the structure near resonance. 

2.4.4 Pounding of Buildings in Series 

Anagnostopoulos and Spiliopoulos (1990) extended their original studies on a series of single

degree-of-freedom systems (Anagnostopoulos, 1988), to the case of multi-degree-of-freedom 

systems. The buildings were modeled as a lumped mass, shear type, structure with a bilinear 

force deformation characteristic. Furthermore, the structural models include foundation 

compliance by means of a linear spring for translational and rotational motions, and a Kelvin 

solid is used as the contact element. The numerical integration of the equations of motion is 

carried out using a central difference scheme, considering two different time steps for the 

structures vibrating free or in contact. 
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Anagnostopoulos and Spiliopoulos (1992) performed some parametric studies to determine the 

influence in the response of the system configuration, buildings of unequal height, seismic 

separation, relative mass size, and the properties of the contact elements. The constants for the 

foundation springs were determined considering a spread footing foundation on a stiff soil. 

Yield levels for the inelastic solution were calculated using the 1988 UBC code. The damping 

constant of the contact element was calculated to yield a coefficient of restitution of 0.5. The 

model consisted of three buildings in series. 

The results indicate that pounding interaction amplifies the response when the adjacent structure 

is more flexible, while a reduction of the response is observed when the adjacent structure is 

stiffer. For the combination of periods used, one-sided pounding produced comparable 

amplifications to the two-sided cases, except for the case when the ratio of fundamental period of 

the structure to the fundamental period of the adjacent one is 0.6. When studying the influence 

of different heights of the impacting structures, the authors found that the taller structure pushed 

the smaller one, increasing the plastic deformation of the smaller one, while the displacements of 

the taller one remained almost unchanged. However, the authors compared only lateral 

displacements, so the trends in shear forces may differ. 

The response of the structures with separations according to the UBC, and the Eurocode No. 8 

was studied. The results indicated that the Eurocode requires more conservative gap sizes. The 

results indicate that a reduction of the mass of the center building reduces the effect of pounding 

in the comer buildings, while an increase in the mass of the center building will demand higher 

ductility in the comer buildings. The parametric studies on the contact element stiffness 

indicated that the ductility demands are not sensitive to this parameter, while some sensitivity is 

observed on the response from variation of the coefficient of restitution. The authors note that 

their observations were based on displacements, and not on accelerations. 
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2.5 Pounding Damage Mitigation Techniques 

Several methods have been proposed to avoid pounding induced collapse of buildings. The 

methods may be classified according to their approach to the problem of pounding: methods to 

avoid pounding, methods to strengthen structures to withstand pounding, and techniques to 

reduce pounding effects in the structures. A brief summary of research by previous investigators 

is presented. 

2.5.1 Methods to Avoid Pounding of Structures 

Three methods may be considered to avoid pounding interactions between adjacent 

constructions: connecting the buildings, calculating the minimum gap size to avoid pounding, 

and reducing the lateral deformation of the structures. Connecting adjacent buildings is the 

simplest form of eliminating pounding. This option is generally suggested by building codes if 

the new constructions may be prone to pounding. 

Providing a sufficient gap has been the commonly accepted strategy adopted by building codes 

throughout the world. J eng, Kasai and Maison (1992) proposed a spectral difference method to 

calculate the minimum gap to avoid pounding for linear structures. The method was named 

Double Difference Combination rule (DDC): 

(2.51 ) 

Where the correlation coefficient (P12) is calculated according to the simplified formulas derived 

by Der Kiureghian (1980) for white noise input: 

(2.52) 

Later, the proposed combination rule was extended for nonlinear structures using a shift in the 

fundamental mode of vibration, and using an equivalent damping coefficient (Kasai and Jagiasi, 

1993a). For a bilinear oscillator, the effective period and damping coefficients are: 

(2.53a) 
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(2.53b) 

A more detailed description of the rules proposed for building separation is presented III 

Section 5. 

Reducing the lateral deflections of the structures is another form of pounding retrofit. The 

reduction in the displacements may be accomplished, for some period ranges, by stiffening the 

structures, or adding passive or active energy dissipation devices. An effective method to reduce 

the relative deformation between the structure is to add supplemental damping in the structures, 

since, the response of the constructions tend to respond in phase with high damping (J eng et al. 

1992). Kasai and collaborators (1993b) studied the response of two structures, 10-story and 6-

story, inelastic structures with supplemental damping. The 3M viscoelastic dampers used for the 

study were placed in both structures. The results of the study shown a beneficial effect since 

displacements and ductility demands in the structures were reduced, in-phase response of the 

structures was promoted, and some of the energy during impact was absorbed by the dampers. 

2.5.2 Methods to Strengthen Structures to Withstand Pounding Effects 

Provisions for strengthening the structure to adequately perform during pounding interactions are 

suggested by the Greek building code (Anagnostopoulos and Spiliopoulos, 1992). 

2.5.3 Techniques to Reduce Pounding Effects in the Structures 

In the early studies on pounding by Wolf and Skrikerud (1980), the effect of link elements 

between the structures was studied. The link elements, or tuning devices, studied include tuning 

springs without tension, tensioned, and with preload. The numerical analysis showed a reduction 

in the response of the structures, for some ranges of the tuning device stiffness, and of the 

preload value. Furthermore, the high frequency response induced by pounding is eliminated. 

Earlier, in 1962, Rosenblueth and Esteva (Newmark and Rosenblueth, 1986) introduced a 

pounding protection device, made of wood, to reduce the impact forces. Westermo (1989) 

studied the effect of a linear elastic link between the structures. Based on the results of time 
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harmonic and earthquake response, he noted that the presence of the link reduces the relative 

deflection of the structures, and increases the absolute displacement and base shear of the stiffer 

structure. The results indicate that the link connecting structures with similar dynamic properties 

will prevent them from oscillating out of phase. When the link connects buildings with 

significantly different dynamic properties, the forces in the link element are of the order of the 

smaller base shear when the structures are not connected. 

Filiatrault and Folz (1991) studied the effect of linking two multi-degree-of-freedom inelastic 

steel structures. The structures studied are similar to the ones studied by Westermo (1989). The 

response of the structures was obtained using DRAIN-2D, for the San Fernando earthquake 

(1971), El Centro earthquake (1940), and the Romanian earthquake (1977). The response 

comparisons include the uncoupled system, an elastic coupling, and coupling of the structures 

using a friction damper. The optimum properties of the structural links were determined via 

parametric studies. The parametric study of the optimum slip load indicate that a better 

performance is achieved when the period of both structures is longer than the predominant period 

of the ground motion. Studies on the code specified separation indicate that the provisions may 

be overly conservative or unconservative. 

Sues et al. (1991) presented the first phase of a two phase research project, funded by the 

National Science Foundation, to study the optimal device to reduce seismic structural pounding. 

In the first phase, a review of the pounding damage potential in the United States was made, the 

possible passive energy dissipation devices were listed, some notes on the installation of the 

energy dissipation devices were made, and some preliminary studies on the effectiveness of the 

devices were performed. The pounding reduction devices investigated were classified in five 

groups: metallic devices, viscoelastic materials, frictional devices, fluidic damping devices, and 

magnetic damping devices. 

The authors note some of the possible challenges in installation in the devices that may be 

encountered: difficulty when placing a device between two buildings that are too close together, 

connecting the device to structural elements capable of withstanding the concentrated forces 

carried by the link, some disruption in the functionality of the structures may be necessary when 
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installing the devices, and the solution should be compatible with the existing structural system 

to avoid a generalized renovation of the structures. 

Numerical simulations were performed incorporating some uncertainties In the earthquake 

ground motion, and in the structural properties. The structures were analyzed by a deterministic 

model using a number of artificial earthquakes, then output statistics were calculated from the 

deterministic results. Global damage measurements were used to determine the effectiveness of 

the damper: story drift, story acceleration, story shear, beam ductilities, and hysteretic energy 

dissipation in the beams. A number of local damage measures were also used: maximum impact 

velocity, sum of squared impact velocities, number of impacts, and floor response spectra. 

Several link configurations were considered: bilinear link, bilinear impact, bilinear impact link, 

and linear dashpot link. For the studies, a 7 story structure adjacent to a three story structure 

were considered. The numerical simulations indicate a reduction in the high frequency 

accelerations caused by pounding. Depending on the location of the link, the taller structure 

tended to deform in a second mode configuration, or higher. An increase of the covariance of the 

response when the dampers are added was observed, however, an important reduction in the 

mean damage was attained at the same time. The authors note that the inelastic response was 

very sensitive to the structural and loading uncertainties. 

Some of the results presented by the authors include figures for the variation of the story drift 

along the height of the structures, and little variation was observed between the no pounding 

case, the pounding case, and the two configurations of link devices used, suggesting that the 

combination of periods used for the analysis were not the most critical cases for pounding 

response. 
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SECTION 3 

FORMULATION OF STRUCTURAL PROBLEM 

3.1 Introduction 

This section summarizes a number of important observations related to the pounding phenomena. 

Using concepts and observations from the literature survey presented in Section 2, relevant 

characteristics of the pounding phenomenon are described. Concepts that are used in the 

remaining portions of this work are introduced. 

Using an energy formulation of the equations of motion, the problem of pounding interactions 

can be interpreted as sudden energy pulses that are transferred from one structure to the other. 

Such energy pulses lead to a reduction in the input energy of one structure, and an increase in the 

other. The amplification effects due to pounding can be measured in terms of energy change. 

The stereomechanical and piece-wise formulations to study pounding are formulated in terms of 

energy transfer. 

A modified version of the Kelvin element is introduced to study pounding. The impact Kelvin 

element includes a damper element that is activated only for approaching velocities. The 

response of the impact Kelvin element to the traditional Kelvin element is compared. 

Three approaches to model pounding are briefly described. Later, the effect of the maximum 

peak ground acceleration on the minimum gap to avoid pounding (critical), and on pounding 

effects, is studied. From the deterministic non-linear set of equations, it can be proven that the 

effects under a different peak ground acceleration can be derived from scaling the results from 

the original motion corresponding to a scaled gap size. This observation indicates that pounding 

analysis is to be carried for a single peak ground acceleration and different gap sizes only, since 

the response for other peak ground accelerations may be obtained from that set of analysis. 

Finally, the concept of a Pseudo Energy Radius is introduced. 
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3.2 Energy Transfer during Pounding Interactions 

During pounding interactions, a force is transmitted from one structure to the adjacent one. The 

presence of the force alters the energy level that each structure was subjected to, and a new 

response was observed. Some energy was transferred during the impact interactions, while a part 

of the energy was dissipated during contact. 

Consider the equations of motion of two linear structures prone to pound: 

(3.1a) 

(3.1b) 

where fe is the contact force between the structures. Calculate the relative energy in the system 

by multiplying each equation by the velocity of each structure, and integrating over time (Uang 

and Bertero, 1988b and 1990): 

where: 

Ekt = ml (Ut)2 
2 

Ec,l = !C1(Ut ('t))2 dt 

kt ( )2 
EpI =- u l 2 

E Irl2 = !fe (-c )uJ (-c)d-c 

Eil = - !mtXg(-c)ut(-c)d-c 

(3.2a) 

(3.2b) 

(3.3a) 

(3.3b) 

(3.3c) 

(3.3d) 

(3.3e) 

For simplicity, a distinction will be made between the input energy (Ei ), the transfer energy 

(E lr ), and the structure energy (Est): 

(3.4) 
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The contact force introduces an energy term that transfers energy from one structure to the other. 

Some preliminary studies were performed to study the energy transfer between structures. Two 

single degree of freedom systems were studied using the deterministic model described by Valles 

(1995). The structures were subjected to a sinusoidal excitation (see Fig. 3.1). Figs. 3.2 to 3.4 

present histories of displacements, velocities and accelerations for both structures for the no 

pounding and pounding cases, given a gap of 0.25 gcr' where gcr is the minimum gap required to 

avoid pounding (see Section 4). In Fig. 3.5 the history of the separation between the two 

structures is presented. 

Fig. 3.6 presents the input energy and the structural energy for each structure. Energy transfers 

reduce the structural energy of structure 2, while the opposite occurs in structure 1. The global 

effect in structure 2 is that the input and structural energies are reduced, while the input and 

structural energies for structure 1 are increased. In general, one structure will increase its energy 

level while the other will experience a reduction. 

3.3 ImpactlLink Models 

As indicated in the literature survey III Section 2, contact problems may be modeled in a 

macroscopic approach using a stereomechanical or piece-wise linear impact models. Both 

modeling techniques are discussed, along with the models used for link elements. 
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3.3.1 Stereomechanical Impact 

Stereomechanical impact is a macroscopic approach to the problem of pounding. The velocity of 

the impacting bodies is calculated based on the velocities prior to contact, and a coefficient of 

restitution (e), that takes into account any nonlinearity that may take place during the contact 

phase. Two bodies approaching each other with velocities VI and V2 ' prior to impact, will have 

post impact velocities (v; and v~) according to: 

m (v -v ) ,_ -(1+) 2 I 2 VI -VI e 
ml +m2 

(3.Sa) 

m (v -v ) 
I _ +(1+) I I 2 v2 - v2 e 

ml +m2 
(3.Sb) 

where ml and m2 are the masses of the colliding bodies. 

Similarly, when pounding occurs at story ''i", the post impact conditions in velocity are: 

• I _. M2(j) (uI(j) - u 2(])) 
u I(]) - u I(;) - (1 + e(])) M 

M..(]) + 2(j) 

• I. M ,U) (uIU) - u 2U») 
u 2U) = u 2U) + (1 + eU») --""-'-----'='-'-----~ 

MIU)+M2U) 

(3.6a) 

(3.6b) 

Where uI(j) and u 2(j) are the velocities at story" j" at the onset of pounding, M'(j) and M2(j) 

are the structural masses of the colliding floors, and e(j) is the coefficient of restitution at the 

interface of story "j ". 

Note that the relative mass of the structures plays an important part in determining the post 

impact conditions. Considering elastic impact (eU) = 1), if the masses in the structure are equal, 

then the magnitude of the velocities will be interchanged, that is: 
./ . 

uI(j) = u 2(j) 

u~U) = uI(j) 
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The new velocity conditions can be calculated using a transformation matrix: 

u; = (I - M 2 T gp U gp )U I + M 2 T gp U gp U 2 

U; = MIT gp U gp U I + (I - MIT gp U gp )U 2 

Where: 

I: Identity matrix. 

Tgp: Pounding transformation matrix for velocities, of the form: 

Tgp(l) 0 0 0 0 

0 T gp(2) 0 0 0 

T = gp 0 0 Tgp(ng_l) 0 0 

0 0 0 Tgp(ng) 0 

0 0 0 0 0 

(3.8a) 

(3.8b) 

(3.9) 

The last column and row of zeros depend on the number of degrees of freedom of the structures 

being studied, that is, according to the matrices being multiplied. The elements in the main 

diagonal are: 

l+eU) 
Tgp(j) = M M 

l(j) + 2(j) 
(3.10) 

U gp: Diagonal matrix that indicates which contact elements are activated. 

Since the contact time is considered small, the displacement configuration of the system would 

not have changed significantly during pounding, therefore, the post impact displacement are: 

(3.11a) 

(3. 11 b) 

However, since the velocities in the system were modified while the displacements were not 

altered by impact, the accelerations must be recalculated to satisfy the dynamic equilibrium of 

the system after pounding has taken place: 

ii; =-xg(t)l-M~lCIU; _M~lKIU; 

ii; = -xg (t)l- M;lC2U; - M;lK2u; 

(3.12a) 

(3.12b) 

In matrix notation, the complete post impact state of the system may be calculated according to: 
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Where: 

r 
1 

1 

1 

o 
o 1 

Ts =1 0 

I
I_

M
-1K 
1 1 

l 0 

o 
o 

(I-M2TgpVgp) 

M1TgpV gp 

_M~ICI (1- M2 TgpV gp) 

_M;IC2M1TgpV gp 

o 
o 

M2TgpVgp 

(I-M1TgpVgp) 

_M~IC1M2 TgpV gp 

-M;IC2(I- M1TgpV gp) 

o ol 
o 01 
o 01 
o 0 1 

o 01 
o oj 

L\ = {ot ot ot ot It It} 

(3.13) 

(3.14) 

(3.15) 

(3.16) 

Note that using the stereomechanical transformation matrix Ts is not computationally as efficient 

as the transformations of velocity and acceleration using Eqs. 3.8 and 3.12, respectively. 

Nevertheless, the stereo mechanical point transformation matrix was presented for completeness, 

and to express pounding using a similar notation to the matrix formulation of the Newmark-Beta, 

used in two of the mathematical formulations discussed later. 

The stereomechanical impact may be considered as a point transformation that is activated when 

the gap in one of the stories is closed. The point transformation takes place in a short period of 

time, and during the numerical computations is considered instantaneous. Once the new state of 

the system is obtained, the step by step integration (field transformation) continues. 
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3.3.2 Piece-wise Linear Impact 

During piece-wise linear impact the equations of motion of the structures become suddenly 

coupled through a contact element. The contact element is considered as Kelvin (see Fig. 3.1a). 

The force in the contact element at story ''i'' is given by: 

FeU) = ( Ce(j) (u!(j) - u 2 ) + Ke(j) (u!(j) - u 2(j) - g p(j») U[ u!(j) - u 2(j) - g p(j)] 
(3.17a) 

or as an Impact Kelvin element (see Fig. 3.1 b) in which case the contact force is given by: 

Where: 

F;,(j) = ( CC(j) (u!(j) - u 2 ) U[ u!(J) - u 2(J) ] 

Ce(j): Damping coefficient of pounding element at story ''i''. 

Ke(j): Stiffness of pounding element at story ''i''. 

Ui(j): Velocity of structure "i", at story ''i''. 

Ui(j) : Displacement of structure" i", at story ''i''. 

g p(j) : Initial gap at story ''i''. 

U[ x ]: Unit step function. 

(3.17b) 

(3.18) 

Where C e is a diagonal matrix with the damping constants of the contact element at each story: 

I C e(1) 0 0 0 l 
1 0 

C e(2) 0 0 1 

1 1 

C =1 1 
(3.19) 

e 1 
0 0 Ce(ng-!) 0 1 

l Ce(ng)J 0 0 0 

Ke is a diagonal matrix with the stiffness of the contact elements at each story: 
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I Ke(l) 0 0 0 l 
I 0 K e(2) 0 0 1 

1 

K =1 1 
(3.20) 

e 1 
0 0 Ke(ng-l) o 1 

l Ke(ng)J 0 0 0 

And U gp is a diagonal matrix that indicates which of the contact elements are activated: 

I U gp(l) 0 0 0 l 
1 0 

U gp(2) 0 0 1 

1 1 

U gp =1 1 

1 0 0 Ugp(ng_l) 0 1 

l U gp(ng)J 0 0 0 

(3.21) 

U gp(j) = U[ u1(j) - u 2(j) - gp(j)] (3.22) 

Where ng is the maximum story at which pounding may occur. 

Note that in general , the number of stories will be different for each structure, and that this 

number may also differ from ng. Therefore, special considerations are necessary to perform the 

matrix manipulations. One solution to the problem would be to consider the same number of 

degrees of freedom for both structures, knowing that the upper solution for the shorter structure 

will always be zero. This approach, although simple to program, unnecessarily increases the 

computation time and the storage requirements. The solution adopted in programming was to 

dimension the contact matrices (C e, K c , and U gp) for the maximum story at which pounding 

may occur (ng), since higher stories will have no contribution. However, to make the 

presentation of the formulas in a more straightforward manner, these details will be dealt with 

under each of the mathematical models. 

Therefore, the equations of motion considering piece-wise linear impact may be written as: 

(3.23) 
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3.3.3 Link Element 

To retrofit structures that may be prone to severe damage due to pounding, the study includes 

link elements between the structures. The link elements used consist of a hysteretic spring and a 

linear dashpot in parallel. The hysteretic spring may be bilinear or a modification of the three 

parameter model introduced by Park et al. (1987). 

Similar to the pounding element, the forces in the link elements are: 

F:(j) = C'(j) (U1(j) - U2(j)) + ~(j) (U1(j) - U2(;)) (3.24) 

Where: 

C'U): Damping constant of link element at story ''i". 

~U) (x) :N onlinear force in the contact element at story ''i". 

Written in matrix notation: 

(3.25) 

Therefore, the equations of motion considering the link elements in the structure are: 

(3.26) 

Note that in the case of stereomechanical impact, the forces from the contact elements are zero, 

and the transformation to determine the post impact accelerations must consider the link 

elements: 

ii; = -xg(t)l- M~l(Cl + C,)u; + M~lC,U; - M~lK1U; - M~lF, 

ii; =-xg (t)1-M;1(C2 +C,)U; +M;lC,U; _M;lK 2u; +M;lF, 
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3.3.4 Energy Transfer in Stereo mechanical Impact 

During impact the structures exchange energy. In stereomechanical impact, the velocities of the 

systems change according to the post impact conditions. This sudden change in the velocities of 

the system causes changes to the kinetic energy of the system. The change in the kinetic energies 

of each structure are the instantaneous energy transfer that pounding imposes in the systems. 

Consider that contact at story "j" is observed. The energy transferred to one of the structures 

may be calculated as the change in kinetic energy in the other. Therefore, the energy transferred 

by structure 1 is: 

E tr1u) = E~2U) - E k2U) 

= ~ ~U) ( u;~J) - u~(J») (3.28a) 

where E~2(j) corresponds to the post impact kinetic energy, at story" j ", in structure 2. The 

energy transferred by structure 2 is: 

E tr2u) = E~IU) - Ek1U) 

= ~ ~(J) ( u;~J) - u;U») (3.28b) 

Substituting the formulas for the post impact velocities, and after some algebra: 

l(l+euJ~(})~U)[( ) . 
Etr1u) = - 2 ( )2 - 1 + eU) ~(J)Ul(J) 

~U) + ~U) 

+ (( -1 + e(;J ~(;) - 2~U) )u2(J)]( u1(;) - u2(J») 
(3.29a) 

1 (1 + e(;») ~U) ~(J) [( ( )) • 
Etr2 (J) =+2 ( )2 -2~u)+ -l+eU) ~(J) U1U) 

~U) + ~U) 

- ( 1 + eU») ~U)U2U)]( u1(}) - u2(}») 
(3.29b) 

For a perfect elastic impact (eUJ = 1), the previous equations for the transferred energy simplify 

to: 
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MM 
E l(j) 2(j) [2M' 2M']( . .) 

trl(j) = - ( )2 - 1(j)UI(j) - 2(j)U2(j) ul(j) - u 2(j) 

~(j) + ~(j) 
(3.30a) 

MM 

E l(j) 2(j) [2 ~ A' 2 M . ]( . .) E 
tr2(j) = + ( )2 - IV11(j)UI(j) - 2(j)U2(j) UI(j) - U 2(j) = - trl(j) 

~(j) + ~()) 
(3.30b) 

Therefore, during an elastic impact, energy is conserved during pounding, and the energy 

transferred by one structure equals the energy received by the other structure. Note that the 

masses of the structure highly influence the post impact velocities as well as the transferred 

energy. 

For non-linear impacts, only part of the energy is transferred to the other structure, since some 

energy is dissipated. The dissipated energy may be calculated as the sum of the transferred 

energIes: 

1 (1 + e(j)) ~(j) M2(j) [()( ) . 
Etr1(;) + Etr2()) = 2 ( )2 -1 + e(;) ~(;) + M 2()) u l (;) 

~(j) + M2(j) 

- (-1 + e()))( ~()) + M 2(;) )u2())]( u l ()) - u 2(;)) 

_~(ef))-1)~(j)M2())(u -u )2 

- 2 M + M 1(;) 2(j) 
l(j) 2(j) 

(3.31) 

Note that the dissipated energy is negative, because energy is being removed from the system. A 

smaller coefficient of restitution will induce larger energy dissipation. Greater relative approach 

velocities will also induce larger energy dissipation. 

The expected energy transferred by each structure is calculated according to: 

{ } 1 (1 + e ()) ) ~()) M2()) [ ( ) ({ • 2 } {..) 
E E trl ()) = -2 ( )2 - 1 + e(;) ~()) E u l - E U I U2 } 

~(;) + M2()) 

+ ((-1 + e())) ~()) - 2M2(j))( E{ UIU2 } - E{ it; })] 
(3.32a) 
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{ } 1 (1 + e(j») ~(j) ~(j) [( ( ))(. 2 
E Etr2(j) = +2' ( )2 -2~(j) + -1 + e(J) ~(j) E{ UI } 

~(j) + ~(j) 

For elastic impact (eU) = 1) the expected energy transfer by each structure is: 

MM 
E( EM (,)} ~ - ( 1(,) '0)), [-2 ~u) ( E{ un - E{ "IU,}) 

~(;) + ~(J) 

-2~(;)(E{UIU2} - E{u; })] 

M M 
E( E",(,)} ~ + ( 1(,) 'U)), [-2~(,)( E{uiJ - E{ulu,}) 

~(J) + ~(J) 

- 2 Af2(;) ( E{ ul u2 } - E{ u; })] 

= - E{ Etr1 (J) } 

The expected dissipated energy due to non-linear impacts is: 

(3.32b) 

(3.33a) 

(3.33b) 

{ } 1 (e L) - 1) ~(;) M2(J) ( {. 2} { . . } { . 2 }) 
E Etr'(J) + Etr2(J) = 2' M + M E UI(J) - 2E UI(j)U2(J) + E U2(J) (3.34) 

I(J) 2(J) 

Note that the expected transfer energy, and the expected dissipated energy are related to the 

variance and covariance of the response. 

3.3.5 Energy Transfer in Piece-wise Linear Impact 

To calculate the energy transfer at each story in a piece-wise linear system, multiply the contact 

forces by the velocity at that story and integrate over time: 

Etr'(J) = fu1(;)F;(J)dt 
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E tr2 (j) = - fU2(j)~(j)dt 
= ~ C c(j) U gp(j) U 2(j) (U1(j) - U 2(j) ) + Kc(j) U gp{J) U 2(j) (U1(j) - U 2(j) - g p(j) ) ]dt 

C K (3.35b) 
= E tr2 (J) + E tr2 (J) 

Where the spring contributions to the transfer energy balance: 

E~l(j) = J U1(j) Kc(j) (u1(J) - u 2(j) - g p(j)) U[u1(j) - u 2(J) - g p(j)}i't 
{) 

= II(j)+g Kc(j) (u1(J) - u 2(j) - g p(J) )du1(J) 
2(j) p(j) 

[ 

u~(;) ( )]UI()) 

= KC(J) 2 - U1(j) u 2(;) + g P(J) 

U2())+gp(j) (3.36a) 

= ~ Kc(j) (u1(J) - U 2(j) - g P(J) ) 2 

E~2(;) = J U1(j)KC(J) ( U1(j) - U2(J) - gP(J)) U[U1(j) - U2(j) - gp(J)]d't 
{) 

(3.36b) 

1 ( )2 K = - 2" ~(j) U1(j) - U2(j) - g p(j) = - E tr 1 (j) 

Energy transferred by the linear elastic part of the contact element is therefore conserved. To 

estimate the transferred energy by each structure from the viscous part of the contact element: 

(3.37a) 

(3.37b) 

The energy dissipated by the piece-wise linear impact may be calculated by adding viscous 

contribution to the transferred energies by the contact elements: 

Etr1(j) + E tr2 (J) = E;;l(j) + E;;2(J) 

= J C c(j) ( u1(J) - u 2(j) r d't 
() 

(3.38) 
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Note that by performing the integrals in Eqs. 3.36 to 3.38, the total energy transfer and energy 

dissipated during impact can be determined, and can be compared to Eqs. 3.29 and 3.31 for 

stereomechanical impact. An equivalent coefficient of restitution (e) can be obtained to produce 

the same amount of energy transfer and energy dissipation. Conversely, the parameters of a 

piece-wise element can be derived to model a given coefficient of restitution. 

The expected value of the transfer energies is given by: 

E{ E1r1(J)} = i [ CC(J) U gp(;) (E{ u~(;)} - E{ U1(J)U2(;)}) 

+ "K,,(;)U gp(J) ( E{ U1(J)U1(;)} - E{ U1(J)U2(;)} - gp(;)E{ u1(;) })]d'C 
(3.39a) 

E{ Etr2(;)} = i [CC(;)U gp(J) ( E{ U1(J)U2(;)} - E{ u;(;)}) 

+ KC(J)U gp(;) ( E{ U2(J)U1(;)} - E{ U2(;)U2(J)} - gp(J)E{ u2(J) })]d'C 
(3.39b) 

The expected energy dissipated during of pounding is: 

E{ E1r1(;) + E1r2(;)} = i CC(;) ( E{ u~(;)} - 2E{ U1(J)U2(J)} + E{ u;(J)} )d'C (3.40) 

3.3.6 Energy Transfer in Link Elements 

Energy transfer in link elements may be calculated using formulas similar to the ones presented 

for the piece-wise linear impact: 

E1k1(J) = fU1(J)F;'(;)dt 

= ~ C1(;)u1(;)( u1(;) - u2(;») + ~(J)Ul(J)( u1(J) - u2(;»)]dt 

= Eil(J) + E:1(;) 

E1k2(;) = - f u2(;) F;'(J/t 

= f[ CI(;)U2(J) ( u1(J) - u2(J») + ~(J)U2(;)( u1(;) - u2(J»)]dt 

= Ei2(J) + EI~2(;) 

The energy dissipated by the link elements may be calculated as: 

Elk1 (J) + Elk2(;) = ! Cl(;) ( U1(;) - U2(;») 2 d'C 
() 
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The expected energy transferred by the link elements is therefore: 

E{E!kj(;)} = !, [c!(A E{it~(j)}- E{itj(;)it2(;)}) 

+ K;(A E{itj(;)uj(J)} - E{itj(j)u2(;) })]dt (3.43a) 

E{E!k2(J)} = 10 [C!(j) ( E{itj(;) it2 (j) }- E{it;(;)}) 

+ K;(j) ( E{it2(j)u j(J)} - E{ it2(j)U2(j) })]dt (3.43b) 

The expected dissipated energy by the link elements is: 

E{ Elk j (j) + Elk2(j) } = { Cl(;) (E{ it;(;) } - 2E{ it j(;/A2(;) } + E{ it;(j) } )dt (3.44) 

3.4 Impact Kelvin Element 

A number of researchers have adopted the Kelvin element to model contact problems between 

structures. The force transmitted through a Kelvin element is: 

fc =(k
G
(u j -u2 -gp)+cc(it j -it2 ))U[Uj -U2 -gp] (3.45) 

Where kG and CG are the spring and dashpot constants, U j and u2 are the displacements of the 

structures, and gp is the initial separation between the two. The element becomes active 

whenever the gap between the two structures closes, that is, when the unit step function U 

becomes one. However, it has the disadvantage that the viscous component of the element 

remains activated when the structures tend to separate, that is, the dashpot in the element opposes 

the motion of the structure when they come together, but also opposes the motion of the structure 

as they bounce back. Nevertheless, the Kelvin model has been commonly adopted by 

researchers in the area (Anagnostopoulos, 1992, Wolf and Skikerud, 1980). 

A variation of the Kelvin element is proposed, where the viscous part of the element is only 

active for positive velocities. Due to its potential applications when studying pounding, the 

element is referred to as Impact Kelvin element. Restoring forces in the element are according 

to: 
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fc = (kc(u\ -U2 -gp)+CC(U\ -U2 )U[U\ -U2 J)U[U\ -U2 -gpJ (3.46) 

Fig. 3.7 presents the two models and their idealized dashpot portions response. Fig. 3.8 presents 

the hysteretic response for each model when used to simulate the response of two colliding 

masses, for different critical damping ratios of the contact element (~c). Note that the traditional 

Kelvin model exhibits a portion where the damper will tend to keep the masses together towards 

the end of the collision, while the Impact Kelvin element disconnects the damper when the 

bodies are no longer approaching each other. 

Fig. 3.9 presents the history of relative displacements, relative velocities and forces in the contact 

element during the collision of the two bodies, for a critical damping ratio (~c) of 0.5. The 

response tend to diverge for higher critical damping ratios. Note that the forces in the contact 

element opposes the separation of the masses when the collision process is near completion. 

Furthermore, as the critical damping ratio increases, the contact time increases for the Kelvin 

element, and decreases for the Impact Kelvin element (see Fig. 3.10). Reduced duration of 

contact for higher critical damping ratios reflects the expected physical response. 

For the Impact Kelvin element, the time at which the maximum deformation IS observed 

(approach time) is: 

(3.47) 

56 



kc kc 
, 

/~ 

~~ (~~ ~ m1 

"~/ Cc 

y '---~ 

Cc 

fd fd 

-----1""---'---

( a ) ( b ) 

Fig. 3.7 Kelvin element vs. Impact Kelvin element, idealized dashpot response: 
(a) Kelvin element, (b) Impact Kelvin element. 
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Fig. 3.8 Hysteretic response of Kelvin elements and Impact Kelvin elements for contact 
problems, for various critical damping ratios: (a) ~c =0.05, (b) ~c =0.2, 

(c) ~c =0.5, Cd) ~c =1.0. 
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Fig. 3.9 History of deformations, velocities and contact forces for Kelvin and Impact 
Kelvin elements (~c =0.5). 
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this time ~ax depends on the parameters of the contact element, and on the masses of the 

colliding bodies: 

co = c COd =coc~I-~; (3.48) 

(3.49) 

After the maximum deformation IS observed, the VISCOUS part of the contact element IS 

deactivated, therefore, the total time of contact is: 

(3.50) 

The final relative velocity of the colliding bodies may be calculated from the relative velocity at 

the onset of pounding (Yo)' and the equivalent restitution coefficient is: 

(3.51) 

Fig. 3.11 presents the relation of the critical damping coefficient (~c) to the restitution 

coefficient ( e) from stereomechanical impact. 

The use of the Impact Kelvin element is recommended over the traditional Kelvin element, since 

the presence of a force keeping the structures together when they tend to separate does not seem 

to have a physical intuitive explanation. 

3.5 Models for Structural Pounding 

To study pounding response in multi-degree-of-freedom systems, three mathematical 

formulations were developed: a deterministic model, a probabilistic model, and a hybrid model 

(Valles, 1995). Figures 3.12 to 3.14 present diagrams of input and output for the three 

mathematical models developed. The deterministic model considers a given history of 

accelerations and calculates the response of the structures considering 
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impact between the structures using the stereomechanical or the piece-wise linear pounding 

approaches. The probabilistic model uses an evolutionary power spectrum to characterize the 

input, and determines the confidence of no pounding, and the instantaneous probability of 

pounding. The hybrid model combines a deterministic approach in which pounding is 

determined in a probabilistic sense. See Valles (1995) for details on each of the mathematical 

models developed. 

3.6 Effect of Peak Ground Acceleration 

Because of its nature, pounding is a nonlinear problem. For any given pair of linear structures 

prone to pound, the equations of motion may be written as: 

(3.52a) 

(3.52b) 

Where the nonlinear part of the problem is embedded in the contact force Ie' that depends on the 

separation between the structures ( go), and a number of other parameters ( a cl ,a e2 , ••• ,a en ). 

Given that the solution for the equations of motion is known for any value of the gap (go), the 

solution for a ground acceleration "c/' times greater than Xg may be obtained by multiplying 

both sides of the equations of motion by the constant" cg ": 

(3.53a) 

(3.53b) 

However, if the nonlinearity in the contact forces arises only due to the piece-wise nature of the 

problem, the system of equations may be rewritten as: 

in terms of the new variables: 
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(3.54a) 

(3.54b) 

(3.55a) 



(3.55b) 

That implies that the solution for a different acceleration level (c i g) may be calculated by 

multiplying the response for the original acceleration level (x g) with a gap of go leg. 

In the present study, most of the models used for the contact element are of the piece-wise linear 

type, therefore, scaling of the results, with the appropriate scaling of the gap is possible. The 

response of the structures will be calculated for an arbitrary ground acceleration level, given that 

the response for any acceleration level may be obtained from the scaling procedure outlined 

above. 

3.7 Research Objectives 

Four major research objectives were established from the preliminary studies on pounding. This 

first is to establish a good and reliable estimate for the critical gap, that is, the minimum gap 

required for the design earthquake, so that pounding between the structures will not occur (see 

Fig. 3.15a). A number of parameters influence the calculation of the critical gap, therefore, the 

influence of these parameters must be assessed. 

Previous researchers (Jeng et aI., 1992) and building codes have proposed formulas to estimate 

the minimum gap requirements for structures. However, improvements in the calculations can be 

made. One of the intended improvements consists of using statistical models to account for the 

uncertainty inherent in earthquake motion~. Another important improvement can be made using 

statistical linearization to more accurately estimate the response of nonlinear structures. 

The second objective established is to determine the amplification effects on structures that are 

prone to pounding (see Fig. 3.15b), since most of the important metropolitan areas in medium to 

high seismicity zones have a large number of structures 
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~cl 

9,-u, (t) + u, (t) ~ 0 

k I.' ,,-----,, 

9.-u, (t) + u, (t) ~ 0 

( a 

b ) 

( c ) 

e ) 

Fig. 3.15 Research objectives: (a) critical gap estimation, (b) evaluation of pounding 
effects; pounding mitigation techniques:- (c) link elements, (d) bumper 
dampers, and (e) supplemental energy dissipation devices. 
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with clear gaps smaller than critical. In this situation, determining the magnitude of local 

impulsive stress concentrations, as well as estimating the change in the global response 

parameters and demands to the structure, are of interest. Quantifying the change in the response 

of the structures will identify buildings with high seismic risk due to pounding that need to be 

strengthened or retrofitted, as well as structures that may pound but with no significant change in 

the safety level of both structures. 

The third objective consists of studying possible pounding mitigation techniques when pounding 

effects pose a serious threat to the safety of the constructions (see Fig. 3.15c to 3.15e). Possible 

mitigation techniques will be investigated and simple preliminary design guidelines will be 

developed. 

The fourth objective is to combine all the observations from the previous findings and outline 

design/evaluation recommendations that could be applied by a design engineer. Charts or 

formulas that would help the designer calculate the critical gap, estimate the demands imposed 

on the structure if pounding is observed, and evaluate the effectiveness of linking the structures 

to reduce to allowable limits, or eliminate, damage due to pounding will be developed. 

3.8 Pseudo Energy Radius 

The Pseudo Energy Radius (PER) was introduced by Valles (1995) to study and solve pounding 

related problems. The applications of the Pseudo Energy Radius in calculating the critical gap to 

avoid pounding in inelastic structures (Section 4), in estimating amplification effects when 

pounding occurs (Section 5), and to estimate the effectiveness of various mitigation techniques 

(Section 6) are described in the following sections of this report. The development and theory of 

the Pseudo Energy Radius is summarized in this section. 

Consider a single-degree-of -freedom system, with frequency 0), subjected to an earthquake 

ground motion. The response of the system can be visualized in the state space plane (see Fig. 

3.16), that is, displacement (u) versus the velocity divided by the frequency of the structure 
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(u /(0). In this graphical representation of the response, the distance r of any point along the 

response path traced by the system to the origin provides a measurement of the instantaneous 

elastic structural energy Ee (kinetic plus potential energy): 

Ee 1.2 1 2 2 
-=-u +-00 U 
m 2 2 

(3.56) 

or: 

2Ee i/ 2 2 
--=-+U =r 
moo 2 

00
2 (3.57) 

Where m corresponds to the mass of the structure. 

In this representation, the distance r can be interpreted as the radius of concentric circles 

defining constant energy levels in the structure: 

r = ~ 2Ee 
moo 2 

(3.58) 

Using the concept of concentric energy levels of radius r, the response of the structure can be 

traced as it changes from one energy level to another. When no external load is applied, the 

damping in the structure will gradually decrease the energy level of the system, and drive it 

towards the origin of the state space representation, where the system will become static. When 

an external load is applied to the system, at a given instant in time, the effect can be to increase 

or decrease the energy level of the structure, depending on the phase between the input motion 

and the response displacement. 

In the present formulation, the maximum experienced distance r (energy level), is referred to as 

the Pseudo Energy Radius (PER), and can be denoted as r PER" Such value can be determined 

during the analysis by monitoring the elastic structural energy of the system Ee, and storing its 

maximum value. Some differences between the Pseudo Energy Radius and the commonly used 

input and viscous energies can be identified. 
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First, the Pseudo Energy Radius is expressed in units of displacements and not energy. This will 

prove to be useful to study pounding problems since the radius r can be directly correlated to the 

critical gap gcr' or the actual gap gp between two adjacent structures. 

The second major difference between the Pseudo Energy Radius and input or viscous energy 

measurements is that the former measure is directly related to the maximum response of the 

structure: 

while the later ones are not since other parameters such as the duration of the event considerably 

change these measurements (see Fig. 3.16). Figures 3.17 and 3.18 present the Pseudo Energy 

Spectrum for the 1985 Mexico City earthquake, and for the Taft earthquake. 
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. 4.1 Introduction 

SECTION 4 

CRITICAL GAP SIZE 

Critical gap size between two inelastic structures is defined as the minimum distance between the 

structures to avoid pounding. In this section some of the building code requirements for 

minimum gap are reviewed, the Double Difference Combination rule proposed by Kasai to 

estimate the minimum separation to avoid pounding. The theory of statistical linearization, the 

estimate for the critical gap for bilinear structures subjected to a filtered white noise input is 

obtained. 

4.2 Building Code Requirements 

Building codes in zones of active seismicity around the world have recognized the destructive 

effects that pounding may induce in constructions. The approach commonly adopted in building 

codes has been to avoid contact interactions between the structures by providing sufficient 

separation between them. The provisions from several building codes are summarized by Valles 

(1995). Each building code considers different design criteria, seismic risk, construction 

practice, earthquake magnitude, etc. That is, loads, parameters, and displacements involved to 

calculate the critical gap are likely to differ for each country. Therefore, a direct comparison of 

the different building codes is not possible since force reduction factors and structural ductility 

factors are different in each code. However, some observations can be made pertaining to the 

criteria to avoid pounding used in the codes. In the majority of the building codes reviewed, the 

adopted criteria has been to specify a minimum separation between the structures so that 

pounding is not likely to occur. This criterion has been defined using four different expressions: 

gap ~ factor(sum of displ) (4.1) 

gap ~ coefficient(height) (4.2) 
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gap;::: fixed distance 

gap;::: SRSS(displacements) 

(4.3) 

(4.4) 

Eq. 4.1 may be considered as equivalent to the absolute sum of maximums (ABS rule), 

multiplied by an amplification factor. The amplification factor in most cases comes from the 

increase in displacements due to the inelastic response of the structures, but does not take into 

account that the maximum displacements in the structures, in general, will not occur at the same 

time. Eq. 4.2 may be easily justified, since, in general, building codes specify a maximum 

inelastic drift. Using this approach, the dynamic characteristics of the structures are not relevant 

to the gap computation, since the lateral deformations are always checked. This approach is the 

easiest to check by building code officials, and does not involve the calculation of the inelastic 

response of an adjacent structure which dynamic properties are, in general, unknown. 

Furthermore, embedded in the coefficient, considerations for amplification of displacements due 

to rotations at the foundation may be included. Nevertheless, this form of specifying the gap, by 

not considering the dynamic properties of the adjacent structures, may be overly conservative for 

buildings that tend to respond in phase. Buildings with high percentages of critical damping, or 

inelastic buildings for some ratios of frequencies to the characteristic earthquake frequency, 

belong to this category, as will be discussed later in this section. 

Eq. 4.3 is specified for construction considerations, that is, to allow for adequate space to place 

the formwork for beams and columns, to build masonry walls, or place elements ofthe facade. A 

minimum gap, applicable for short structures, should always be specified in building codes. 

Most of the building codes reviewed clearly state that the gap between structures is to be kept 

free from debris. 

Only Eq. 4.4 takes into account the fact that the maximum displacements in the structures will 

not occur at the same time. It uses the SRSS modal combination rule, that is it assumes 

assuming that the input motion is stationary, and that the response of each structure ( or mode) is 

uncorrelated with the others. Therefore, it yields conservative results when the response of the 

structures are somewhat to perfectly correlated. The CQC combination rule proposed by 
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Der Kiureghian (1979) may be applied to take into account the correlation in the response, as 

suggested by Kasai (Jeng et aI., 1992), adopting the name Double Difference Combination Rule 

(DDC), since in this case we are interested in the difference of the displacements, and not on the 

sum of the response parameters. The Double Difference Combination Rule is discussed in detail 

in the next subsection. 

A combination of Eqs. 4.1 and 4.2 has been adopted in the buildin~ code in Mexico City, where 

the amplification as a function of the building height is introduced to take into account rotations 

at the foundation, of great significance in the soft soil (lake) zone of the city, where a large 

number of mid-rise buildings, from 5 to 15 stories, stand on friction piles. Due to the 

consolidation of the Mexico City clay, and to avoid that a structure would emerge, the friction 

piles are generally designed using a safety factor of one (Mendoza and Auvinet, 1988). 

Therefore, the building settles at approximately the same rate as the clay when negative skin 

friction in the piles is observed. Buildings supported by friction piles have a small rotational 

stiffness when compared to end bearing piles or spread footings on stiff soil. Therefore, in 

Mexico City, much of the pounding damage observed may be correlated to the use of friction 

piles at the foundation. 

Of all the building codes reviewed, only the one from Venezuela allows adjacent buildings to 

abut against each other if the floor levels coincide, and if the interactions will not produce an 

undesirable response in either of the two. In the rest of the codes, no contact is allowed, in some 

cases clearly stating that no pounding is to take place, or the buildings should be connected. 

None of the building codes studied included some corrective measures if pounding is detected as 

a problem in a future seismic event. In the ATC-14 for seismic evaluation of existing buildings 

(1987), pounding is listed as one of the concerns in the checklist. However, no suggested 

methodology is included to guide the engineer to estimate the effects of pounding in the 

structure. 
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4.3 Review of Double Difference Combination Rule 

In this subsection a short description of the CQC combination rule proposed by Der Kiureghian 

(1979 and 1980), a reinterpretation of which lead to the Double Difference Combination Rule 

(Jeng et aI., 1992), is presented. 

Der Kiureghian (Wilson et aI., 1981) proposed the method now called CQC, where the total 

response of a structure may be estimated from the weighted contribution of the response from 

each mode: 

(4.5) 

where R, corresponds to the total response of the structure, Ri, corresponds to the stationary 

response of mode "i", and PO,i/ is the correlation coefficient between the response of each pair of 

modes. An approximate expression for the correlation coefficient was obtained by Der 

Kiureghian (1979) when the structure was subjected to a white noise excitation: 

(4.6) 

Fig. 4.1 presents the variation of the correlation coefficient, for different critical damping ratios, 

for the response of the structure when the response is stationary and the systems are subjected to 

a white noise excitation. 
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Using the results obtained by Der Kiureghian, Kasai and other researchers (Van Jeng et aI., 1992) 

introduced the Double Difference Combination rule. In the pounding problem, the response of 

interest is the absolute difference in displacements: 

U re1 (t) = lUI (t) - u2 (t)1 (4.7) 

with mean value: 

(4.8) 

and correlation: 

E{ (ure/ (t)r} = E{u; (t)} - 2E{ul (t)u2 (t)} + E{u; (t)} 

= E{u; (t)} - 2PI2 ~ E{u; (t)} E {u; (t)} + E{u; (t)} 
(4.9) 

Where the correlation coefficient adopted was the simplification for white noise input derived by 

Der Kiureghian, Eq. 4.6. Since the input is considered trend free, the response is a zero mean 

process. Furthermore, Kasai and Jagiasi (1993a) generalized the method for the case of 

nonlinear structures introducing an effective period and effective critical damping ratio to be 

used for calculating the correlation coefficient. Using the results from numerical simulations 

the authors interpolated the formulas: 

T* = T(1 + 0.09(!-l-1)) (4.10) 

~. = ~ + 0.084(!-l - 1) 1.3 (4.11) 

for bilinear structures, and: 

(4.12) 

(4.13) 

for a stiffness degrading model similar to the Takeda model. In the above equations, !-l 

corresponds to the maximum ductility experienced by the structure. Figs. 4.2 and 4.3 present the 

corresponding correlation coefficient for bilinear and degrading structures for different maximum 

ductility, as obtained using the modification in period and effective damping suggested by Kasai. 
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The formulation introduced as the Double Difference Combination CDDC) rule offers a simple 

formula to estimate the minimum gap to avoid pounding. As expected, the simplified formulas 

for effective period and damping yield a higher correlation coefficient for higher ductility ratios. 

However, when the predominant frequency of the input motion is considered, a different 

correlation coefficient may be expected. Furthermore, the simplified formula to calculate the 

correlation coefficient, as proposed by Der Kiureghian (1979), was derived for a white noise 

input. 

The simplified formulas to calculate the effective damping and period presented by Kasai and 

Jagiasi (1993a) were determined by curve fitting results from numerical simulations. However, 

the proposed formulas may have a restricted range of applicability. Therefore, there is a need to 

determine a more general solution for bilinear structures that will include the characteristic 

frequency and band width of the input. 

The extension of the Double Difference Combination rule to inelastic structures provides only a 

formula to modify the correlation coefficient, while no change is suggested for the maximum 

displacements of the structures. While this is commonly accepted for structures in the long 

period range, constant displacement region of the spectrum, in general, the maximum elastic 

displacement will differ from the maximum inelastic displacement. The ratio of elastic to 

inelastic displacement will be a function of the predominant frequency of excitation. 

Due to the uncertainties that the Double Difference Combination rule has when inelastic 

structures are considered, a more detailed study of the critical gap for bilinear structures was 

deemed necessary. 
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4.4 Statistical Estimation for Critical Gap 

To estimate the critical gap between two bilinear structures, an approach usmg statistical 

linearization and the Pseudo Energy Radius was adopted (Valles, 1995). The random process 

that defines the difference in the displacements ofthe two structures is: 

(4.14) 

Where the statistics of Gp may be determined from the statistics of Uj and U2 • The input 

motion is considered as a zero mean Gaussian process, therefore, the displacements in the 

structure, and the difference in displacement are also zero mean Gaussian processes. 

The variance of the difference in displacements may be obtained from: 

E{G~} = E{U j

2
} -2p~E{U; }E{U;} + E{U;} 

2 2 2 2 = 0' ul - pO' ul 0' u2 + 0' u2 = 0' gp (4.15) 

Because the input motion is zero mean Gaussian, the difference in displacements is also a zero 

mean Gaussian process if the structures respond linearly. Therefore, the first two moments 

completely describe the process G p in a probabilistic sense. The probability of G p exceeding an 

actual gap value may be determined, or, conversely, the minimum gap for an acceptable 

probability of being exceeded may be found. The former approach may be used when an actual 

gap is observed between two structures, while the latter is useful to estimate an allowable gap for 

a new edification. 

Eq. 4.15 may be rewritten as: 

(4.16) 

where gcr is the critical gap, u1 and U2 are the maximum displacements of structures 1 and 2, 

respectively, and p is the correlation coefficient in displacements: 

(4.17) 
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In this interpretation, the probability level is implicit in the computation of u, and u2 • That is, 

the critical gap calculated according to Eq. 4.16 has the same probability of being exceeded as 

the maximum displacements u, and u2 have of being greater than estimated. Therefore, the 

critical gap is calculated considering comparable risk levels as the structural displacements. 

The importance of the correlation coefficient is observed (see Fig. 4.4). When the response of 

the two structures are perfectly correlated (p = 1), the critical gap becomes the absolute 

difference of the structural displacements: 

gcr = lUI - u2 1 (4.18) 

However, when the response of the two structures is uncorrelated (p = 0), the critical gap 

becomes the square root of the sum of the squares (SRSS rule): 

(4.19) 

Finally, when the response of the structures is negatively correlated (p = -1), the critical gap 

becomes the absolute sum ofthe standard deviations (ABS rule): 

(4.20) 

The correlation coefficient considerably modifies critical gap. Note that the absolute sum of the 

displacements is a conservative estimate since a negative correlation between the response of the 

structures is not common in practice. 

Using the Pseudo Energy Radius, the critical gap size and the effect of the correlation coefficient 

can be easily visualized. Consider two structures with fundamental frequencies ro I and ro 2 

separated by a distance gp (see Fig. 4.5). If the distance gp is greater than the sum of the 

corresponding Pseudo Energy Radius 1j + r2 , no pounding interactions will take place. Therefore 

gp is greater than gcr. 
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'U , , u, 

p ~ 1.0 

( a ) 
g., = U: +U~ -2u,u" p 

u, 

0<p<1.0 

( b ) 

u, 

p ~O.O 

( c ) g., = u: +u~ -2u,u2 P 

u, 

-l.O<p<O.O 

g., = U2 + U, 
( d ) 

- -, 

u, 
L ••••••••• 

-UZ p ~ -1.0 

( e ) 

Fig. 4.4 Critical gap for different correlation coefficients. 
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State at 0 
of Critical 
Pounding 

9 p> 9 CI" 

9 p> 9 CI" 

( a ) 

( b ) 

. 
U 2c I" 

. . 
U 1CI" = U 2cI" 

( c ) 

Fig. 4.5 Pseudo Energy Radius (PER) representation for various gap sizes: 
(a) g p > > g cr ' (b) g p > g pr ' (c) g p = g cr • 

87 



If the distance g p is equal to the sum rl + r2, contact will occur only if the two structures are at 

the tangent point of the two energy levels at the same instant in time. Nevertheless, pounding 

effects will not occur since the structure comes in contact with zero relative velocity. When the 

structures do not cross the tangent point at the same instant in time, the actual critical gap is 

smaller than the sum rl + r2. 

If the structures are separated by the critical gap geT calculated according to Eq. 4.16, considering 

U I ~rl and ~ ~r2' overlapping of the energy levels is possible without inducing pounding effects 

since the structures come in contact with zero relative velocity. Note that using the present state 

space representation u versus u / ro will yield two points that coincide in the horizontal axis, but 

have different vertical ordinates (see Fig. 4.6). This is due to the difference in the predominant 

frequencies ofthe structures that yields two different vertical scales. Note that ifthe vertical 

scales were not normalized by the frequency, the points at the onset of pounding would coincide. 

The maximum overlapping of the Pseudo Energy Radius without inducing pounding effects is 

controlled by the correlation coefficient p. Fig. 4.7 Presents maximum overlapping without 

introducing pounding effects for different values of the correlation co.efficient. Figures 4.8 and 

4.9 show the response traces of buildings with separation ger subjected to Mexico City and Taft 

earthquakes. 

Next the theory to determine the correlation coefficient for bilinear structures subjected to a 

filtered white noise is presented. 

4.4.1 Statistical Linearization for a Bilinear Oscillator 

The response of two bilinear structures subjected to an input f(t) obeys the differential equations: 

88 



. . 
~~ * 

I 

. . 
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( b ) 

Fig.4.6 Critical gap separation: (a) representation using the Pseudo Energy Radius 
(PER), (b) phase plane representation. 
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p;:;:, 1.0 

9 p =gor = I r; -r2 1 

p;:;:'O.O 

p;:;:, -1.0 

( a ) 

( c ) 

( e ) 

O.O<p<l.O 

( b ) 

-l.O<p<O.O 

( d ) 

Fig. 4.7 Maximum overlapping in the energy levels without inducing pounding effects. 
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Fig. 4.8 Critical gap for various structural periods, Mexico City earthquake. 
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(e) 

- .... ." 

--T1=2.0 sec 
...•.• T2=2.0 sec· 
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Fig. 4.9 Critical gap for various structural periods, Taft earthquake. 

92 



iiI + 2S I(J) lUI +UI(J);UI +(J);(l-u l)z; = f(t) (4.21 a) 

ii2 +2S 2(J)2 U2 +U2(J)~U2 +(J)~(1-u2)z~ = f(t) (4.21b) 

Where the frequencies correspond to the initial stiffness of the structure, and the parameters U I 

and u 2 corresponds to the ratio of post-yielding stiffness to elastic stiffness. Normalizing the 

equations of motion with respect to the yield displacements in the structures (u yl and uyz ): 

Where: 

Jll +2SI(J)I~1 +U I(J);l-1l +(J)~(1-UI)ZI = f(t)/uYI 

Jl2 +2Sz(J)z~z +U2(J)~I-1Z +(J)~(l-uJzz =f(t)/uyZ 

I-1z = u2/u yZ 

are estimates of the ductility experienced by each of the structures. 

(4.22a) 

(4.22b) 

(4.23 a) 

(4.23b) 

For a bilinear oscillator, the functions ZI and ZZ' correspond to an elastoplastic model as 

introduced by Suzuki and Minai (Roberts and Spanos, 1990), and satisfies the differential 

equation: 

(4.24) 

where U(x) denotes the unit step function of x. The study was developed for a bilinear 

oscillator since only two additional variables, for each structure, are introduced to the problem, 

namely, the ratio for post yielding stiffness ( U i) and the yield displacements (u yi ). A number of 

other models have been proposed in the literature, among them Wen's model (Wen, 1976), and 

variations of that model to include degrading and pinching in the hysteretic loops (Baber et aI., 

1979, 1981, and 1985). The statistical linearization may be calculated with more realistic 

models, however, an important number of parameters are introduced to the analysis making 

generalizations of the results dependent on the set of parameters chosen. In the present study, the 

widely accepted building code approach of bilinear structures has been adopted to study the 

critical gap between inelastic structures. 
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The differential equation governing the bilinear response of the structures may be linearized as 

(Roberts and Spanos, 1990): 

(4.25) 

where the equivalent linearized parameters are: 

c~ = _E{8G()li,Zi)} 
, 8' fli (4.26) 

= -1 + r .[f()li'Zi )d)lidzi + [~fJ()li ,ZJd)lidzi 

kt = _E{8G()li,ZJ} 
8zi (4.27) 

= [)li f()li,l)d)li - ()li f()lp-1)d)li 

Note that the linearized parameters for the bilinear model need the statistics of the response of 

the structure, that depend on the linearized parameters for the bilinear model. Therefore, an 

iterative process is carried out until a desirable convergence criterion has been met. When the 

first derivative of the ductility and the parameter Zi are modeled as a jointly Gaussian process, 

the formulas for the equivalent linearized coefficients simplify (see Roberts and Spanos, 1990). 

4.4.2 Statistics of the Response 

The response of the structures will be investigated when the structures, linear or bilinear, are 

subjected to a stationary white noise input or filtered white noise input. The formulation 

presented will include only the bilinear structures subjected to a filtered white noise input, and 

the derivation for the other cases is included in Appendix A. 

For a filtered white noise input, the ground motion satisfies the differential equations: 
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(4.28) 

(4.29) 



where net) corresponds to a stationary white noise process, and, ro g and ~g are the fundamental 

frequency and damping of the linear ground filter. The input motion has a power spectrum 

corresponding to what is known as a Kanai-Taijimi spectrum (Soong and Grigoriu, 1992): 

(4.30) 

where So is the power spectrum value for the white noise input. 

The equations of motion governing the response of the system may be expressed in the state 

representation: 

X=GX+Bn(t) 

where: 

III UI/UYI 

III UI/UYI 

112 U2 /UY2 

X= 
112 U2/UY2 

ZI ZI 

Z2 Z2 

Xg Xg 

Xg Xg 

fG" 
GJlZ G; l 

G= Gd~ G zz 

0 G xx 

0 1 
2 

-2~lrol 
G~~ = 

-alro l 

0 

0 

o 
ro~(al -1) 

GJlZ = 0 

0 

0 

o 
o 
o 

o 0 

o o 
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(4.31 ) 

(4.32) 

(4.33) 

(4.34a) 

(4.34b) 



0 0 

G = 
(j)~/UYI 2S g(j)g/uy1 

JlX 0 0 
(4.34c) 

(j) ~ /UY2 2Sg(j) g /UY2 

G," = [~ -< 0 

-~J 0 0 
(4.34d) 

(4.34e) 

(4.34f) 

with the allocation vector: 

{
I if} = 8 

B -
j - 0 otherwise (4.35) 

The variance of the state obeys the differential equation (Roberts and Spanos, 1990): 

because the variance for the white noise input motion is: 

wff(,r) = E{f(t)ft(t + "C)} = DD("C) 

D( "C) being the Dirac delta function, and: 

D .. = {21l:S0 if i = } = 8 
IJ 0 otherwise 

(4.36) 

(4.37) 

(4.38) 

The structures start at a deterministic state, or at least uncorrelated with the input, that is, the 

initial condition for the variance of the structural response starts from zero. On the other hand, 

the ground filter should have reached its stationary phase before the input motion is transmitted 

to the structure. The initial conditions for the variance are: 

(4.39) 

The initial conditions for the variance of the ground pre-filter are: 
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1tSo 0 

Vxx(O) = 21;/))~ (4.40) 
1tSo 0 

21;/1) g 

4.4.3 Stationary Solution 

When only the stationary solution of the response is of interest, Eq. 4.36 reduces to: 

GV t + VG t + D = 0 (4.41) 

that may be rewritten as a system of linear algebraic equations of the form: 

G'V'=D' (4.42) 

See Appendix A for the set of linear algebraic equations solved. 

For the bilinear case, the system of equations is expressed in terms of the yield displacements u y1 

and u y2 . Once a value for u y1 and u y2 is provided, the statistics of the response may be 

determined. The yield displacements were determined for two different cases: to limit within a 

probability level the maximum experienced ductility (J-l), or, to provide a fraction (R) of the 

probable elastic demand as the yield capacity of the structure. 

The former approach will provide the correlation coefficient for a maximum probable ductility 

level. Since the ductility is a function of the yield displacement, an iterative procedure was 

implemented. Convergence is achieved when the probability that the ductility J-l is exceeded is 

approximately 5%: 

p{ ~ ~~}~O.05 (4.43) 

where U is the R.V describing the displacement of the structure, uy is the yield displacement, 

and J-l the maximum ductility with 5% probability of being exceeded. Considering that statistical 

linearization was used, the output statistics may be approximated using a Gaussian process, 

therefore, the target standard deviation in the ductility is: 

97 



0" =--L 
J.I 1.96 

(4.44) 

In the present study five ductility levels were considered: 1.0, 1.5, 2.0, 3.0 and 4.0. 

The latter approach, providing a fraction(R) of the probable elastic demand as the yield capacity 

of the structure, uses the variance of the linear elastic displacement of the structure (O"~e) to 

determine an elastic probable demand. For the present study, the elastic probable demand is 

determined for a 5% probability of being exceeded: 

(4.45) 

where Ue is the R.V. describing the elastic displacement of the structure, and Ue the probable 

elastic demand. Since a Gaussian input is being considered, the elastic demand with 5% 

probability of being exceeded is: 

Ue = 1.96 0" ue (4.46) 

In the present study five reduction levels were considered: 1.0, 1.5,2.0,3.0 and 4.0. 

Note that the second approach corresponds to the methodology often adopted by building codes: 

the structures are designed to withstand only a fraction of the elastic demand, and adequate 

detailing is provided so that the ductility demand will not exceed the ductility capacity. 

A probability level of 5% has been adopted in the present study, however, a different probability 

level may be selected depending on the allowable risk level for the structure, and the importance 

of the facility. That is, different probability levels should be used for office buildings and 

hospitals. The probability level should be set to a level comparable to the risk inherent in the 

building code design spectra. 

The stationary correlation coefficient for a bilinear system with maximum probable ductility /-l, 

is shown in Fig. 4.10 for a broad band (~g =0.6) input, and in Fig. 4.11 for a narrow band 

(~g =0.05) input. For non-white excitations the ratio of the structural frequencies to the 

predominant frequency of input is of importance. In this analysis three ratios were considered: 

0.5, 1.0 and 2.0. This allows for direct comparison to the correlation coefficient plots in Der 
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Kiureghian papers (1979 and 1980). As expected, higher correlation coefficients tend to be 

observed for bilinear systems. Some difference can be observed when comparing to the 

approximate solution for bilinear systems (see Fig. 4.2). In general, the approximate solution 

yields higher correlation coefficient, that may lead to an unconservative analysis. Furthermore, 

the approximate solution does not take into account the predominant period of the input motion, 

that is determinant on the observed behavior of structures subjected to a narrow band input 

motion. 

Fig. 4.12 to 4.14 presents the correlation coefficient derived from statistical linearization as a 

three-dimensional surface. The plots correspond to a maximum probable ductility level of 4.0, 

subjected to white noise, broad band, and narrow band inputs. The horizontal axis correspond to 

the ratio of the structural periods to the predominant input period. Along with the surface, 

contour plots for equal correlation coefficient levels are included. Correlation coefficient plots 

included in Appendix B are presented using contour levels. 
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A large number of correlation coefficient plots are included in Appendix B, to cover the most 

commonly encountered practical situations. In all the plots generated, both structures are 

assumed to have the same damping characteristics, the same probable ductility level, or the same 

reduction factor. Often, this may not be true in actual applications. Fig. 4.15 presents the 

correlation coefficient for bilinear structures with probable target ductility of III =2.0 and 

112 =4.0, subjected to a narrow band input. Note that some degree of asymmetry is introduced 

due to the difference in the target ductility. A conservative estimate can be obtained considering 

the same target ductility in both structures being equal to the smaller of the two. 

4.4.4 Distribution for the Critical Gap 

The probability density function for the extreme ofthe process Gp ' that is, the critical gap (Gcr ), 

may be described for a stationary Gaussian process by (Soong and Grigoriu, 1992): 

(4.47) 

where: 

(4.48) 

<D(X) = ~[e-u2/2du 
'\I2n 00 

(4.49) 

The parameter S is a measure of how broad or narrow is the response of the structure. For 

broad band response the parameter tends to zero, while for narrow band response, it tends to one. 
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The variance of the acceleration in the ductility demand may be calculated from equations of the 

form: 

w2 

R.. .. =-2J: 1W1R ... -U
1
W I

2R .. -W
2
1 (1-u

1
)R .. +-g R .. 

)1\)1\ ':> )1\)1\ )1\)1\ Z\)1\ Xg )1\ 
U y1 

(4.50) 

where each correlation involving the acceleration of the response may be calculated from similar 

expressions in term of known variances. The mean and variance of the critical gap can be then 

calculated, taking the first moment of the probability density function (Eq. 4047). 

4.5 Critical Gap Computation 

Using the results from the previous subsections, a methodology to estimate the critical gap (gc) 

to avoid pounding is outlined. The critical gap is determined using the underlying principles of 

the Double Difference Combination Rule: 

(4.51 ) 

where U1 and U2 are the maximum inelastic displacements 1 and 2, respectively. The inelastic 

displacements are calculated using the inelastic amplification factor in Figs. B.1 to Bo4, that are a 

function of the structural period (T), the expected probable maximum ductility (/..I.), and the 

width characteristics of the earthquake motion ( S g). The correlation coefficient (p ), determined 

from statistical linearization analysis of bilinear structures subjected to filtered white noise 

inputs, is presented in Appendix B, as a function of the structural periods (T.. and 1;), their 

relationship to the predominant earthquake period (Tg), the characteristic width of the input 

motion ( S g)' and the expected probable maximum ductility levels (/..I.), or reduction factors (R) 

in the structures. 
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4.6 Critical Gap Including Soil-Structure Interaction 

Building structures located on soft soil conditions are likely to experience a significant change in 

the response due to soil-structure interaction. Damage reports from previous earthquakes 

affecting metropolitan areas where soft soil conditions prevail, like Mexico City, indicate the 

importance that such interactions can have on the overall performance of the structure. Often, 

soil-structure interaction will result in larger deflections, therefore, increasing the likelihood of 

pounding. 

The critical gap under these conditions can be calculated, extending the theory developed in 

Section 4.4, to include rotations at the foundation. The random process that defines the 

difference in the displacements ofthe two structures is: 

(4.52) 

where UI and U2 correspond to the random variables describing the relative deformation of the 

structures, 0 I and O 2 correspond to the random variables describing the rotation at the 

foundation, and h is the height at which pounding is likely to occur. 

According to this stochastic description, the statistical parameters of the difference in 

displacements may be determined from the statistics of UI , U2 , 0 1 ,and O 2 • The input motion 

in this case will be assumed to be a zero mean Gaussian process. Therefore, the structural 

displacements and foundation rotations of the linear system will also be zero mean Gaussian 

processes. Consequently the process G p is also zero mean Gaussian. 

The variance of the difference in displacements may be calculated from: 

E { G: } = E {U1
2 } + h 2 E {0; } + E {U~ } + h 2 E {0 ~ } 

+2hE{UI0 1 } +2hE{U20 2} -2E{UI U2} 

-2hE{UI0 2} - 2hE{U20 1 } - 2h2 E{0 10 2} 

that may be rewritten as a function of the correlation coefficients: 
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P
u

l
u

2 = ~E{UnE{U2} 

E{UI8 1 } 

P ul8 I = I { 2 } { ... 2 } '\IE UI E 8 1 

P uW 2 = ~ { 2 } { ... 2 } E UI E 8 21 

E{U28 1 } 

P
u

281 = ~ { 2} { ... 2} E U2 E 8 1 

E{U28 2 } 

P u28 2 = ~ { 2 } {... 2} E U2 E 8 2 

P
8

W2 = ~ { 2} { 2} E 8 E 8 I 2 

according to: 

E {G~ } = cr ~I + h
2
cr ~I + cr ~2 + h

2
cr ~2 + 2hcr ul cr 81 P ul81 

+2hcr u2cr 82 P u282 - 2cr ul cr u2 P ulu2 - 2hcr ulcr 82 P ul82 

-2hcr u2cr 81 P u281 - 2h
2
cr 81cr 82 P8182 

(4.54a) 

(4.54b) 

(4.54c) 

(4.54d) 

(4.54e) 

(4.54f) 

(4.55) 

Because the process Gp is zero mean Gaussian, the first two moments completely describe the 

statistics of the response. The probability of a gap g p being exceeded can be determined from 

the standard deviation cr gp. Therefore, the critical gap for a given probability of exceedance may 

be found according to: 

g~r =u~ +h
2
8; +u~ +h28~ +2huI8 I Pu181 

+2hu28 2 P u282 - 2U I U2 P ul u2 - 2hu I8 2 P ul8 2 

-2hu28 1 Pu282 -2h
2
8 18 2 P8182 

(4.56) 

where the maximum probable displacements and rotations are determined from a design spectra 

as a function of the periods of the structure alone (.7; and r;) and the periods of the foundation 

system with infinitely stiff structures (Tal and Ta2). The six correlation coefficients are 

determined from the charts in Appendix B, using the corresponding periods. 

109 



An alternate approach to estimating the critical gap with soil-structure interaction would be to 

develop a response spectra that includes such effects. In this situation Eq. 5.51 would be used 

with total displacements uti and u t2 ' and the correlation coefficient would be determined as a 

function of the actual fundamental periods of vibration (1;1 and 1;2). 

4.7 Remarks and Conclusions 

Four different formulas to calculate the critical gap by different countries with moderate to high 

seismicity level have been identified. The survey indicated that a minimum gap separation to 

avoid pounding interactions is the commonly adopted design philosophy. Only one building 

code was found to allow for some level of pounding, if the impact interactions did not impose 

undesirable effects in the response of the structures. 

Building codes adopted one of the following four approaches to specify the minimum distance to 

avoid pounding: 

- a factor times sum of maximum 

- a SRSS combination of the displacements 

- a coefficient times the height 

- a fixed distance 

The formulations above do not include the effects of the correlation coefficient, and may lead to 

conservative results for structures with similar periods, or large damping. 

The Double Difference Combination rule, introduced by Kasai (Jeng et aI., 1992) incorporates 

the correlation coefficient relating to the displacements of the structures. A formula for the 

correlation coefficient was adopted from the simplified solution of linear structures subjected to 

white noise input, as developed by Der Kiureghian (1979). Later, Kasai and Jagiasi (1993a) 

presented some simple modification to be used for bilinear and degrading structures. Such 

simple formulations were obtained from curve fitting numerical simulations. 
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In this section, the Double Difference Combination rule was suggested to compute the critical 

gap, using a modified value for the correlation coefficient. The derivation by Der Kiureghian . 

was extended for bilinear structures, through the use of statistical linearization, subjected to a 

filtered white noise input. The results are presented in Appendix B in plots as a function of the 

structural periods, and the ratio to the predominant ground motion period. 

Two frequency band widths were considered: narrow and broad, to simulate the response of 

Mexico City type and Taft or EI Centro type earthquakes, respectively. The improved 

correlation coefficients were used in the Double Difference formulation to determine the critical 

gap of the systems. 

Soil-structure interaction may amplify the lateral deflections of the structures due to rotation at 

the foundation. The extension of the Double Difference Combination rule to structures on 

flexible foundations is presented. For this situation, the maximum relative deflections of the 

structures and the maximum rotations at the foundations, combined with six correlation 

coefficients provide an estimate of the critical gap. 

The Double Difference Combination rule introduced by other researchers was extended to 

calculate the critical gap for bilinear structures SUbjected to narrow band (soft soil conditions), or 

broad band inputs (stiff soil conditions). In some cases, existing buildings may be found with 

gaps smaller, or considerably smaller than the critical gap. Pounding is likely to occur in such 

cases. Section 5 describes the pounding effects that can be expected when buildings are 

separated by a gap smaller than critical. 
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SECTIONS 

EFFECTS DUE TO POUNDING IN 

STRUCTURES SEPARATED BY A GAP LESS THAN CRITICAL 

5.1 Introduction 

The quantification of the amplification effects in structures subjected to pounding interactions is 

of interest in existing buildings separated by a gap less than critical. These amplification effects 

may be calculated using the mathematical formulations briefly described in Section 3.5 for a 

given earthquake input motion. 

The amplification effects for single degree of freedom structures is presented under a sinusoidal 

input, a narrow band earthquake motion (Mexico City), and a broad band earthquake motion 

(Taft earthquake). While some trends in the amplification may be detected for the sinusoidal and 

narrow band inputs, the broad band results show no clear trend that will help the engineer to 

estimate pounding effects. 

A simple methodology to estimate pounding effects for gaps slightly smaller than critical is 

presented. The methodology assumes that a single hit occurs between the structures when they 

are at the maximum energy level. Determining the onset of critical pounding, and backtracking 

in the time to the instant when the structures come into contact, yields the state at the onset of 

pounding. Using the formulas for stereomechanical pounding, the post impact state and energy 

levels are determined. The methodology offers a simple approach to estimating the maximum 

effects of pounding for gaps slightly smaller than critical. Furthermore, the results obtained 

using this methodology have comparable probability of being exceeded as the design spectra. 
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5.2 Single Story (SDOF) Structures Subjected to a Sinusoidal Input 

To identify some of the trends that may be observed during pounding interactions, the response 

of a pair of single story (SDOF) structures, when subjected to a sinusoidal input, was studied 

using the deterministic model presented in Valles (1995). 

At this first stage in the analysis, the period of the structures was fixed, and the period of the 

input motion was varied. To study the effects of pounding in the structure the amplification due 

to pounding in the total input energy of the system was monitored: 

(5.1) 

where E I corresponds to the total input energy considering pounding effects, E~ is the total 

input energy when pounding effects are not considered. The total input energy was chosen rather 

than the individual input energies because it provides a global estimate on whether pounding 

interactions increase or decrease the energy in the system. Note that when the individual input 

energies are observed, one structure will experience an amplification in its input energy while the 

other will undergo a reduction in the input energy, making it difficult to assess the actual global 

effects on the system. 

Fig. 5.1 presents a typical set of amplification curves for structural periods of 0.75 and 1.5 

seconds, for different ratios of the actual gap (gp) to the critical gap (ger)' Different 

combination of periods present the same amplification characteristics but with the peaks of 

maximum amplification or deamplification at different input periods. The envelope of the 

amplification curves, for all combinations of periods 7; and r;, follow the curve sketched in Fig. 

5.2. 

The amplification curves exhibit two periods for the input motion at which significant 

amplification in the response is observed. These periods approximately corresponds to: 
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(S.2a) 

T ~ 2n ml +m2 

cr2 k + k 
1 2 

(S.2b) 

The second critical peak (~r2) corresponds to the period of the system if the structures were 

connected with a rigid lin1e The first critical peak corresponds to a higher oscillation frequency 

in which out of phase motion is promoted between the two structures, therefore, increasing the 

relative velocity at the onset of pounding. 

The amplification curves also present two characteristic periods at which a maXImum 

deamplification is observed. As expected, these periods coincide with the fundamental periods 

of vibration of the structures. The significant reduction is observed since pounding stops the 

gradual build-up of energy that would otherwise take one of the structures to resonance. 

Although a significant energy is transferred to the non-resonating structure, the reduced energy in 

the otherwise resonating structure is considerably smaller, resulting in a net reduction in the total 

input energy. 

Fig. S.3 presents the transfer energy in the system; by structure 1, to structure 2: 

E 1rl2 = Ell - Esl - Ef,1 (S.3) 

where 

(S.4) 

and En is the input energy of structure 1, Ef,1 is the viscous energy in structure 1, Ekl and Epi 

are the kinetic and potential energies in structure 1, respectively. The results for different ratios 

of actual to critical gap are normalized to the total no pounding input energy in the system. 

Although the results are presented for the case when ~ is 0.7 S sec, and T2 is 1. S sec, similar 

patterns were observed for different combination of periods. For the case when 1; is smaller 

than ~, the same curves were observed but with opposite signs. 
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The envelope curve for the transfer energy from structure 1 to structure 2 is schematically 

presented in Fig. 5.4. Energy is transferred from the lowest period structure to the highest period 

structure when the input has a predominant period smaller than both structures, coinciding with 

the critical period T::rl' On the other hand, energy is transferred from the highest period structure 

to the lowest period one when the input has a predominant period intermediate to the structural 

periods. The reason for this trend is due to the energy levels ofthe structures when subjected to a 

sinusoidal input of frequency co (see Fig. 5.5). Note that the structure with higher energy level 

transfers energy to the one with smaller energy leveL 

In the next phase of the study, the influence of the gap size on the pounding effects was 

investigated. Fig. 5.6 presents schematically the four distinct trends in the amplification of the 

total input energy of the system as the gap size is varied. 

The first case studied is typical of the response of structures when the period of the input motion 

lies between 1; and ~r2' or between T::r2 and I;. For this situation, a gradual increase in the 

total input energy is observed, with a maximum at small gap sizes. A greater rate of 

amplification is observed at smaller gap sizes. Under these conditions a gap slightly smaller than 

critical will not impose severe effects in the structures, while a small gap size will significantly 

amplify the response. 

The second case studied is observed when the period of the input motion approximately 

coincides with T::rl or T::r2' For this combination of parameters, the total energy input 

dramatically increases for gaps slightly smaller than criticaL After the peak is reached, a further 

decrease in the gap size will make the amplification factors smaller, although still greater than 

one. Under these conditions, a gap slightly smaller than critical will impose severe 

amplifications in the response of the structures. 
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Fig. 5.5 Structural energy for input with critical periods. 

E, CD T 1 <T inp<Tcr2 
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(3) Tinp ~ T cr2 
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1.0 
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1.0 9p 
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Fig. 5.6 Trends in the amplification factor as a function of the gap size. 
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The third case studied is observed when the period of the input motion approximately coincides 

with 1;. For this combination of parameters, a gradual decrease of the total input energy was 

observed as the gap size was reduced. A greater rate of decrease was observed at smaller gap 

SIzes. 

The fourth case studied was observed when the period of the input motion approximately 

coin.cided with 7;. For this combination of parameters a reduction in the total input energy of the 

system was observed as the gap size reduces. The greater rate in the deamplification was 

observed for gap sizes slightly smaller than critical. 

Note that although a reduction in the total input energy ofthe system was observed in cases three 

and four, the structure not at resonance will experience an important amplification in the 

response. If the amplification in kinetic and potential energies is studied, a factor greater than 

one was observed except when the structure is at resonance if pounding effects are ignored. 

Furthermore, the non-resonant structure in cases three and four may experience an amplification 

in displacement and velocity much greater than the one observed in cases one and two, where the 

nonlinearly coupled system resonates. 

The schematic drawings showed in this subsection are intended to show only qualitatively the 

general trends observed from a large number of numerical simulations, and should not be 

adopted for design purposes. 

5.3 Single Story (SDOF) Structures Subjected to a Narrow Band Input 

Using the deterministic model briefly described in Section 3.5, a pair of single story (SDOF) 

structures were studied. In this subsection the 1985 Mexico City earthquake was used as input 

motion. The period of both structures was varied from 0.5 to 4.0 seconds. The response was 

obtained under three different gaps, namely, 25%,50% and 75% ofthe critical gap (gcr). 
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For the analysis elastic impact was considered, being the stiffness and damping constants of the 

Impact Kelvin element: 

Kc = 100.0 (KI + K2) 

Cc = 0.0 

where KI and K2 are the stiffness of each structure, respectively. 

(5.5) 

(5.6) 

The response amplification is presented monitoring the change m the structures energy. 

Furthermore, the analysis was carried out for the mass ratio: 

ml = 1.0 
m2 

(5.7) 

Figs. 5.7 to 5.9 present the results usmg contours of equal amplifications for different 

combinations of structural periods. Only the amplification response for structure one is 

presented since the corresponding amplification for structure two may be obtained, in this case, 

by interchanging the structural periods. For different mass ratios this simplification is not valid, 

and a different set of graphs for each structure is necessary. 

Note that although some peculiarities of the input motion are reflected in the equal amplification 

curves, trends similar to the ones described in the sinusoidal input case are identifiable. This is 

due to the similarities between the Mexico City earthquake and a sine curve. 

5.4 Single Story (SDOF) Structures Subjected to a Broad Band Input 

A similar set of analysis as those described in the previous subsection were performed using the 

Taft earthquake motion as input. The results from these simulations are presented in Figs. 5.10 

to 5.12 in terms of structural energy amplification factors for different combination of structural 

periods. 
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Note that for this case, due to the bandwidth of the input motion, the amplification curves do not 

show distinguishable trends that may be used for design guidelines. The observed response is a 

direct consequence of the lack of a distinguishable trend in the input motion, as opposed to the 

sinusoidal similarities found in the Mexico City earthquake. 

5.5 Estimating Pounding Effects 

As shown in the previous subsections, estimating the effects that pounding may impose in a pair 

of structures, separated by a gap less than critical, is a cumbersome task, that can be undertaken 

using a computer program. Such effects are dependent on the characteristics of the earthquake 

motion, the fundamental periods of the structure, damping and hysteretic characteristics, the 

mass of the colliding floors, the actual gap as a fraction of the critical gap, and the degree of 

inelastic behavior that can be expected to take place at the pounding interface. The response of 

the systems will be greatly influenced by the previous six sets of parameters. Although more 

parameters influencing the response may be identified, these six are often the crucial ones. 

Therefore, provided that the parameters are known, the amplification effects may be calculated 

using a nonlinear program with a gap element. 

Using the results from computationally extensive, and time consuming analysis, the influence of 

the parameters can be investigated, and some general trends in the expected response of the 

structures can be identified. However, their use and range of applicability becomes limited to the 

chosen combination of values or range of values, of the parameters. Although some 

amplification plots, of the type shown in Figs. 5.7 to 5.12, may be generated, these plots are 

specific for the earthquake record used, and the observed trends may not be extrapolated for 

different earthquake motions. In the previous subsections, two band width characteristics of the 

input were considered, namely, a broad band input (Taft earthquake), and a narrow band input 

(Mexico City earthquake). However, these results may not be extrapolated to broad band or 

narrow band processes. Therefore, a simple method to estimate the effects to the structure 

imposed by pounding interactions is needed. 
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5.5.1 Single Hit Event Approach 

A simple method based on a single hit event was introduced to estimate pounding effects in 

adjacent structures (Valles, 1995). Since the method assumes a single hit, occurs at the most 

unfavorable moment in time, it yields good results for gaps smaller than critical, but close to it, 

in which case a single hit will take place, or if subsequent hits occur, the overall maximum 

amplification in the response is still governed by the first hit. 

The single hit event approach uses the Pseudo Energy Radius formulation presented in Section 

3.8, and the critical gap computation summarized in Section 4.5. Using the concept of concentric 

energy levels of radius r, the response of the structure may be traced as it changes from one 

energy level to another. When no external load is applied, the damping in the structure will 

gradually decrease the energy level of the system, and drive it towards the origin of the state 

space representation, where the system becomes static. When an external loading is applied in 

the system, at any instant of time, the effect may be to increase or decrease the energy level of 

the structure, depending on the phase between the input motion and the response displacement. 

Pounding between two structures can be modeled as impulsive external loading to the buildings 

(see Section 3.3.1). 

In this analysis, single hit case, it will be conservatively assumed that on the onset of pounding 

both structures are at their maximum energy level imposed by the earthquake. Therefore, from 

this point the trajectories described by the systems in the state space plane will be replaced by the 

circle describing the maximum structure energy level that the system reaches (see Fig. 5. 13 a). 

Pounding effects will be calculated based on the assumption that when the structures hit, they are 

traveling along the maximum energy level. At this point, the energy level of the structures will 

change according to the formulas for stereomechanical pounding. 

Consider a pair of structures with Pseudo Energy Radius (PER) at the onset of pounding 

of r] and r2 , respectively, separated by a gap g p larger than the sum of pseudo energy levels, 

and consequently, greater than the critical gap (see Fig. 5.13a). Under these conditions, no 
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State atO 
of Critical 
Pounding 
. 
U lcr 

9 p> 9 cr 

9 p> 9 cr 

U 2cr 

9 p = 9cr 

( a ) 

( b ) 

. 
U lcr = U 2cr 

( c ) 

Fig. 5.13 Pseudo Energy Radius (PER) representation for various gap sizes: 
( a) g p > > g cr , (b) g p > g pr' (c) g p = g cr • 
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pounding interactions will take place. Note how the trajectories at the maximum energy levels 

never cross, implying that the distance between the two structures is always positive. 

Consider now the same set of structures separated by a gap equal to the sum of the pseudo energy 

radius (see Fig. 5 . 13b): 

(5.8) 

that is, when the energy levels become tangent. In this case pounding will not occur since the 

gap is smaller than the critical gap, and only equal to it if the correlation coefficient is minus one. 

Even if the correlation coefficient is one, no pounding effects are observed since the velocity of 

both structures at the onset of pounding is zero. In view of this situation one may conclude that 

for pounding to occur some overlapping of the energy levels must take place. 

Consider now the same set of structures separated by the critical gap (gcr) (see Fig. 5.13c): 

(5.9) 

with correlation coefficient p determined from Appendix B. In this situation, the overlapping of 

the energy levels is the maximum possible without inducing pounding interactions. When the 

gap is equal to the critical gap, the structures will touch each other, however, no pounding 

interaction will take place because the structures will have the same velocity. This unique 

pounding condition will be referred to as critical pounding, since it occurs when the gap is at its 

critical size (critical gap). Using the present state space graphical representation, U versus it / co , 

will yield two points that coincide in the horizontal axis, but have different vertical ordinates (see 

Fig. 5.14a). This is due to the difference in the predominant frequencies of the structures, that 

makes the vertical scales not comparable. If the vertical scales where not normalized by the 

frequency, the points at the onset of critical pounding would coincide (see Fig. 5.14b). Note that 

two possible critical pounding conditions are possible, one when both structures meet with 

positive velocity, and a second one when the structures meet with negative velocity. 
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It is important to note that some degree of overlapping of the energy levels is possible without 

inducing pounding effects. The overlapping is a function of the individual pseudo energy levels, 

and of the correlation coefficient p: 

(5.10) 

a larger correlation coefficient is indicative of an in phase response of the structures, and a larger 

overlapping in the energy levels is possible without inducing pounding interactions. On the other 

hand, as the correlation coefficient approaches -1, the response tends to be 180 degrees out of 

phase, and little overlapping in the energy levels is possible without inducing pounding effects. 

Fig. 5.15 presents the maximum overlapping, without inducing effects, for different values of the 

correlation coefficient p. See Figures 4.8 and 4.9 for actual response traces of buildings 

subjected to Mexico City or Taft Earthquakes. 

Consider now the case when the energy levels are separated by a distance g p smaller than the 

critical gap. Under these conditions, pounding will be observed, since the overlapping in the 

energy levels is greater, and the structures will eventually meet with different velocities, and 

pounding will take place. If pounding is ignored, the points corresponding to the state at the 

onset of critical pounding will occur at the same time, however, the separation between the 

structure will indicate a negative number, implying that penetration has taken place (see Fig. 

5.16a). Assuming that the structures move along the energy level with velocities co 1 and co 2 , we 

can backtrack in time to the position where, for the gap gp' the structures first meet (see Fig. 

5 .16b), and determine the state of the structures at the onset of pounding, transform the velocities 

of the structures using the formulas for stereomechanical impact to account for pounding effects, 

and determine the new, post-impact energy levels of the structures (see Fig. 5.16c). Using the 

ratio of post-impact to original Pseudo Energy Radius (PER), an estimate of the amplification 

factor due to pounding is found. Next, the procedure and formulas used to estimated the 

pounding effects will be presented. 
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Fig. 5.14 Critical gap separation: (a) representation using the Pseudo Energy Radius 
(PER), (b) phase plane representation. 
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Fig. 5.15 Maximum overlapping in the energy levels without inducing pounding effects. 
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Fig.5.16 Simplified single hit procedure to estimate pounding effects. 
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The simplified, one hit procedure to estimate pounding consists ofthree steps (see Fig. 5.16): (1) 

identify the state of the structures at the onset of critical pounding if the actual gap was the 

critical gap, (2) backtrack in time the motions to the point where they come in contact before 

penetration takes places, and finally, (3) using the state at the onset of pounding and the formulas 

for stereomechanical pounding, determine the new post-impact states, and post-impact energy 

levels. 

(1) The state of the structures at the onset of critical pounding, if the gap is the critical gap, may 

be described by identifying the angles a l and a 2 shown in Fig. 5.16a. At the onset of critical 

pounding, displacement and velocity compatibility is to be observed. From displacement 

compatibility: 

(5.11) 

solving for cosa 2 : 

g r 
cosa 2 = ---E:....--.l...cosa l (5.12) 

r2 r2 

From velocity compatibility considerations: 

(5.13) 

that may be rewritten as: 

(5.14) 

substituting Eq. 5.12 yields a quadratic equation on cosa l of the form: 

(5.15) 

or: 

(5.16) 

with solution: 
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(5.17) 

and u 2 is found from Eq. 5.12. Note that two possible critical pounding onsets are possible, 

however, the points are symmetric with respect to the zero velocity horizontal line. 

(2) To backtrack in time the motion to the point where the structures come in contact, the motion 

is assumed to follow along the maximum energy level, with clockwise velocities ro 1 and ro 2 , 

respectively. Consider the case when the onset of critical pounding occurs with positive 

velocities (Case A), the state of the structures may be expressed as: 

U I ='1 cos( -ro 1 t + U 1 ) 

UI ='1 ro 1 sin( -ro It + U I ) 

(5.18a) 

(5.18b) 

(5.18c) 

(5.18d) 

where t of zero corresponds to the time at the onset of critical pounding if the gap was the 

critical gap. The time at the onset of pounding (t p) may be found by finding the negative root of 

the function: 

i gp = g p - u\ + u2 

(5.19) 

closer to zero. Substituting the root tp in Eqs. 5.18 yields the state of the system at the onset of 

pounding. 

For the case when the onset of critical pounding corresponds to negative velocities (Case B), the 

state may be expressed as: 

U 2 = -'2 cos(-ro 2t+U 2) 

U2 = -'2ro2 sin(-ro 2t+u2) 
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and the time at the onset of pounding (tp ) is the negative root of the function: 

(5.21) 

closer to zero. In this case, the state at the onset of pounding is found by substituting t = t p In 

the Eqs. 5.20. 

(3) The post impact conditions are determined using the theory of stereomechanical impact: 

(5.22a) 

m (if -if ) . , _ . _ (1 + ) 2 1 2 U1 - U1 e 
m1 +m2 

(5.22b) 

(5.22c) 

m (if -if ) ., _ . _ (1 + ) 1 1 2 
U 2 - U2 e 

m1 +m2 

(5.22d) 

where e is the coefficient of restitution ranging from zero for a perfectly plastic impact, to one 

for a perfectly elastic impact. Note that the influence of the m£l,sses upon the contact process is 

taken into account. The new post-impact energy levels may be determinate from: 

(5.23a) 

(5.23b) 

that describes the Pseudo Energy Radius for the single hit approximation of pounding. 

Note that while one structure will increase its energy level, the energy level in the other one will 

decrease. Opposite tendencies may be observed depending on the point at the onset of critical 

pounding selected. Since both situations are possible, the maximum post-impact Pseudo Energy 

Radius from both analysis controls. Although a reduction in the Pseudo Energy Radius will take 

place in one of the structures, the no pounding maximum has been already observed, and should 

be used for design. That is, the minimum energy level for design when pounding occurs should 

be the maximum no pounding energy level. 
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A comparison of the predicted response amplification calculated using the simplified formulation 

discussed, and exact results from a time history analysis is shown in Fig. 5.17. Note how a fairly 

good estimate of the amplification effects was obtained with considerably less computational 

effort. 

The present formulation uses the Pseudo Energy Radius to calculate the critical gap and estimate 

pounding effects, instead of the maximum displacements. This formulation considers the 

maximum energy level, that may have been achieved by a maximum displacement or velocity, in 

any direction of the earthquake being considered. 

The simplified, single hit, pounding effect estimation is congruent with the probability of being 

exceeded contemplated in the design spectra. Note however, that for this formulation the design 

spectra should be provided, or transformed, to a Pseudo Energy Radius spectra, and later 

amplified to take into account inelastic effects. The correlation coefficient, p, is to be 

determined from the figures in Appendix B, or derived using the methodology described in the 

previous section. 

The formulation is only intended for the cases when the assumptions are approximately correct, 

that is, when a single hit occurs, namely, for gaps only slightly smaller than the critical gap. For 

smaller gaps one may expect multiple hits at smaller energy levels before the structures reach 

their maximum energy levels, that may increase or decrease considerably the response. For such 

cases, the simplified methodology mentioned above may not be used. 
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Fig. 5.17 Predicted VS. actual maximum Pseudo Energy Radius ( 7; =2.0 sec, Tz =0.5 sec, 

Mexico City Earthquake). 
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5.6 Remarks and Conclusions 

This section concentrates on the effects that can be expected when two structures are separated 

by a gap smaller than critical. Throughout the development of this work pounding is assumed to 

occur between floor slabs. That is, the effects of pounding along the height of a column are not 

investigated since that is an extremely hazardous situation, and should always be avoided. 

Numerical simulations were carried out to observe some of the trends in the response when 

pounding occurs. Three type of input motions were considered: sinusoidal, narrow band 

(Mexico City earthquake), and broad band input (Taft earthquake). The analysis were carried out 

using the deterministic mathematical model briefly described in Section 3.5. 

Results for the sinusoidal input motion indicated the clear dependence of the relative periods of 

the structures to fundamental period of the ground motion, and the ratio of the actual gap to the 

critical gap size. Large amplifications on the response of one of the structures were observed 

when the other is at a resonant period with the input motion. 

For sinusoidal inputs, two critical periods for the input motions were identified. This periods 

increase the total amount of energy in the system. They correspond to the non-linear resonating 

periods for the pounding system. Structures in these conditions will experience large 

amplifications in the response, and a strategy for retrofit should be developed. The next section 

presents possible pounding mitigation techniques that can be implemented for such structures. 

The numerical simulations for the Mexico City earthquake showed the same trends observed for 

the sinusoidal input. These results reflect the similarities of the input motion with a sinusoidal 

input. On the other hand, the numerical simulations for the Taft earthquake showed no clear 

trends, due to the wider frequency content of this earthquake. 

To estimate pounding effects in adjacent structures, a simple method with little computational 

effort was developed. The method assumes that a single hit occurs between the structures, 
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detennines the state at the onset of pounding, and using the rules of stereomechanical pounding, 

calculates the post-impact state of the structures. 

To present the simple single hit methodology to estimate pounding effects, the concept of a 

Pseudo Energy Radius was introduced, where such radius as related to the maximum elastic 

structural (potential plus kinetic) energy. Using this concept, each structure, depending upon its 

period, reaches a different Pseudo· Energy Radius for a given earthquake motion. Therefore, the 

Pseudo Energy Radius may be provided in a spectrum fonn. 

Assuming that a single hit occurs when the structures move at the maximum Pseudo Energy 

Radius, the state at onset of pounding is calculated by backtracking from the onset of critical 

pounding, that is the onset of pounding when the actual gap equals the critical gap. Using the 

fonnulas for stereomechanical pounding the new maximum Pseudo Energy Radius for each 

system is calculated, considering the degree of inelasticity expected at the pounding, interface, 

and the relative mass of the structures. 

The single hit methodology could be extended to multiple hit situations when the effects of the 

ground motion in the energy level of the structure is known. An approximate estimate of 

multiple pounding interactions could be made ignoring the effects of the input motion between 

successive hits. The use of this extension is discouraged until further studies reveal the effects of 

the input motion and its phase to the response on the energy levels, without numerical integration 

of the response. 

The accurate or approximate analysis of the pounding effects will indicate if the amplifications 

expected, that are not likely to have been considered in the original designs, exceed the capacity 

of the structural members, or yield undesirable response characteristics. In such cases, some 

pounding mitigation technique must be implemented. Section 6 describes the mitigation 

techniques that can be implemented in this structures. 
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SECTION 6 

POUNDING MITIGATION TECHNIQUES 

6.1 Introduction 

Once pounding effects in the structures has been quantified, using the mathematical models 

suggested in Section 3.5, or the approximate single hit methodology described in Section 5.5, 

structural amplifications may prove to be a serious hazard to their integrity. In these cases, the 

use of some type of pounding mitigation technique is necessary. 

The pounding mitigation techniques may be classified in three broad groups: link elements, 

bumper damper elements, and supplemental energy dissipation elements. General description of 

how each group reduces pounding effects, without description of actual damper elements 

available, is included. Advantages and disadvantages inherent to each group are discussed. 

All of the techniques can be modeled using the mathematical models described in Valles (1995). 

However, the effectiveness of bumper dampers and supplemental energy dissipating elements 

may be approximately evaluated using the concepts presented in Section 5.5. 

6.2 Link Elements 

The use of elastic links between the structures as a pounding mitigation technique was first 

introduced by Westermo (1989). Preliminary studies by him indicated that some reduction may 

be obtained, although some amplification will be observed in the stiffer structure. He indicated 

that in some cases the forces in the link elements could be of the same order of magnitude as the 

base shears. Later, numerical simulations by Filiatrault and Folz (1992), indicated that 

reductions are possible when the structures are linked with an energy dissipating device. 

However, the authors indicated that a change in the failure mechanism was observed due to the 

presence of the link. 
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Linking adjacent buildings has a number of disadvantages, including the high forces in the link, 

the fact that the dynamic characteristics and the design failure mechanisms are changed, and the 

uncertainties inherent when two structures of different characteristics must become one. 

Nevertheless, if those problems are solved, linking two structures will reduce the possibility of 

pounding interactions. If an energy dissipation device is used between the two structures, 

pounding will occur if the stroke of the element is not sufficient. 

Linking two adjacent buildings effectively couples the motion of the two. Therefore, when linear 

elastic links are used, the analysis may be carried out using most of the available structural . 
analysis software. The three mathematical formulations described in Section 3.5 include a 

Kelvin type link element, but other rheological models may be easily incorporated. 

Deterministic or probabilistic simulations can be carried out using the programs developed by 

Valles (1995) to assess the effectiveness of link elements as a pounding mitigation system. 

Results are to be compared to the no pounding and pounding solutions before retrofit. 

In general, linking two adjacent buildings may not be an adequate solution if the buildings 

belong to different owners, since important technical and political problems may arise. In 

general, it will not be advisable to link buildings of completely different dynamic response 

characteristics, or buildings built under different design considerations, time periods, or intended 

for different use. 

Although the analysis of linked structures may be simple, the design of the retrofitted system 

may become a cumbersome task. Unless all the inherent differences in the structures can be 

adequately handled, the use of other pounding mitigation techniques is suggested. 

6.3 Bumper Damper Elements 

The use of bumper dampers is considered as a possible pounding mitigation technique. Under 

bumper damper elements, all energy dissipation devices available that can be placed between the 
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structures, but connected only to one of them, are considered. Bumper dampers are therefore 

energy dissipation links that are activated when the gap is closed. 

The response of two structures with bumper damper elements may be studied using the 

deterministic or hybrid models described in Section 3.5, or any of the available non-linear 

structural analysis software that includes a gap element. If the program developed is used, the 

parameters of the Impact Kelvin model may be modified to simulate the response of the damper 

element. 

When the bumper damper element is such that an Impact Kelvin element is not a good 

representation of it, a different rheological model for the element may readily be incorporated in 

the program. Otherwise, a macroscopic approach to modeling the effects of the damper using a 

coefficient of restitution may be adopted. Such equivalent coefficient of restitution may vary 

depending on the relative velocity of the floors at the onset of pounding, however, a variable 

coefficient of restitution can easily be incorporated in the formulation. 

The presence of the bumper damper element will reduce the impulsive forces transmitted from 

one structure to the other. If the element provides only stiffness the impulse loads will still be 

reduced since the impacting bodies will encounter a spring element reducing the kinetic energies 

of the structure before the stroke of the element is reached, at which point the full pounding of 

the masses will take place, but the impacting velocities will be smaller (see Fig. 6.1). Note that 

although the velocities at the onset of pounding are smaller, the linear spring will increase the 

velocities after pounding, but the high frequency accelerations observed will be reduced. 

As the stiffuess in the linear spring increases the reduction in the pounding velocities will be 

greater, however, a very stiff element will induce pounding like effects when activated. A 

gradual transition, as shown in Fig. 6.2 will reduce the high frequency accelerations since a 

smoother transition is selected. Note that if a linear spring is used no energy dissipation will take 

place and the overall macroscopic results will not change. 
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A simple physical analogy may be used to clarify the effect of a linear bumper spring between 

two colliding structures. Consider a ball rolling with velocity va on a smooth surface that hits a 

wall elastically (see Fig. 6.3a), after hitting the wall the ball will move away from the wall with 

the same velocity. However, since the velocity drastically changed in a short period of time, the 

ball will be subj ected to a large acceleration. Consider now that a distance s before the wall a 

frictionless ramp begins (see Fig. 6.3b). In this case part of the kinetic energy will be converted 

to potential, reducing the velocities at the onset of impact and consequently reducing the 

acceleration level at the instant of impact. 

Continuing further with the analogy, if a gradually increasing slope is provided (see Fig. 6.3c), 

no actual impact will occur and a smooth transition from the approaching velocity (v 0) to the 

separating velocity (-va) will take place, and the acceleration will be smaller. Therefore, 

although the macroscopic effects are not affected by the ramp, the acceleration experienced by 

the ball will be reduced due to the presence of the ramp. Note that for small ramps, small s, or 

high initial velocities, the transition in velocity will take place in a small fraction of time, 

inducing therefore large accelerations. For high initial velocities, or small ramp sizes (stroke of 

spring), the presence of the ramp will have no effect on the acceleration levels. 

Therefore, for pounding problems, a linear spring element acting as a bumper damper is not an 

adequate solution. Some energy dissipation must be provided in the bumper element to dissipate 

the energy transfer, reducing pounding effects in the structures. Using the physical analogy 

presented earlier, the addition of energy dissipation may be interpreted as friction, while a non

linear spring may be thought of as different ramps for loading and unloading. 
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When viscous damping devices are used as bumper damper elements, some elastic stiffness 

should also be provided to return the damper to the original position. Fluid viscous dampers can 

provide such characteristics when specially designed (Reinhorn et aI., 1995). This will prevent 

the gap from becoming larger after each impact, and that the full damper stroke is still usable for 

subsequent impacts. Note that non-linear elements will show an increase in the gap size after 

each hit, gradually reducing the available stroke of the damper. Unless a single hit is expected to 

take place, the bumper damper element should be capable of sustaining repeated impacts without 

significant degradation. 

Using the simplified, single hit, methodology for evaluating pounding effects, the effectiveness 

of bumper damper elements may be estimated. A bumper damper will provide some energy 

dissipation to the transfer energy, that can be related to a smaller coefficient of restitution, 

resulting in smaller amplifications in the response of the structures. Smaller coefficients of 

restitution will be linked to greater energy dissipation, and smaller amplification effects in the 

colliding structures (see Fig. 6.4). Fig. 6.5 shows the amplifications in velocity of structure one 

for different velocity ratios and coefficients of restitution, when the colliding bodies have the 

same mass. Note that a smaller coefficient of restitution will produce smaller amplifications in 

the post-impact velocities. 

It should be noted that, in general, the coefficient of restitution for bumper damper elements is a 

function of the relative velocities at the onset of pounding: 

e=e(ul -u2 ) (6.1) 

the restitution coefficient dependence on the relative impacting velocities may be found from test 

data, from a drop test at different impact velocities (drop heights), or from numerical simulations 

if a rheological model for the element is available. The simple Kelvin or Impact Kelvin models 

show no variation of the equivalent coefficient of restitution with the impact velocity (see 

Section 3.3). 
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Fig. 6.4 Influence of the coefficient of restitution in post-impact conditions using the 
Pseudo Energy Radius representation. 
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6.4 Supplemental Energy Dissipation 

The use of supplemental energy dissipation devices in the buildings has been proposed by Kasai 

et al. (1993b) as an effective method to reduce the probability of pounding. Using supplemental 

energy dissipation devices reduces the maximum lateral deflections of the building. The reduced 

lateral deflections will imply a smaller critical gap: 

(6.2) 

Furthermore, if supplemental damping is provided in both structures, they will tend to respond in 

phase, which implies a higher correlation coefficient, and leads to a further reduction of the 

critical gap size. 

Using the phase plane representation introduced in Section 5.5 to estimate pounding effects, it is 

possible to calculate the amount of supplemental damping required to avoid pounding. Consider 

the case where only one of the structures is to be retrofitted using supplemental damping (see 

Fig. 6.6). Under these conditions, r1 and r2 will denote the pseudo energy radius of the 

structures before retrofit. Using Eq. 6.2 yields a critical gap ger greater then the actual gap gp: 

(6.3) 

Supplemental damping is provided so that the actual gap equals the new retrofitted critical gap 

(ger)r: 

(6.4) 

Solving for the retrofitted pseudo energy radius of structure 2 hr) yields a quadratic equation 

with solution: 

(6.5) 
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The new retrofitted pseudo energy radius for structure 2 may be achieved by combining 

stiffening and adding supplemental damping (see Fig. 6.6). Reducing the maXImum 

displacements by stiffening only is also a possible pounding prevention solution. Note that the 

value of the correlation coefficient should be recalculated to reflect the new response of the 

retrofitted structure. Using supplemental damping only will lead to bigger correlation 

coefficients, therefore a conservative estimate may be carried out using the original value before 

retrofit. However, when the solution involves some stiffening also, the new correlation 

coefficient may become smaller, leading to unconservative estimates in the maximum allowable 

pseudo energy radius to avoid impact. 

So far, the use of supplemental energy dissipating elements has been discussed for pounding 

prevention, however, pounding mitigation is also efficiently achieved with such devices. 

Although the reduction in the maximum energy levels provided may not be sufficient to avoid 

pounding, the amplification effects in the structures will be smaller. The reduced pounding 

effects may be estimated using the simplified single hit approach, as described in Section 5.5. 

The use of supplemental energy dissipation in structures is an efficient method to reduce or 

eliminate pounding effects in adjacent structures, and at the same time improve the performance 

of the buildings. Link elements may reduce the response of one structure and eliminate 

pounding, but will increase the response of the adjacent one and modify the demand distribution 

in both buildings. Bumper damper elements are designed to reduce transfer energy during 

pounding interactions. On the other hand, supplemental energy dissipation devices will benefit 

the response of the structures and eliminate or reduce pounding effects. 

Energy dissipation elements used for pounding mitigation may be combined with bumper 

elements to further decrease pounding effects in structures. A combined application will provide 

supplemental energy dissipation in the structures and at the contact interface. Preliminary 

estimates on the effectiveness of the combined implementation may be carried out using the 

simplified single hit methodology introduced in Section 5.5, with the considerations for studying 

bumper damper elements described in Section 6.3. 
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Refined non-linear time history analysis for the supplemental energy dissipation, or the 

combined solution, can be carried out using the deterministic or hybrid models described in 

Section 3.5, or other non-linear time history analysis program with the capability of modeling 

two structures, and have the formulation for gap elements. Preliminary sizing of the dampers 

may be carried out using the simple analysis described earlier. 

6.S Remarks and Conclusions 

Section 6 studied the possible pounding mitigation techniques available to retrofit buildings 

prone to large amplifications due to impact interactions. Pounding mitigation techniques may be 

classified in three groups: link elements, bumper damper elements, and supplemental energy 

dissipation elements. 

Link elements are used to connect two adjacent buildings at one or multiple locations throughout 

the height. The use of link elements eliminates the possibility of pounding, however, the 

response of the buildings may be considerably modified. Some level of retrofit in the structures 

may have to be carried out to accommodate for the new force distributions. Furthermore, linking 

two structures of different structural systems or floor plans may promote torsional response. The 

analysis of this type of retrofit may be calculated using standard linear analysis software, if both 

structures, and the link, are expected to respond linearly. The use of link elements as a pounding 

mitigation technique may encounter serious problems when connecting buildings belonging to 

different owners, different dynamic properties, different structural system, built using different 

design criteria, etc. 

Bumper damper elements are used between two adjacent structures to dissipate part of the 

transfer energy during pounding interactions. Bumper damper elements must be dissipative to 

reduce pounding accelerations and forces during contact. This type of element may be modeled 

using a rheological model, or through the use of a coefficient of restitution. The effectiveness of 

this system may be approximately evaluated, for gaps close to critical, using the simplified single 

hit methodology for pounding effects estimation presented in Section 5. 

158 



The use of supplemental energy dissipating devices in the structures provides an effective 

pounding prevention or mitigation technique. The supplemental damping in the structure may be 

tuned to reduce the structures response and mitigate or eliminate pounding interactions. By 

reducing the Pseudo Energy Radius, concept introduced in Section 5, the critical gap is also 

reduced. Furthermore, if both structures are damped, they will tend to respond in phase with the 

input motion, leading to a higher correlation coefficient, and a further reduction in the critical 

gap. 

Tuning the amount of supplemental damping can yield a critical gap greater than the actual gap, 

or reduce the maximum Pseudo Energy Radius and pounding effects. The effectiveness of this 

system can approximately be estimated using the simplified single hit methodology presented in 

Section 5. 

The use of supplemental energy dissipating devices is the preferred pounding mitigation 

technique since the structural response of the buildings is improved and pounding effects are 

reduced. When this solution is used in conjunction with bumper damper elements, further 

reductions in the pounding effects may be achieved. 

The response of structures with link elements may be investigated using the three mathematical 

models described by Valles (1995). The implementation of bumper damper elements or 

supplemental energy dissipating elements may be studied using the deterministic and hybrid 

models. 

The results and observations from the critical gap computation (Section 4), estimation of 

pounding effects (Section 5), pounding mitigation techniques (Section 6), and pounding analysis 

methods (Section 3) are summarized in Section 7, to provide general concepts and methodologies 

for the evaluation of pounding problems. 
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SECTION 7 

DESIGN RECOMMENDATIONS 

7.1 Introduction 

The present section summarizes the relevant observations and design procedures presented in 

previous sections. The results and methodologies are intended to be used as design guidelines to 

evaluate, prevent or mitigate pounding effects. For further details on the derivations, 

assumptions or methodologies, refer to Sections 3 through 6. 

This section briefly summarizes the approaches to pounding prevention adopted in building 

codes in different countries of the world. Then, the suggested methodology, extended from the 

Double Difference Combination rule introduced by Kasai, is presented. The simplified single hit 

methodology for estimating pounding effects is outlined. Later, the pounding mitigation 

techniques available are presented, and some simple guidelines for their evaluations are 

discussed. Finally, the section ends with a brief description of the mathematical models 

introduced by Valles (1995) for a detailed pounding analysis. 

7.2 Survey of Building Code Requirements for Building Separations 

A group of building codes were reviewed to investigate the criteria adopted in different seismic 

regions, with different design practices, to avoid undesirable pounding interactions between 

adjacent structures. The survey indicated that providing for a sufficient clear distance between 

buildings is the commonly adopted strategy to avoid pounding. During the survey only one 

building code, from Venezuela, was found to allow for some degree of pounding, if the forces 

exerted do not threaten the integrity of the structures. However, no guidelines for estimating 

such effects were given. 
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A review of building code recommendations identified four general expressions used to specify a 

minimum separation between two adjacent buildings: 

gp ~ factor (sum of displacements) 

gp ~ coefficient (height) 

gp ~ fixed distance 

gp ~ SRSS (displacement) 

(7.1) 

(7.2) 

(7.3) 

(7.4) 

The first formula corresponds to a factored Absolute Sum of the maximum displacements of the 

structures. The second formula relates the minimum gap with a maximum interstory drift ratio. 

In the Mexico City building code Eqs. 7.2 and 7.1 are combined to take into account rotations at 

the foundation. Eq. 7.3 is generally specified as a minimum for construction purposes. Finally, 

the last formula takes into account that the maximum displacements in the structures will not 

occur at the same instant in time. 

Of all the formulas adopted by different building codes, Eq. 7.4 provides the best estimate when 

the gap is compared to results from actual time history simulations. However, the SRSS rule 

yields very conservative results when the period of the structures are similar. 

In the following paragraphs a summary of the mayor findings in the research project are 

presented to provide engineers with improved tools to estimate pounding effects in structures, 

with simple calculation procedures to estimate the critical gap in linear and bilinear structures, 

with an approximate and simple methodology to estimate pounding effects, with guidelines for 

the preliminary design of pounding mitigation devices, and mathematical models for the analysis 

of such devices. 

7.3 Building Separation to Avoid Pounding 

Providing a sufficient gap to avoid pounding interactions between structures is the most 

commonly accepted strategy in current building codes. The theory and assumptions to derive the 

procedure described herein is presented in Section 4, and Appendices A and B. 
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Critical gap (gcr) is the minimum gap necessary between two structures to avoid pounding 

interaction. The critical gap is calculated according to the following procedures (see Fig. 7.1): 

1.- From the elastic displacement design spectra and the fundamental periods of the 

structures (T; and T;), calculate the maximum elastic displacements of the structures 

(u1e and u2e ). 

2.- Classify the input motion as a broad or narrow band process, and determine its 

predominant period, depending on the soil conditions at the building site. 

3.- Using the amplification charts for bilinear oscillators provided in the Appendix B, 

determine the amplification coefficients G b1 and G b2 to calculate the inelastic 

displacements of the structures: 

For linear systems use: 

G b1 = G b2 = 1.0 

(7.5) 

(7.6) 

(7.7) 

4.- Using the correlation coefficient charts for linear or bilinear systems provided in the 

Appendix B, determine the correlation coefficient p. 

5.- Calculate the critical gap size according to: 

(7.8) 

If the structures have different damping ratios, different maximum ductility, or different force 

reduction factors, using the lowest value of the correlation coefficient is suggested for a 

conservative estimate of the critical gap. Otherwise, a detailed analysis of the correlation 

coefficient should be carried out. 
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The correlation coefficient plots are presented using contour lines. Although linear interpolation 

may be carried out, it is advisable to round down the final value for the correlation coefficient, to 

avoid underestimating the critical gap, and take into account uncertainties inherent in the actual 

fundamental periods of structural vibration, and input motion. 

Using the methodology outlined earlier may lead to small values for the critical gap between 

structures of similar structural periods. In such cases a minimum gap should be observed for 

construction considerations. 

Soil structure interaction is to be included for structures on soft soil conditions. In this case, the 

critical gap will include the contribution from rotation at the foundation (see Fig. 7.2): 

g~r = u~ + h
2
8 ~ + u~ + h

2
8 ~ + 2hu,8 I P ul81 + 2hu28 2 P u282 

(7.9) 

where ul and u2 are the maximum structural deflections, 8 I and 8 2 are the maximum 

foundation rotations, PuiS, is the correlation coefficient between the displacement u, and the 

rotation 8 I' etc. 

7.4 Approximate Evaluation of Pounding Effects 

The evaluation of pounding effects is of importance when studying adjacent existing buildings 

separated by a gap less than critical. A detailed description of the theory and assumptions of the 

methodology presented herein is included in Section 5. 
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Fig.7.2 Adjacent structures with flexible foundations. 
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Pounding effects in adjacent structures may be estimated usmg the simplified single hit 

assumption, only when the actual gap is only slightly smaller than the critical gap. The critical 

gap (gcr) is to be calculated according to the methodology presented in Section 7.3. 

The pounding effects in adjacent structures are determined according to the following procedures 

(see Fig. 7.3): 

1.- Determine the critical gap from Section 7.3. 

2.- Using a pseudo energy radius design spectrum determine the corresponding pseudo 

energy radius for each structure (rl and rz ): 

r = J 2Ee 
mro 2 

Where Ee is then maximum sum ofthe kinetic andpotential energies, m is the mass 

ofthe structure, and ro its fundamental frequency. 

3.- Calculate the angles at the onset of critical pounding assuming the actual gap is equal 

to the critical gap: 

-cb + ~c~ - 4Ca Cb 
cosa 1 = 

2Ca 

cosa - gcr -lcosa z - 1 
rz rz 

where: 

(7.10) 

(7.11) 

(7.12a) 

(7.12b) 

(7.12c) 

4.- Find the time at which actual pounding occurs for the two possible impact 

conditions: 
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( a ) 

( b ) 

t = tcr = 0 

-e + fe 2 -4e e 
cosal = b 'V b a c 

2ea 

cosa2 = gcr - ..lcosa) 
'2 '2 

Case A: 

gp -lj co~ -coltpa + a l) - '2 cO~ C0 2 tpa + ( 2 ) = 0 

~ = lj cO~ -CO)tpa + a)) 
~ = ljCO) sin(-co)tpa + a)) 
Uz = -'2 cos( C0 2 tpa + ( 2 ) 

U2 = '2C0 2 sin(C02tpa + ( 2 ) 

CaseB: 

g p - lj cO~ co) t pa + a) ) - '2 cO~ -CO2 t pa + ( 2 ) = 0 
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~ = lj COs(CO)tpa + a l ) 

~ = -1jCO) sin(co)tpa +a)) 

Uz = -'2 COs(-C0 2 tpa +(2 ) 

U2 = -'2C02 sin( -C02 tpa + ( 2 ) 



( c ) 

t= t+ 
p 

., -' (1 + ) ~ (~ - u2 ) 
~ - ~ - e --'-----'-

m,+~ 

u~ = u
2 

+ (1+ e) m,(~ - u2 ) 

m,+~ 
,-------::-

r(= ~+~J 
r;= u;+(~)' 

Fig. 7.3 Single hit methodology for pounding effects estimation. 
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a) Case A (positive velocities at critical pounding onset): 

Calculate the negative root ( t pa) closest to zero for the function:. 

jgp(tpa ) = gp - rj cos( -OJlpa + u j ) - r2 cos(0J 2tpa + u 2 ) = 0 (7.13) 

b) Case B (negative velocities at critical pounding onset): 

Calculate the negative root ( t Pb) closest to zero for the function: 

fgp(t pb ) = gp - rl cos(OJ jtpb +U I ) - rz cos( -OJ /pb +U 2 ) = 0 (7.14) 

5.- Detennine the state for each structure at the onset of pounding according to: 

a) Case A: 

(7.1Sa) 

(7.1Sb) 

(7.1Sc) 

(7.1Sd) 

b) Case B: 

UI = rl cos( -OJ j t pb + U I ) (7.16a) 

ul = -rIOJ I sin(OJltpb +U I ) (7.16b) 

(7. 16c) 

(7.16d) 

6.- Using the fonnulas for stereomechanical pounding, calculate for each case the post

impact velocities: 

(7.17a) 

(7.l7b) 

where ml and m2 are the masses of the colliding floors in structure 1 and 2 

respectively, and e is the coefficient of restitution to account for energy dissipation 
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during impact. A coefficient of restitution of one is used for elastic impacts, while a 

value of zero is used for perfectly plastic impacts. 

7.- Calculate, for each case, the post-impact pseudo energy radius according to: 

(7.18a) 

(7.18b) 

8.- Determine the maximum post-impact Pseudo Energy Radius for each structure. The 

ratio of the maximum post-impact energy radius to the original yields an estimate of 

the amplifications in the maximum structural displacements and velocities. 

The methodology outlined uses a simplified approach to the problem, and yields adequate results 

only for a range of critical gap sizes. A number of simulations when compared to the 

approximate predictions indicate that the simplified method provides a reasonably good 

estimates for the range: 

(7.19) 

Below this range the predictions are not as reliable. 

When the structures are subjected to a narrow band input motion, the following 

recommendations should be observed: 

- When one of the structures has a period close to resonance, severe amplifications will 

take place in the adjacent structure. This situation should be avoided by reducing the 

response of the resonating structure. 

- When the input motion coincide with the critical periods described in Section 5.2: 

(7.20a) 

T ~ 2n m] + m2 

cr2 k k ] + 2 

(7.20b) 

the amplification factors may be larger than the results from the simplified single hit 

analysis due to build-up the response from successive pounding interactions from a 
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resonant non-linear condition. In this situation, perform a second hit analysis by 

marching forward in time and determine the effects of a new impact. 

7.5 Pounding Mitigation Techniques 

Pounding effects may impose severe structural demands to the impacting structures. In some 

cases the level of forces exerted may be larger than the available capacity in the structures. Some 

type of pounding mitigation techniques will be of interest if these conditions arise. 

A number of pounding mitigation devices have been proposed, and can be broadly classified in 

three groups: link elements, bumper damper elements, and supplemental energy dissipating 

elements. 

Link elements are used to connect two buildings to eliminate pounding interaction. This method 

effectively eliminates pounding by combining two structural systems into one. However, high 

forces are often transmitted through the link when structures of different dynamic properties are 

connected. Forces in the link have been found, for extreme cases, to be on the order of 

magnitude of the structural base shears. The addition of the link elements have the important 

disadvantage that the design forces in the structure are completely altered, and will often lead to 

column and beam strengthening to resist the new system of forces. Furthermore, important 

difficulties may be encountered when two structures, belonging to different owners, built with 

different materials, with different design criteria, under different force levels, are connected to 

respond as one. 

Retrofit solutions using link elements should be analyzed using a linear or non-linear structural 

analysis programs, depending on the expected link and structural response characteristics, to 

determinate the change in the global response characteristics, as well as the local stress 

concentrations at the vicinity of the link connection. 
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Bumper damper elements consists of link elements that are activated when a gap is closed. Such 

elements should be dissipative to reduce the energy transfer during pounding and reduce high 

frequency acceleration pulses. This type of pounding mitigation technique may be analyzed 

incorporating its rheological model into a non-linear analysis program, or considering only the 

macroscopic effects using a coefficient of restitution approach. 

Preliminary estimates on the effectiveness of bumper damper elements may be obtained using 

the simplified single hit methodology described in Section 7.4 (see Fig. 7.4). In this case, a 

bumper damper element will provide a smaller value for the coefficient of restitution e, leading 

to smaller amplifications of the Pseudo Energy Radius. The coefficient of restitution for the 

bumper damper elements may vary depending on the relative approaching velocity at pounding 

onset. 

Supplemental energy dissipation devices have been proposed as a third possible pounding 

mitigation technique. Using this solution, the response of one or both of the structures is 

modified to reduce their maximum lateral deflections. Depending on the level of additional 

damping supplied, this solution may be used to prevent pounding from occurring, or to reduce 

pounding effects. 

When supplemental energy dissipation is provided as a pounding prevention measure, the 

retrofitted new maximum displacements (or Pseudo Energy Radius) must yield a critical gap 

smaller than the actual gap g p' When only one structure is retrofitted, the maximum retrofitted 

Pseudo Energy Radius (displacement) may be calculated from: 
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Fig. 7.4 Preliminary estimate of bumper damper effectiveness. 
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(7.21) 

where p is the correlation coefficient from the plots in Appendix B, g p is the actual gap, and r1 

is the Pseudo Energy Radius of the other structure. Using r2r in the design spectrum will 

provide an estimate of the stiffening and supplemental damping necessary (see Fig. 7.5). 

When supplemental energy dissipation is provided only as a pounding mitigation solution, the 

effectiveness may be measured using the simplified single hit methodology outlined in Section 

7.4. This pounding mitigation technique may be combined with the use of bumper damper 

elements to reduce energy transfer during pounding interactions. 

Of the three pounding mitigation techniques presented, the supplemental energy dissipation 

device is the most efficient, since not only the pounding effects are reduced, but the structural 

performance is also improved. 

7.6 Analysis of Pounding Effects and Mitigation Techniques 

To perform a detailed analysis of pounding effects and pounding mitigation effectiveness, three 

modeling techniques can be used: deterministic, probabilistic or hybrid mathematical models. 

Each modeling technique is briefly described in Section 3.5. 

The deterministic model calculates the time history response of the structures when subjected to 

a given acceleration record. This model can estimate the effects of pounding interactions, and 

study the response of linked structures, with bumper damper, or with supplemental energy 

dissipating devices. 
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The probabilistic model provides a stochastic description of the structural response for a 

stochastic input. This model can be used to estimate the statistics of the response for linked 

structures, or structures with supplemental energy dissipation devices. This model is not capable 

of calculating the response to pounding interactions. 

The hybrid model combines both of the previous models. Input for this model consists of an 

acceleration record, an evolutionary power spectrum, and a maximum probability of pounding. 

This model can be used to estimate the effects of pounding interactions, and study the response 

of linked structures, with bumper dampers, or with supplemental energy dissipation devices. 
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SECTION 8 

SUMMARY AND CONCLUSIONS 

Pounding between adjacent structures subjected to dynamic excitations was investigated. After a 

review of the current state of the art, and some initial formulations of the structural problem, four 

major research objectives were identified and carried out. The research objectives were: (i ) to 

determine the critical gap to avoid pounding (see Section 4); (ii) to estimate pounding effects in 

buildings separated by a gap smaller than critical (see Section 5); (iii) to describe possible 

pounding mitigation techniques, for buildings prone to high amplifications (see Section 6); and 

(iv) to summarize the results and observations from the previous three objectives in a 

comprehensive form that could be used by design engineers (see Section 7). The methodology 

necessary to accomplish such objectives are presented in Section 3. 

State of the art review: 

Pounding damage has been observed in most of the strong earthquakes affecting large 

metropolitan areas. Structures resting on soft soil conditions are more likely to pound due to the 

flexibility of their foundation. Pounding damage observed during the Mexico City earthquake 

may have been influenced by the flexible friction pile systems commonly used for mid-height 

buildings in the lake zone. 

Pounding damage during the moderate 1989 Lorna Prieta earthquake indicated that severe 

damage could take place during a strong earthquake in the San Francisco Bay area. More 

recently, the 1994 Northridge earthquake induced observable pounding interactions between 

bridge decks, or decks and abutments. 

Two modeling approaches can be used to study pounding effects: stereomechanical and piece

wise linear impact. The former method calculates the post-impact velocities of the system based 

on the velocities at the onset of impact, the relative masses, and a coefficient of restitution that 
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measures the degree of plasticity induced at the interface. The later uses a rheological model that 

is activated when the gap between the structures is closed. This piece-wise linear impact model 

has been more extensively used by researchers in the field. 

Studies by previous researchers provided valuable insight into the response of single-degree-of

freedom structures to: harmonic, actual earthquake excitations, and white noise input motions. 

Some studies have been published for the response of multi-degree-of-freedom structures to 

actual earthquake motions. The studies identified the major parameters that affect pounding 

response of structures: the gap size, the relative masses of the impacting floors, the fundamental 

periods of vibration, and the characteristics at the interface. 

An attempt to estimate pounding effects using a simple formulation was proposed assuming a 

linear variation of the kinetic energy. Such an assumption covers only a range of possible 

combinations, namely, when the adjacent structure is very stiff. There is a need to formulate a 

simple methodology to estimate pounding effects for a wider range of applicability. 

Part of the literature available on pounding deals with possible pounding mitigation techniques. 

Using published research on the combination of model responses by Der Kiureghian (1980), 

Kasai introduced the Double Difference Combination (DDC) rule to calculate the critical gap to 

avoid pounding (Jeng et aI., 1992). Using a set of formulas to calculate an effective period and 

critical damping ratio, Jeng et aI. (1992) extended the DDC rule to bilinear or degrading 

structures. The formulas were obtained from curve-fitting the results from numerical 

simulations. Since the input motion considered is a white noise process, and due to possible 

restrictions in the applicability of formulas derived using curve fitting, the critical gap for 

bilinear structures SUbjected to filtered white noise inputs should be determined. 

Link elements have been proposed for pounding mitigation, with the disadvantage that high 

forces in the link may be observed, and that the structural response is considerably modified due 

to the presence of the link. The use of supplemental energy dissipation throughout the structures 

has been proposed to limit structural deflections and reduce pounding forces. Supplemental 
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energy dissipation in the structures has also been proposed for pounding mitigation. Available 

pounding mitigation techniques must be described, and their effectiveness determined. 

Preliminary observations: 

Energy is transferred from one structure to the other during pounding. This energy transfer 

produces an increase of the input energy level in one structure, and a reduction in the other. Part 

of the transfer energy is dissipated at the contact interface when pounding is not elastic. When 

pounding exhibits some level of plasticity or viscosity, the transfer energy released by one 

structure will not equal the transfer energy received by the other. 

Although pounding is a non-linear problem, if the structures are linear, and a piece-wise linear 

element is used to model contact, scaling of the response for a different ground acceleration level 

is possible from a previous analysis, provided that the gap in the original analysis is scaled. That 

is, the response of the system with gap go and input motion CgXg' where cg is a constant, may 

be obtained by multiplying by cg the solution of the system with input motion Xg and initial gap 

go / cg . This observation makes it possible to generalize results from a given intensity of input 

to any intensity, provided that the gap is properly scaled. 

A modified Kelvin element is introduced for impact problems. The proposed Impact Kelvin 

element contains a viscous element that is only active for approaching velocities. This model 

exhibits more realistic response characteristics than the traditional Kelvin element: the forces at 

the interface always tend to separate the masses, and never oppose separation; and, for greater 

damping constants, the duration of contact decreases. Both models may be related to an 

equivalent coefficient of restitution. The use of the Impact Kelvin element is suggested over the 

traditional Kelvin element. 

Studying a continuous system subjected to a velocity pulse, at different locations, provides 

dynamic influence lines for displacements or shears. Such dynamic influence lines will identify 

critical pounding stories for which amplifications are greater or smaller. Pounding effects can be 
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separated in global and local, depending on the number of modes considered in the solution. 

Considering all modes will describe local sharp peaks in the response affecting small localized 

portions of the structure. Considering only a few of the first modes, the global response can be 

studied. Local and global effects should be checked during pounding interactions. 

Several pounding mitigation techniques have been proposed. The addition of supplemental 

damping reduces the maximum displacements, and promotes in phase response. Linking 

adjacent structures eliminates pounding interactions but may drastically modify the dynamic 

response characteristics. 

Modeling of structural pounding: 

Two impact models were used: stereomechanical and piece-wise linear impact. The equations 

for the energy transfer in both models were derived. A Kelvin element was used as a link 

element, while an Impact Kelvin element was used for the piece-wise linear contact element. 

Three mathematical formulations were developed: a deterministic, a probabilistic, and a hybrid 

formulation. Two computer programs were developed, one for deterministic and hybrid studies, 

and other for probabilistic studies. Structural stiffness data for the deterministic and hybrid 

models was be provided in terms of a stiffness matrix and bilinear or trilinear shear type 

elements. Structural stiffness data for the probabilistic model was linear. The Newmark-Beta 

method was reformulated to incorporate significant changes in the global stiffness and damping 

matrices. 

The deterministic model studies the response of the system to a given history of ground motion 

accelerations. The probabilistic model studies the statistics of the response and the confidence 

of no pounding to an evolutionary power spectrum. This model does not incorporate pounding 

effects. The hybrid model studies the response to a given ground motion record, but uses 

prediction theory to determine pounding based on a probability limit. 
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Critical gap size: 

Building code considerations for pounding were reviewed. Providing a sufficient distance 

between the structures is the commonly adopted criteria for pounding design. Critical gap to 

avoid pounding is specified in terms of the sum of the maximum displacements, or a percentage 

of the height, or a fixed quantity, or a SRSS combination of the response. Only one code allows 

for some level of pounding when the effects are not threatening to the stability of structures. 

The absolute sum in maximum displacements assumes that the maximum response occurs in 

both structures at the same time but with opposite sign. This assumption yields conservative 

results in most cases, especially when the structures have similar periods. Combining the 

maXImum displacements assumes that there is no correlation between the response of the 

structures. This approach leads to conservative estimates of the critical gap size when some 

correlation between responses is observed, for example for structures with similar periods, or 

with a high damping ratio. A percentage of the total height to determine the critical gap can 

account for a limit in the maximum inters tory drift, however, implicitly uses the sum of the 

absolute maximums. This approach can also account for rotations at the foundation. Finally, a 

fixed quantity for the minimum gap will ensure sufficient clearance during construction. 

Introducing the effect of the correlation coefficient (p) in the formula for the critical gap, the 

Double Difference Combination rule was introduced by Kasai. The absolute sum of 

displacements and SRSS rules are particular cases for negatively correlated process (p =-1) or 

uncorrelated process (p =0), respectively. Kasai suggested the use of the formula for the 

correlation coefficient derived by Der Kiureghian for linear structures subjected to white noise 

input. 

Kasai and Jagiasi extended Der Kiureghian's correlation coefficient formula to bilinear or 

degrading structures by introducing an effective period and critical damping ratio. Formulas for 

the effective values were derived by interpolating the results from a large number of numerical 

simulations. Using statistical linearization an improved correlation coefficient can be derived for 

bilinear structures. 
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The correlation coefficient for bilinear structures subjected to filtered white noise input was 

calculated using statistical linearization. Broad band and narrow band inputs were considered to 

simulate Taft earthquake types, or Mexico City earthquake types, respectively. The correlation 

coefficient was calculated from the stationary solution. A more precise estimate for earthquake 

inputs could be obtained if the evolutionary solution is studied, however, a time function 

envelope of the filtered white noise input should be defined. 

Two approaches to define the yield displacement of the bilinear oscillator are used: for a 

maximum probable ductility (/..l), that is, for a ductility level with a predetermined maximum 

allowable probability of being exceeded; and for a reduction factor (R) from a maximum 

probable elastic demand level, that is, an elastic demand with a predetermined maximum 

allowable probability of being exceeded divided by a reduction factor. The former approach uses 

an iterative procedure to determine the yield displacement, while the later reduces the results 

from an initial elastic run. The predetermined maximum allowable probability levels should be 

set to a comparable risk level similar to the one inherent in the building code design spectra. 

Using the improved correlation coefficient, the Double Difference Combination rule may be used 

to calculate the critical gap to avoid pounding. The formulation can be extended to include 

rotation at the foundation, or multi-degree-of-freedom structures. 

The critical gap is defined for a given design peak ground acceleration. A larger intensity motion 

will require a larger critical gap, while a smaller intensity will require a smaller clear distance to 

avoid pounding. For existing structures, with gap smaller than critical, the maximum peak 

ground acceleration without inducing pounding can be determined. 

Pounding effects: 

Evaluation of pounding effects is of interest in structures separated by a gap less than critical. 

Structures with insufficient gap to avoid pounding are common in densely populated 

metropolitan areas. 
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Only pounding occurring between floor slabs is studied, since pounding occurring along the 

height of a column produce a large stress concentration that can severely threaten the integrity of 

the columns. This situation should be avoided, or special elements must be provided to transfer 

the impact loads to the adj acent floors. 

Using a narrow band input, general trends in the response were identified. Two critical periods 

for the input motion exist that correspond to a resonant pounding response. For an input period 

in the neighborhood of one of the critical periods, the total input energy of the system increases. 

Similarly, two periods for the input motion yielding the greater reduction of the total input 

energy were identified. This periods correspond to the fundamental periods of the structures. 

For an input motion with period in the vicinity of the fundamental period of one of the structure 

the total input energy of the system is reduced since pounding transfers energy between the 

structures reducing the energy of the otherwise resonating structure. Transfer energy is 

maximum in this situation, with energy being transferred from the otherwise resonating structure 

to the other. 

Four distinct trends are observed when the influence of the gap size on the total input energy is 

studied for the narrow band input case. When the period of the input motion coincides with one 

of the two critical periods, a dramatic increase in the total energy is observed for gap sizes only 

slightly smaller than critical. Amplification effects tend to be gradually less important as the gap 

size approaches zero. The second characteristic trend is observed when the period of the input 

motion lies between the largest critical period, and the period of either structure. In this 

condition, the amplification of the total input energy gradually increases as the gap size reduces. 

Maximum amplifications are observed for gaps close to zero. The third characteristic trend is 

observed when the period of the input motion approximately coincides with the period of the 

more flexible structure. In this case, a gradual decrease of the total input energy is observed as 

the gap size is reduced, and greater rate of reduction is observed for smaller gap sizes. The last 

characteristic trend is observed when the period of the input motion approximately coincides 

with the period of the stiffer structure. In this case, a large decrease is observed for gaps slightly 

smaller than critical. 
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Similar trends in the response were observed when the 1985 Mexico City earthquake was used. 

The similarities in the response are due to the similarity of the Mexico City earthquake with a 

sinusoidal motion. No clear trends were observed when the Taft earthquake was studied. The 

observed response is a direct consequence of the lack of a distinguishable trend in the input 

motion. 

A large number of parameters influence the pounding response of structures. Therefore, it is 

difficult to identify the influence of all parameters and provide a quantitative estimate of the 

pounding response. Only a qualitative description of the influence of each parameter may be 

determined for narrow band input motions. The six sets of parameters that greatly influence 

pounding response are: the characteristics of the earthquake motion, the fundamental periods of 

the structures, damping and hysteretic characteristics, the mass of the colliding floors, the actual 

gap as a fraction of the critical gap, and the degree of elasticity or energy dissipation that can be 

expected to take place at the pounding interface. 

The deterministic or hybrid models introduced can be used to determine the amplifications in the 

response of the structures due to pounding, for a given set of parameters. A simple method based 

on a single hit event was developed to estimate pounding effects for gap sizes close to critical. 

The method is considerably less computationally demanding. 

The single hit methodology introduces the concept of a Pseudo Energy Radius to describe the 

elastic energy level of the structures. The Pseudo Energy Radius provides a measure that can be 

directly compared to maximum deflections or gap sizes. Using the Pseudo Energy Radius 

representation, and the critical gap computation, one will observe that some overlapping in the 

energy levels is possible without inducing pounding interactions. 

The single hit methodology assumes that pounding takes place at the maximum energy level 

imposed by the earthquake. The state at pounding onset is determined by backtracking in time 

from the critical pounding onset. The method yields good approximation of the amplification for 

186 



gaps close to critical. The method provides a simple graphical representation that can be easily 

understood. 

The single hit methodology will not yield reliable results for gap sizes considerably smaller than 

the critical gap, or for cases when multiple hits may occur. Furthermore, some non-linear 

resonance may take place. 

Pounding mitigation techniques: 

Pounding mitigation techniques are necessary when pounding effects exceed the structural 

capacity or a maximum serviceability limit. Often buildings with sensitive computer equipment 

will require stringent limits to the maximum allowable acceleration levels. 

Three pounding mitigation techniques have been proposed: link elements, bumper damper 

elements, or supplemental energy dissipation devices. Link elements connect two adjacent 

buildings, effectively eliminating the possibility of pounding interactions. However, the 

presence of the link may considerably alter the load paths considered in the original analysis. 

Some level of retrofit is necessary to withstand the new distribution of forces in the structure. 

Forces in the links may be of the same order of magnitude as the base shears when the structures 

have different dynamic response characteristics. Furthermore, the stiffer structure will be 

subj ected to higher forces. 

Linking adjacent buildings with different response characteristics may promote torsional effects. 

Furthermore, serious political and technical problems may be encountered when linking 

structures that belong to different owners, were built using different design criteria, made of 

different materials, built for different use or with different importance levels. 

Bumper damper elements dissipate the energy transferred between the structures during 

pounding interactions. Linear spring elements will only reduce the maximum acceleration but 

will not dissipate the transfer energy unless the bumper damper elements have some viscous or 

linear characteristics. Bumper damper elements can be modeled using a coefficient of restitution. 
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The equivalent coefficient of restitution may be dependent on the relative velocity at pounding 

onset. The effectiveness of bumper damper elements can be estimated using the single hit 

methodology introduced in Section 6. 

Supplemental energy dissipation devices can be used in one or both structures to reduce their 

deflections, and reduce the critical gap size. This retrofit technique can be used to reduce or 

eliminate pounding effects, depending on the amount of additional damping supplied. The 

critical gap maximum response formula can be used to determine the amount of damping 

required for the retrofitted structure. Using a response spectra for various damping ratios, the 

minimum damping ratio to avoid pounding can be estimated. When both structures are 

retrofitted using energy dissipation devices, in phase response is promoted, leading to a further 

reduction in the critical gap size. 

Reduced pounding effects in supplemental energy dissipation solutions can be estimated using 

the single hit methodology introduced in Section 6. This mitigation technique is preferred since 

it reduces pounding effects and improves structural response. The retrofit techniques may be 

combined with the use of bumper damper elements to further reduce pounding effects. 

General observations: 

Bridges and base isolated structures are also prone to pounding. Bridges will expenence 

pounding when the clear gap in the seat of decks is closed, or when the device that prevents the 

decks from becoming unseated is activated. Isolated structures can experience pounding when 

the building hits the retaining wall at the foundation level, or when a fail-safe mechanism is 

activated. 
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APPENDIX A 

Statistical Models for Critical Gap Computations 

The conclusions and observations from critical gap size based upon statistical 

models use the mathematical formulations presented in this Appendix. The response of 

two single degree of freedom systems is studied under four different conditions: 

• Linear structures subjected to a White Noise input. 

• Linear structures subjected to a Filtered \Vrute Noise input. 

• Bilinear structures subjected to a White Noise input. 

• Bilinear structures subjected to a Filtered \Vhite Noise input. 

The governing equations for each case have the fonn: 

x = GX+Bn(t) (AI) 

Where n(t) is a stationary white noise input process. The variance of the response obeys 

the differential equation (Roberts and Spanos, 1990): 

V= GY' +VG' +D (A2) 

that for the stationary case simplifies to: 

GY' +YG' +D=O CA3) 

The matrix G, depending on the model studied, may include some or all of the 

submatrices: 

0 0 0 
, 

')1- 0 0 
G = 

-a1coi --SIC01 
I!J.l 0 0 0 

CA4a) 

0 0 
, 

-21;;<.0: -a,<.O~ 

0 0 

<.O~(al-l) 0 
G)l: = 

0 0 
CA4b) 

0 <.O~(a:-l) 

A-I 



Where: 

0 0 

G = 
(j)~ jll"1 2~g(j)g/UYI (A.4c) 

"'" 0 0 

Cl)~ jlly: 2~ g (j) g / II.": 

G _[0 _c e 0 

-~J I 
(A.4d) 

:)J. - 0 0 0 

G_ =[ -k,' 
- 0 -~J (A.4e) 

G =[ 0, _OSlO)] (A.4f) = -Cl)-
g - g g 

(j)1> Cl)1: Frequency of each structure. 

~I' ~1: Critical damping ratio for each structure. 

(X. I , (X.2 : Ratio of post-yielding tangent frequency to initial frequency for each 

structure. 

ill' 1(1: Displacement for each structure. 

lIYJ ' 1(y2: Yield displacement for each structure. 

J.L J , J..l:: Ductility for each structure. 

Cl) g: Frequency for ground filter. 

~g: Critical damping ratio for ground filter. 

x g: Displacement of ground filter. 

For linear structures subjected to a white noise input: 

G=G 
t'J.l. 

A-2 

(A.5a) 



1I] 

X= 
1I] 

1I, -
II, -
0 

1 
B= 

0 

_ {2nS\\ 
D,} - 0 

for i = j = 2, j = 2 j = 4, i = 4 j = 2, and; = j = 4 

otherwise 

F or linear structures subjected to a filtered white noise input: 

G~[G; G~ ] 
G.o: 

11] 

zi] 

u, 
X= 

zi, 

Xg 

Xg 

B ~f for i = 6 
I 0 otherwise 

-f1tS" for i = j = 6 
Dil - 0 otherwise 

For bilinear structures subjected to a white noise input: 

G = [GI'+L G~] 
G~ G::: 

A-3 

(A.5b) 

(A.5c) 

(A.5d) 

(A.6a) 

(A.6b) 

(A.6c) 

(A.6d) 

(A. 7a) 



~I 

~I 

x= ~: 

~: 

-I 

--, 

B ={l 
1 0 

for i =:2 or i = 4 

otherwise 

:2rcS.JII.~1 
2rcS(I / 1I.~.2 

for i = j =:2 

for i = j = 4 
Dil = 

:2rcSo / (lIYllI.\':) 
o 

for i = :2 j = 4, or i = 4 j = 2 

otherwise 

For bilinear structures subjected to a filtered white noise input: 

[G~ GfJ..: G;] G= G G== =J.I. 

0 0 G n 

~l 

~I 

~: 

x= Ii: 
--I 
--
Xg 

i g 

{
I for; = 8 

B= 
1 0 otherwise 

{
')rcS for i = j = 8 

Dil = - 0 0 otherwise 

(A. 7b) 

(A. 7c) 

(A.7d) 

(A.8a) 

(A.8b) 

(A.8c) 

(A.8d) 

The stationary solution may be calculated by rearranging the covariance matrix in a 

vector form: 



G'V'= D' (A. 9) 

\Vhere the vanances of the response In vector fonn (V') are related to the 

covariance matrix. For the bilinear structures subjected to a filtered white noise input: 

l' v 
~I)il 

l' l' . 
~I~I ~I~: ~I~: 

l' 
~I:I 

V 
~I:: 

l' V . 
~IX, ~IXr 

V. 
~I~I 

v· . 
~I~I 

V. 
~I~: 

1'. . 
~I~: 

1'. v· ,.. 1'. 
~I:I ~I:: ~IX, ~:.i:, 

V 
~:~I 

V 
~:)il 

V 
~:~: 

V . 
~:~: 

V 
~::I 

V 
~,=, 

V 
~:x. 

,. . 

~:"I 

1'. V. V. v· . l' . v· 1'. 1'· . 

V= ~:~I ~:)il ~:~: ~~: ~::I ~,:, ~:x, ~:I, 

V V . l' \ ' 
:I)i: 

\' .. v .. v V 
:I~I :I~I :I~: -1-1 -1-: =1 X,. =1=, 

V V . V V . 1' .. v:::: l' ,. . 
::~I :~I :~: ;:~: ":-1 =:x, =:x, 

1 ' 
Xl~1 

V . 
Xl~1 

V 
~'.~: 

V . 
x,~: 

V 
X':I 

V x,:: V V . 
Xr'C, I,x, 

V. 
X,~I 

V .. 
I,~I 

v. 
X.~: 

V .. 
X,~: 

l' . 
x,:l 

V. 
x,=:. 

V. 
Xf'X, 

v .. 
X r ":, 

I v' 0 v' v' v' v' v' v; l 
l~ 

2 3 4 5 6 

v~41 v' v' v~O v' V~2 V~3 8 9 II 

I v; V' V~5 0 V' V~7 V~g 
V;9 I 9 \6 

I v' , 
0 V;O V;1 V~ v' (A. 10) =1 3 

VIO 23 V24 I 
V~6 

, v' I v~ 1'~1 1'21 v' 1'~ v' I 2S 27 

v: V~2 V~7 
, 

V;6 V' V' I V5 
V22 29 30 

o I 
lV' V~3 V~8 v' V;7 v~o v' 

v; 
23 32 

v~J V~4 V~9 
, 

V' V~I 0 V24 28 

F or the bilinear structures subjected to a filtered white noise input, the set of linear 

algebraic equations that result are: 

(A. 11) 

v; + 11; = 0 (A. 12) 

, _ CO:
g 

2~ COg 
ex. (0-' '?~ co J' (1 ex. )co-", + ,.' + g .' + .' - 0 - : 2V:--~2 2'3- - : :"5 --J"6 '7 '}I)- (A. 13) 

11.1': lly: 

-kev'+v' =0 I 4 II 
(A. 14) 

_cev' - k"v' + v' = 0 
2 3 : 5 1: 

(A. IS) 

(A.16) 
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, 2w: 4~ W 
-4~ ~.~ " "(1- rv )~.~-", + g " + g g I" - 0 ":l1\..VIlS -- ""I \..VI II --'·13 ·1-'-

1IYI lIyl 

, 7):: 
, ~ , W-g -":l ,Wg 

_N 1'.,,\-,,' _? r."\ ,,' +1" -(l-rv )~'~-'J' +-,.,' +-"'::~~:::"'1" - 0 
""I \..VI : - I \..VI 9 ·10 ""I \..VI 16 IS 19 -

lIYI 1Iyl 

2~ ,W~ ,Wg: 2~ ,COg 
+ ;; 6 V' -(l- rv )~,~-V' +-V' + s ,,'-0 

14 ""I UJI :1 :3 : .. -
1Iy: 1Iyl IfYI 

, 
, , W g-_rv ~.~-", -C',,'-(k· e +,,):: ~.~ ),,' -(l-rv )~'~-1" +--,,1 

""\ UJ l·" 1·8 I -":lIUJI II ""I UJI ·:5 ·:7 
lIyl 
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(A. 19) 
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(A.21) 

(A.22) 

(A.23) 

(A.24) 

(A.2S) 

(A.26) 

(A.27) 

(A.2S) 

(A.29) 
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(A.30) 

(A.31) 

(A.32) 

(A.33) 
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(A.36) 

(A.37) 

(A.38) 

(A.39) 
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APPENDIXB 

Plots for Correlation Coefficient 

A series of correlation coefficient plots are presents in this appendix. The 

correlation coefficient p obtained from these plots are used in the estimation of the 

critical gap: gcr (see Fig. 7.1): 

(B.1) 

as described in Section 4. Where ul and u2 are the maximum expected inelastic 

displacements of structure 1 and 2, respectively. To obtain the inelastic displacements 

(u l and u 2 ), the values from the elastic displacement design spectra (u le and u
2e

) to be 

multiplied by the inelastic displacement amplification factors (abl and ab2 ) presented in 

Figs. B.1 to B.4. 

The inelastic amplification factors (abl and ab2 ) are calculated from the rate of 

the variance in displacements of the bilinear system to the variance in displacements of 

on elastic system with the same initial dynamic characteristics: 

E{,unU~i 
E{U;} (B.2) 

where (j jJ.i is the standard deviation for the ductility of the bilinear structure "i", Uyi is 

the yield displacement of the bilinear structure "i", (j ue is the standard deviation of the 

elastic structure "i". 

The correlation coefficient (p) is calculated as the ratio of the cross variance in 

the inelastic displacement of the two bilinear structures, normalized by the product of the 

standard deviations: 

B-1 



(B.3) 

where J11 and J12 are the ductility of the bilinear structures, and uy1 and u
Y2

' the 

corresponding yield displacements.· Note that the yield displacements cancel in the 

equation. 

The correlation coefficient is also used in the approximate calculation of pounding 

effects as described in Section 5.5. Furthermore, the correlation coefficient is also 

necessary for some of the preliminary estimates on the effectiveness of bumper dampers, 

as described in Section 6.3, and for initial estimates for the minimum damping or 

stiffness necessary to alter the dynamic characteristics of the systems and avoid pounding, 

as indicated in Section 6.4. 

The set of plots presents herein may be classified according to the characteristics 

of the systems: 

- Linear: five critical damping ratios are considered: 0.1 %,2%, 5%, 10% and 20%. 

- Bilinear: a critical damping ratio of 2% is assigned to the structures. Two type 

of analysis are considered: 

a) Maximum probable ductility: five probable ductility are considered: 

1, 1.5,2,3, and 4. 

b) Reduction factors from maximum probable elastic demand: five 

reduction factors were considered: 1, 1.5,2,3 and 4. 

According to the frequency content of the input motion: 

- Broad band: filtered white noise with a critical damping ratio in the filter 

of~g = 0.06. 

- Narrow band: filtered white noise with a critical damping ratio in the filter 

of~g = 0.05. 

B-2 



The amplification plots are presented in Fig. B.l to B.4, and the plots for the 

correlation coefficient are presented in Figs. B.5 to B.34 (see Table B.l). The correlation 

coefficient plots are presented with contour lines in as array of period of structure one to 

period of structure two, with the periods normalized to the predominant period of the 

input motion. Since only a few contour lines are shown, linear interpolation may be 

performed, although taking the lowest value of the neighboring contour lines is 

suggested. 

Plots for different set of parameters may be generated according to the theory 

presented in Section 4.4 and Appendix A. 
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Elastic Systems 

Amp!. ;; = 0.001 ;; = 0.02 ;; = 0.05 ;; = 0.10 ;; = 0.20 

Broad Band B.5 B.6 B.7 B.8 B.9 

Narrow Band B.lO B.ll B.12 B.13 B.14 

Bilinear Systems 

Amp!. 11=1 11 = 1.5 11=2 11 = 3 !J.=4 

Broad Band B.l B.15 B.16 B.17 B.18 B.l9 

Narrow Band B.2 B.20 B.2l B.22 B.23 B.24 

Bilinear Systems 

Amp!. R=l R = 1.5 R=2 R=3 R=4 

Broad Band B.3 B.25 B.26 B.27 B.28 B.29 

Narrow Band B.4 B.30 B.31 B.32 B.33 B.34 

Table B.1 Summary of plots derived for different structural characteristics. 
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The National Center for Earthquake Engineering Research (NCEER) publishes technical reports on a variety of subjects related 
to earthquake engineering written by authors funded through NCEER These reports are available from both NCEER 
Publications and the National Technical Information Service (NTIS). Requests for reports should be directed to NCEER 
Publications, National Center for Earthquake Engineering Research, State University of New York at Buffalo, Red Jacket 
Quadrangle, Buffalo, New York 14261. Reports can also be requested through NTIS, 5285 Port Royal Road, Springfield, 
Virginia 22161. NTIS accession numbers are shown in parenthesis, if available. 

NCEER-87-0001 "First-Year Program in Research, Education and Technology Transfer," 3/5/87, (PB88-134275, A04, MF
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NCEER-87-0002 "Experimental Evaluation of Instantaneous Optimal Algorithms for Structural Control," by RC. Lin, T.T. 
Soong and A.M. Reinhorn, 4/20/87, (PB88-134341, A04, MF-AOI). 

NCEER-87-0003 "Experimentation Using the Earthquake Simulation Facilities at University at Buffalo," by A.M. Reinhorn 
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NCEER-87-0004 "The System Characteristics and Performance of a Shaking Table," by 1.S. Hwang, KC. Chang and G.C. 
Lee, 6/1/87, (PB88-134259, A03, MF-AOI). This report is available only through NTIS (see address given 
above). 

NCEER-87-0005 "A Finite Element Formulation for Nonlinear Viscoplastic Material Using a Q Model," by O. Gyebi and G. 
Dasgupta, 11/2/87, (PB88-213764, A08, MF-AOl). 
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NCEER-87-0007 "Instantaneous Optimal Control Laws for Tall Buildings Under Seismic Excitations," by J.N. Yang, A. 
Akbarpour and P. Ghaemmaghami, 6/10/87, (PB88-134333, A06, MF-A01). This report is only available 
through NTIS (see address given above). 

NCEER-87-0008 "IDARC: Inelastic Damage Analysis of Reinforced Concrete Frame - Shear-Wall Structures," by YJ. Park, 
A.M. Reinhorn and S.K Kunnath, 7/20/87, (PB88-134325, A09, MF-AOl). This report is only available 
through NTIS (see address given above). 

NCEER-87-0009 "Liquefaction Potential for New York State: A Preliminary Report on Sites in Manhattan and Buffalo," by 
M. Budhu, V. Vijayakumar, RF. Giese and L. Baumgras, 8/31187, (PB88-163704, A03, MF-AOI). This 
report is available only through NTIS (see address given above). 

NCEER-87-001O "Vertical and Torsional Vibration of Foundations in Inhomogeneous Media," by A.S. Veletsos and KW. 
Dotson, 6/1/87, (PB88-134291, A03, MF-AOl). This report is only available through NTIS (see address 
given above). 

NCEER-87-0011 "Seismic Probabilistic Risk Assessment and Seismic Margins Studies for Nuclear Power Plants," by Howard 
H.M. Hwang, 6/15/87, (PB88-134267, A03, MF-AOI). This report is only available through NTIS (see 
address given above). 

NCEER-87-0012 "Parametric Studies of Frequency Response of Secondary Systems Under Ground-Acceleration Excitations," 
by Y. Yong and Y.K Lin, 6/10/87, (PB88-134309, A03, MF-AOI). This report is only available through 
NTIS (see address given above). 

NCEER-87-0013 "Frequency Response of Secondary Systems Under Seismic Excitation," by 1.A. HoLung, J. Cai and Y.K 
Lin, 7/31/87, (PB88-134317, A05, MF-A01). This report is only available through NTIS (see address given 
above). 
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NCEER-87-0014 "Modelling Earthquake Ground Motions in Seismically Active Regions Using Parametric Time Series 
Methods," by G.W. Ellis and A.S. Cakmak, 8/25/87, (PB88-134283, A08, MF-AOI). This report is only 
available through NTIS (see address given above). 

NCEER-87-0015 "Detection and Assessment of Seismic Structural Damage," by E. DiPasquale and AS. Cakmak, 8125/87, 
(PB88-163712, A05, MF-AOI). This report is only available through NTIS (see address given above). 

NCEER-87-0016 "Pipeline Experiment at Parkfield, California," by l Isenberg and E. Richardson, 9/15/87, (PB88-163720, 
A03, MF-AOl). This report is available only through NTIS (see address given above). 

NCEER-87-0017 "Digital Simulation of Seismic Ground Motion," by M. Shinozuka, G. Deodatis and T. Harada, 8/31187, 
(pB88-155197, A04, MF-AOI). This report is available only through NTIS (see address given above). 

NCEER-87-0018 "Practical Considerations for Structural Control: System Uncertainty, System Time Delay and Truncation of 
Small Control Forces," J.N. Yang and A Akbarpour, 8/10/87, (PB88-163738, A08, MF-AOl). This report is 
only available through NTIS (see address given above). 

NCEER-87-0019 "Modal Analysis of Nonclassically Damped Structural Systems Using Canonical Transformation," by IN. 
Yang, S. Sarkani and F.X. Long, 9/27/87, (PB88-187851, A04, MF-AOI). 

NCEER-87-0020 "A Nonstationary Solution in Random Vibration Theory," by lR. Red-Horse and P.D. Spanos, 1113/87, 
(PB88-163746, A03, MF-AOI). 

NCEER-87-0021 "Horizontal Impedances for Radially Inhomogeneous Viscoelastic Soil Layers," by AS. Veletsos and K.W. 
Dotson, 10/15/87, (PB88-150859, A04, MF-AOI). 

NCEER-87-0022 "Seismic Damage Assessment of Reinforced Concrete Members," by Y.S. Chung, C. Meyer and M. 
Shinozuka, 10/9/87, (PB88-150867, A05, MF-A01). This report is available only through NTIS (see address 
given above). 

NCEER-87-0023 "Active Structural Control in Civil Engineering," by T.T. Soong, 11111187, (PB88-187778, A03, MF-AOI). 

NCEER-87-0024 "Vertical and Torsional Impedances for Radially Inhomogeneous Viscoelastic Soil Layers," by K.W. Dotson 
and A.S. Veletsos, 12/87, (PB88-187786, A03, MF-AOI). 

NCEER-87-0025 "Proceedings from the Symposium on Seismic Hazards, Ground Motions, Soil-Liquefaction and Engineering 
Practice in Eastern North America," October 20-22, 1987, edited by K.H. Jacob, 12/87, (PB88-188115, A23, 
MF-AOI). 

NCEER-87-0026 "Report on the Whittier-Narrows, California, Earthquake of October I, 1987," by l Pantelic and A. 
Reinhorn, 11187, (PB88-187752, A03, MF-AOI). This report is available only through NTIS (see address 
given above). 

NCEER-87-0027 "Design of a Modular Program for Transient Nonlinear Analysis of Large 3-D Building Structures," by S. 
Srivastav and J.F. Abel, 12/30/87, (PB88-187950, A05, MF-AOI). This report is only available through 
NTIS (see address given above). 

NCEER-87-0028 "Second-Year Program in Research, Education and Technology Transfer," 3/8/88, (PB88-219480, A04, MF
AOI). 

NCEER-88-0001 "Workshop on Seismic Computer Analysis and Design of Buildings With Interactive Graphics," by W. 
McGuire, IF. Abel and C.H. Conley, 1118/88, (PB88-187760, AD3, MF-ADI). This report is only available 
through NTIS (see address given above). 

NCEER-88-0002 "Optimal Control of Nonlinear Flexible Structures," by IN. Yang, F.X. Long and D. Wong, 1122/88, (PB88-
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above). 
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