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PREFACE

The National Center for Earthquake Engineering Research (NCEER) was established in 1986 to
develop and disseminate new knowledge about earthquakes, earthquake-resistant design and
seismic hazard mitigation procedures to minimize loss of life and property. The emphasis of the
Center is on eastern and central United States structures, and lifelines throughout the country
that may be exposed to any level of earthquake hazard.

NCEER's research is conducted under one of four Projects: the Building Project, the Nonstruc
tural Components Project, and the Lifelines Project, all three of which are principally supported
by the National Science Foundation, and the Highway Project which is primarily sponsored by
the Federal Highway Administration.

The research and implementation plan in years six through ten (1991-1996) for the Building,
Nonstructural Components, and Lifelines Projects comprises four interdependent elements, as
shown in the figure below. Element I, Basic Research, is carried out to support projects in the
Applied Research area. Element II, Applied Research, is the major focus of work for years six
through ten for these three projects. Demonstration Projects under Element III have been
planned to support the Applied Research projects and include individual case studies and
regional studies. Element IV, Implementation, will result from activity in the Applied Research
projects, and from Demonstration Projects.

ELEMENT IV
IMPLEMENTATION
• ConferencesIWorkshops
• EducationlTraining courses
• Publications
• Public Awareness

ELEMENT III
DEMONSTRATION PROJECTS

Case Studies
• Active and hybrid control
• Hospital and data processing

facilities
• Short and medium span bridges
• Water supply systems in

Memphis and San Francisco
Regional Studies

• New York City
• Mississippi Valley
• San Francisco Bay Area
• City of Memphis and Shelby

County, Tennessee

• The Lifelines Project

• The Nonstructural
Components Project

• The Highway Project

ELEMENT II
APPLIED RESEARCH
• The Building Project

ELEMENT I
BASIC RESEARCH

• Seismic hazards and
ground motion

• Geotechnical
engineering

• Structures and systems

• Risk and reliability

• Intelligent and protective
systems

• Socioeconomic issues
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Research in the Building Project focuses on the evaluation and retrofit of buildings in regions
of moderate seismicity. Emphasis is on lightly reinforced concrete buildings, steel semi-rigid

. frames, and masonry walls or infills. The research involves small- and medium-scale shake table
tests and full-scale component tests at several institutions. In a parallel effort, analytical models
and computer programs are being developed to aid in the prediction of the response of these
buildings to various types of ground motion.

Two of the short-term products of the Building Project will be a monograph on the evaluation
of lightly reinforced concrete buildings and a state-of-the-art report on unreinforced masonry.

The structures and systems program constitutes one of the important areas of research in the
Building Project. Current tasks include the following:

1. Continued testing of lightly reinforced concrete external joints.
2. Continued development of analytical tools, such as system identification, idealization, and

computer programs.
3. Perform parametric studies of building response.
4. Retrofit of lightly reinforced concrete frames, flat plates and unreinforced masonry.
5. Enhancement of the IDARC (inelastic damage analysis of reinforced concrete) computer

program.
6. Research infilled frames, including the development of an experimental program, develop

ment of analytical models and response simulation.
7. Investigate the torsional response of symmetrical buildings.

This work proposes a model of behavior of mortar joints including fracture after a peak of
nonlinear strength is achieved. The model is calibrated using informationfrom rigorous testing
ofmasonry subcomponents and materials. The model was used in afinite element analysis using
a complex computational platform, DIANA, to determine the contribution ofmasonry infills to
the behavior offramed structures. The analytical method ofsuper-convergentpath recovery is
compared with a smeared crack model approach and with experiments (pseudo-dynamic and
seismic simulation using the shaking table). The model was then used to generate fragility
curves for infill frames with various properties resulting from variability of materials and
modeling parameters. The work presents a comprehensive analytical and experimental ap
proach which allows a complete picture ofadvanced analysis ofmasonry structures. The work
integrates the efforts ofNCEER in seismic loss assessment, providing reliable fragility curves
for the probabilistic cost analysis. The work was part of phase one of "Loss Assessment of
Memphis Buildings, " and provides a strong engineering basis for the evaluation.
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ABSTRACT

Several computational strategies for masonry structures, and particularly for frames with
masonry infills, are presented. Three levels of details for the computational models are
explored. Micro-modeling of masonry is presented first where the mortar joints are mod
eled using interface elements. Subsequently, a different approach is provided where various
techniques for masonry composite are discussed. These models may be considered of an
intermediate level of detail (meso-modeling) where damage mechanisms are accounted for
in the form of smeared cracking using homogeneous properties for masonry. Numerical
simulations involving smeared cracking face several problems due to mesh-sensitivity. To
circumvent these problems, the standard smeared cracking is reformulated to allow for a
systematic adaptation of the crack band width. This idea led to the development of the
evolutionary characteristic length method, along with an adaptive strategy for the finite
element discretization with mesh enrichment. This technique can handle nonlinearities
produced by both smeared cracking and interface conditions. The third level of modeling
(macro-modeling) is special for masonry infill walls where equivalent nonlinear truss ele
ments are used to replace the effect of the walls on the bounding frames. This modeling
technique is useful as a design approach for masonry infills. Finally, further simplification
ofmodeling frames with and without masonry infills is considered by using equivalent single
degree of freedom systems based on the dynamic plastic hinge method. This approximate
computational approach is utilized for the seismic fragility evaluation.
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SECTION 1

INTRODUCTION

A common type of construction in urban centers is low-rise and mid-rise building frames
with unreinforced masonry walls filling the spaces bounded by their structural members.
The walls, usually referred to as infill walls, are built after the frame is constructed as
partitions or as cladding. Unreinforced masonry infill walls are usually classified as non
structural components, i. e. their structural contribution is neglected during the design
process of the frames. Under this assumption, the bounding structural frame should be
designed to withstand all forces: vertical due to gravity loads and lateral due to wind
pressure and/or seismic ground motion.

Ignoring the contributions of infill walls during the design of the bounding frames may lead
to erroneous design as the frame/wall interaction under extreme loading conditions always
occurs. The effects of neglecting the infill walls are accentuated in high seismicity regions
where the frame/wall interaction may cause substantial increase of stiffness resulting in
possible changes in the seismic demand due to the significant reduction in the natural period
of the structural system. Also, the composite action of the frame/wall system changes
magnitude and distribution of straining actions in the frame members, i. e. critical sections
in the infilled frame differ from those of the bare frame, which may lead to unconservative or
poorly detailed designs. Moreover, these designs may be uneconomical since an important
source of structural strength (particularly beneficial in regions of moderate seismicity) is
wasted.

As a matter of fact, there is no resemblance between the responses of the infilled frame
and the bare one, as the former is substantially stronger and stiffer than the latter. The
performance shown by infilled frames is advantageous especially when the capacity (and
ductility) of the frame itself is suspected to be inadequate. This is the case of frames mainly
designed for gravity loads without or with little attention to lateral loads (usually due to
wind effects) when subjected to moderate or severe lateral loads due to earthquakes.

Lessons from recent damaging earthquakes illustrate the consequence of ignoring the contri
bution of infill walls. In some cases, the real structure (i. e. the infilled frame) is subjected
to demands smaller than those considered during design. Unfortunately, in other cases,
the contrary occurs, i. e. design forces may be significantly exceeded increasing the seis
mic damage vulnerability of the structure. In all cases, the changes in the distribution of
straining actions may render the structural detailing ineffective.

The problem of considering infill walls in the design process is partly attributed to incom
plete knowledge of the behavior of quasi-brittle materials such as masonry and to a lack of
conclusive experimental and analytical results to substantiate a reliable design procedure
for this type of structure.
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A series of three reports addresses the definition and investigation of experimental and
computational strategies to evaluate the behavior of infilled frames subjected to earthquake
loading. These reports are based on a study at Cornell University which is divided into
three parts as schematically illustrated in Figure 1-1. In Part I, the static experiments
on infilled frames are presented together with an investigation of the properties of concrete
block masonry and its constituents. In Part II, the pseudo-dynamic experimentation and
the corresponding results for a two-story infilled frame are presented. Finally, in Part III,
different computational strategies are introduced and critically investigated.

The first two reports of this series essentially involved experimental approaches to study
the seismic behavior of frames with masonry infill walls. Although experiments provide
invaluable findings, they can be quite expensive and time consuming. Also, the limitations
enforced by the available testing facilities may make it impossible to experimentally inves
tigate all the required parameters. In the present report, which is the third in this series,
several computational strategies for masonry structures, and particularly for frames with
masonry infills, are presented.

In SECTION 2, micro-modeling of masonry is presented where the mortar joints are
modeled using interface elements. A different approach is provided in SECTION 3 where
various techniques for masonry composite (meso-modeling) are discussed. Brief presenta
tion of the use of nonlinear truss elements to replace the effect of the walls on the bounding
frames (macro-modeling) is also presented in SECTION 3. The standard smeared crack
ing, used to account for damage in quasi-brittle materials, is reformulated to allow for a
systematic adaptation of the crack band width in SECTION 4. Also in this section, an
adaptive strategy for the finite element discretization with mesh enrichment is presented.
SECTION 5 introduces an approximate computational approach for the seismic evalu
ation ·of frames with and without infill walls using fragility analyses. Finally, concluding
remarks are given in SECTION 6.
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SECTION 2

FINITE ELEMENT MODELS FOR INFILLED
FRAMES: DISCRETE APPROACH

The Finite Element Method (FEM) is used to model the structural behavior of frames
with masonry infills. This method has been extensively used in the analysis and design
of nearly all kinds of structures. A literature review of the studies conducted on infilled
frames using FEM is presented first. This is followed by a discussion of the different
methods for modeling masonry in the context of the FEM. The main thrust of this section
is to introduce a discrete model for masonry. The model is formulated and applied to the
analysis of a Gravity Load Designed (GLD) steel frame infilled with UnReinforced concrete
block Masonry (URM) walls under the effect of lateral loading.

2.1 Literature Review on Finite Element Analysis of
Infilled Frames

Several researchers have used the FEM to investigate the behavior of frames with infill
walls. The FEM is considered as a microscopic modeling approach to complement more
global macroscopic methods such as the equivalent strut techniques. In the absence of
reliable experimental data, the microscopic approach is needed to develop and particularly
to calibrate the corresponding macroscopic models [84].

The FEM was used for the first time to analyze infilled frames by Karamanski [80] in
1967. Using FE, Mallick and Severn [106] pioneered the treatment of frame/wall interface
conditions by considering gap formation, slip and friction between the frame members and
the infill walls. They modeled single- and multi-story infilled frames using linear plane stress
elements for the infill walls. Mallick and Garg [107] considered the axial deformations of
the windward column and assumed that the beam and the leeward column were axially
rigid. They also examined the effects of openings and their location on the infilled frame
behavior using linear elastic material models. Other researchers have focused also on the
use of linear FE models, e.g. Liauw [94] assumed that infills were bonded to the frame,
Yong [167] considered the pre-cracking behavior treating the frame/wall gap formation,
and Achyutha et al. [1] [2] studied the effect of opening size, position and shape with and
without stiffeners of different types around the openings on the behavior of infilled frames.

Thiruvengadam [161] utilized FE analysis to evaluate the first few natural frequencies and
the associated mode shapes of infilled frames. He compared his results with two approxi
mate methods, namely, the multiple strut model and the shear-flexure cantilever analogy.
Based on the approximate models, the effect of framejinfill separation in reducing the fun
damental frequency was investigated and an empirical relation was presented. Another
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interesting contribution on the use of linear FE analysis of infilled frames was given by
ReHak and Fajfar [141] where each infill is treated as a substructure and all degrees of free
dom corresponding to the infill, with the exception of those at the contact with the frame,
are eliminated using the static condensation procedure. Based on parametric studies of
single-bay, single-story infilled frames with different types of openings, they concluded the
following:

• Masonry infills can drastically alter the structural response of infilled frames.

• A model with an equivalent diagonal strut, although often used, may fail in the case
of infill with openings and usually does not provide correct results for shear forces
and bending moments in the columns of the frame.

• Provided that an appropriate mesh is used, a FE model yields reasonable results for
displacements, internal forces in the frame and stresses in the infill, except in the
vicinity of the contact between the frame and the infill.

• The feasibility of the FE analysis is greatly enhanced when substructuring techniques
are considered especially for the analysis of multi-bay, multi-story infilled frames1.

In a recent paper, Doudoumis et al. [44] developed a macroelement for the simulation of the
elastic behavior of the infill panels in multi-story frames under horizontal seismic actions.
The macroelement has 4 external and 4 internal nodes and consists of an isoparametric
plane stress element with unilateral contact bonds at the corner nodes. They demonstrated
the effectiveness of the developed macroelement through comparative parametric studies
related to the geometry of the infilled frame, the relative stiffness of the frame and infill,
the effects of vertical loads at the columns, the isotropy or orthotropy of the infill, and the
friction coefficient between the frame and the infill.

Since the early attempts to use FEM in the analysis of infilled frames [106], modeling
of the frame/wall interface conditions has received significant attention. Riddington and
Stafford-Smith [144] introduced short stiff linking members between nodes on the interface
to simulate cracking along the interface. King and Pandey [83] used friction elements to
model the interface between the frame and the wall. Liauw and Kwan [96] used three
different types of elements for the interface, panel and frame to study the behavior of
infilled frames subjected to monotonic loading. They later extended their work to study
the static as well as the cyclic behavior of multi-story infilled frames with different interface
conditions [98].

The bracing action provided by the infill wall to the frame leads to reasonably high trans
verse tension field in the wall panels. The wall material usually has low tensile strength as
it is made of plane concrete or unreinforced masonry; therefore, cracking is an important
issue in modeling the material behavior of infill walls. This fact led several researchers

lComputational models such as those in the program COMBAT (COMprehensive Building Analysis
Tool) consider these techniques [35].
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to consider modeling of crack initiation and propagation among other sources of material
and geometric nonlinearities in infill walls. Liauw and Kwan [95] [97] assumed that the
infill panel anisotropy is mainly due to cracking. In tension, the material is treated as elas
tic/brittle whereas in compression, a nonlinear uniaxial stress-strain relation was assumed.
They consider that the biaxial stress state may be approximated by a uniaxial state because
one principal stress is much smaller than the other. From their experimental investigation,
they confirmed this claim using strain gage measurements. The model was used to examine
the behavior of multi-story infilled frames. Two cases for frame/wall interface conditions
were treated: with and without shear connectors. The former led to no-slip behavior while
the latter led to friction mobilization. They concluded that shear connectors improved
the behavior by reducing the joint moments and the stress concentrations at the loaded
corners.

The consideration of the material nonlinearity of the infill walls under dynamic loading may
have started with the work of Natarajan and Wen [118] who studied the effect of walls on
the dynamic response of infilled frames to earthquakes. Their analysis extended beyond the
elastic range. The nonlinearities of the structural response produced by the formation of
plastic hinges in the frame members and crack propagation in the wall elements were taken
into account. The filler walls were idealized by finite elements in plane stress, interacting
with the moment-resisting frame such that the joint displacements were compatible. In the
dynamic analysis, the mass of the system is handled by a lumping procedure. Numerical
results were reported for a three-story steel frame with concrete filler walls subjected to
selected portions of the ground motion of the EI-Centro earthquake of May, 1940. They
concluded the following:

• The modeling of the wall panel of a floor as a single rectangular finite element inter
acting with the frame could reasonably account for the contribution of the walls to
the overall lateral stiffness of a structure.

• The contribution of walls to the lateral stiffness and consequently the fundamental
frequency and the dynamic response of a structure appears to be too considerable to
be ignored, even when the walls are cracked.

• Elimination of the axial and rotational modes makes possible the use of a much larger
time step in the numerical integration procedure and thus a considerable saving of
computation time without any appreciable loss of accuracy.

Another important nonlinear FE model, developed by Rivero and Walker [148], was applied
for dynamic analysis of infilled frames. They accounted for frame/wall discontinuities and
interaction, wall cracking, wall bracing effect on the frame and the frame inelastic behavior.
They modeled masonry cracking in the walls using discrete joint elements placed at the
edges of the isotropic triangular elements representing the solid material of the wall. A
special failure surface was assumed for masonry. In two dimensional (2D) stress space,
this surface accounts for the effect of the angle between the mortar joints and the principal
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stress. They used their model to study the behavior of several one-bay, one- and three-story
infilled frames under ground motion. They concluded the following:

• Modeling the frame/masonry wall discontinuity and gap formation is essential.

• The gap size, the infilled frame strength, and the time of the frame maximum response
have the most effect on the system behavior.

• The wall braces the frame once contact is made at the opposite diagonal corners.

• The natural period of the bare frame is far greater than that of the infilled frame.

Dhanasekar and Page [38] conducted an experimental research program where they tested
180 half-scale brickwork specimens under biaxial stress states. Based on their experimental
results, they proposed a constitutive model for infill brick masonry which includes elastic
properties, an inelastic stress-strain relation and a failure surface. This failure surface
consisted of three intersecting elliptical cones in {O"p, O"n, 7"} stress space, where O"n is the
normal stress orthogonal to the mortar bed joint, O"p is the normal stress parallel to the
mortar bed joint and 7" is the shear stress. They considered this constitutive model in
the analysis of infilled frames where one-dimensional (ID) interface elements were used to
model frame/infill separation and block/mortar joint cracking. They analyzed square and
rectangular panels and concluded the following:

• Diagonal and corner crushing failure modes were predicted for the square and rect
angular panels, respectively.

• Nonlinear behavior was primarily caused by cracking and not by the other material
nonlinearities.

• The infill modulus of elasticity considerably affected the infilled frame characteristics
while Poisson's ratio did not.

• The compressive strength of the infill wall material had significant effects on the
ultimate strength of the infilled frame if the failure mode was corner crushing. Con
sequently, increasing the infill compressive strength would change the failure mode
from corner crushing to diagonal cracking failure.

• The infill tensile and shear bond strengths greatly affects the system strength and
could also change the failure mode.

Initial gaps between the frame members and the infill walls may result from shrinkage of
the wall material or from poor construction. Although this is obviously a highly uncertain
parameter, its effect may be studied through the use of FE models where the interface
conditions are idealized using elements that allow the definition of initial gaps. This may
be accomplished either at the geometrical level (finite distance between the interface nodes)
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or at the constitutive2 level (zero tensile strength starting at a finite value of compressive
deformation as will be discussed in Section 2.4.1). Riddington [145] used FE models to
investigate the effect of initial gaps on the behavior of infilled frames. He noticed that even
relatively small initial gaps significantly reduce the infilled frame lateral stiffness. However,
they do not have a significant effect on the cracking pattern or ultimate strength. He
classified the behavior of infilled frames with initial gaps into the following five stages:

1. The system acts as a bare frame.

2. The frame contacts the infill.

3. The infill slips and lifts to wedge into the loaded corners.

4. The infill wedges into the opposite corners of the frame.

5. The infill and the frame start acting together and continue up to the ultimate load.

Obviously, an infilled frame without initial gaps goes through stages 4 and 5 only. For
dynamic analysis, Kost and Weaver [86] described a method for calculating the dynamic
response of a plane building frame with filler panels and pre-existing gaps at the sides and
top of the walls. All parts of the structure were assumed to be linearly elastic, but the
response of the structure was nonlinear because of the opening and closing of the gaps. They
analyzed a four-story structure where they concluded that the presence of gaps between the
frame and the panels can have a major effect on the dynamic response of such structures.

EI Hadad [51] used FEM and fracture mechanics techniques to consider cracking and sepa
ration phenomena between a reinforced concrete frame and a masonry infill wall. He inves
tigated the redistribution of internal straining actions in the frame elements and stresses in
the infill elements due to existing cracks considering the effect of varying the framejinfill
contact length and infilljframe relative stiffness. In a more recent paper, Lafuente and
Genatios [92] conducted nonlinear FE analysis of confined masonry walls subjected to
monotonic loads to study the effect of the most important variables in determining the
various possible infill cracking patterns. These variables were: vertical load, wall slender
ness, and stiffness ratio between masonry units and mortar and between the masonry infill
and the reinforced concrete frame. They proposed interaction curves in order to describe
the various possible failure mechanisms in terms of the vertical load and to estimate the
resistance of the wall.

The macroscopic behavior of masonry may be derived from the material behavior of its
components (bricks or blocks and mortar). This can be accomplished through the use of
homogenization theory for periodic media [158]. The technique of homogenization is becom
ing increasingly popular among the masonry analysis community [102]. The homogeniza
tion technique is meant to provide constitutive relations in terms of averaged stresses and

2Constitutive relations are mathematical descriptions of the material behavior.
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strains from the constitutive relations of the individual components of masonry. Anthoine
[6] used homogenized media to model masonry infill in a reinforced concrete frame. He con-

, sidered elastic perfectly plastic behavior of the reinforcing steel whereas for concrete and
masonry, he used an isotropic model combining plasticity in compression (Drucker-Prager
criterion with softening) and smeared cracking along two orthogonal fixed directions in ten
sion (maximum tensile stress criterion with softening). Unilateral contact without friction
is assumed at the infill/frame interface. He analyzed two-bay, single-story structures under
monotonically increasing lateral load, and observed that the initial lateral stiffness of the
infilled frame is about 2.5 times that of the bare frame. Furthermore, the yielding in steel
bars did not occur at the same locations as in the bare frame and the damage was spread
along the leeward column. The failure in the infill was due to diagonal cracking.

An attempt to adopt both discrete and smeared cracking techniques for the analysis of
infilled frames was performed by Mehrabi et ai. [111] where they analyzed previously
tested single-bay, single-story reinforced concrete frames infilled with unreinforced concrete
block masonry. They considered interface elements to model the mortar joints, frame/wall
interface and bond-slip of the reinforcing bars. They also considered smeared cracking for
the concrete frame and the concrete blocks. Regarding the use of the different interface
elements, they concluded the following:

• The bond-slip elements are important for capturing the behavior of the bare frame,
while the influence of these elements on the behavior of infilled frames is insignificant.

• The interface elements successfully capture the separation at the frame/wall interfaces
and the crack propagation along the mortar joints.

This section has shown that some progress has been achieved in computational modeling of
infilled frames. This report presents further contributions in this area since much remains
to be accomplished.

2.2 Modeling of Masonry Infills

The FEM is adopted to. approximate the behavior of masonry structures, in particular
frames with masonry infills. For a complete formulation of the finite element method, the
reader is referred to textbooks on this subject, e.g. [17] [170] [171] and to the documen
tation of the computer program DIANA3 [39] [40], which is the basic software used in
this study. The behavior of infilled structures depends upon a large number of parameters
[33]. For understanding the behavior of infilled frames, numerical tools which are capable
of performing parametric studies under different conditions are needed. The FEM is a
general technique which can model continuum mechanics phenomena as well as discrete

3DIANA: DISplacement ANAlyzer is the finite element code of TNO Building and Construction Re
search in The Netherlands.
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phenomena such as cracks and interfaces. Therefore, the FEM is a good choice to carry
out such tasks provided that sufficient validation and calibration of the used FE models are
performed using experimental observations and measurements. Unfortunately, the quality
of the results of the FE approximation is affected by the type and size of the finite ele
ments, interpolation functions, quadrature rules (the structure stiffness matrix is usually
numerically integrated) and by the arrangement of the mesh. Such pathological effects
become highly detrimental in problems with strain-softening [149]. Accordingly, careful
interpretation of the numerical results is mandatory in such cases.

Masonry exhibits distinct directional properties because mortar joints act as planes of
weakness. When masonry walls are built to fill the space defined by a framed structure
(i. e. as infill walls), the interfaces between the frame members and the walls act as other
planes of weakness around the wall panel. Herein, a distinction is made between internal
planes of weakness produced by mortar bed and head joints and external planes of weak
ness occurring at the frame/wall interfaces. For the internal joints, two phenomenological
approaches are possible: discrete modeling and (enhanced) continuum modeling. As for the
frame/wall interface, only discrete modeling is admissible. From a geometrical perspective,
the modeling techniques for the two approaches of internal joints and that for the boundary
interface are schematically illustrated in Figure 2-1. This figure illustrates two possible FE
models for the two-bay, one-story semi-rigidly connected steel frame infilled with masonry
walls. The infill walls have asymmetric openings to represent a window in one bay and a
door in the other. This structure, tested using the quasi-static experimentation technique,
was described in the first report of this series. In Figure 2-1, P and ~ are respectively the
lateral load and displacement applied at the top of the central column. The stiffness of
the frame/wall interface element in the normal and tangential directions are denoted as 1)n

and 1)t, respectively. The superscripts (comp) and (tens) refer to the value of the quantity
in compression and in tension, respectively.
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2.3 Discrete Modeling of Mortar Joints

In the discrete approach, the softening characteristics are attributed to appearance of dis
crete cracks at interfaces, in which continuity of deformation is no longer satisfied because
there are jumps in the displacement field. To represent this behavior, interface elements are
introduced between continuum elements representing the masonry units. The constitutive
relations for the interfaces define the relation between stress and relative displacements
rather than stress and strain as in the standard continuum finite elements. This is intrin
sically associated to the discrete nature of the crack model.

In general, the behavior of unreinforced hollow concrete block masonry structures cannot
be treated with the well established concepts of concrete structures. In the latter, it is
acceptable to assume homogeneous isotropic behavior [120]. This assumption may be
justified for reinforced masonry where the concrete block masonry cells are grouted and
reinforced. In unreinforced masonry, mortar joints must be treated properly. These joints
represent planes of weakness and sources of material damping. The existence of such joints
render the masonry composite a heterogeneous and anisotropic material.

Several methods are available in the literature for the treatment of discontinuities embedded
in continuous systems. The pioneering researchers in this field are the rock mechanicians
(e.g. Goodman, Ghaboussi and Isenberg). Within the context of the FEM, joints are usu
ally treated using special joint elements. These elements differ from conventional elements
in their geometrical configuration as well as their constitutive models. Some of the com
monly used joint elements are those by Goodman et ai. [63], Ghaboussi et ai. [62], Desai et
ai. [37], Rots [150], Lotfi and Shing [100], Gambarotta and Lagomarsino [59] and Lourenc;o
[102].

In the present study, interface elements are considered to model the mortar joints between
hollow concrete masonry blocks. In this treatment, a new constitutive model is formulated
and implemented in the finite element system DIANA.

2.3.1 Interface elements for masonry composite

Two levels of detail may be considered in the FE modeling of masonry composite to rep
resent either of the following:

• Both masonry units and mortar joints are modeled using continuum elements with
interfaces between the units and the joints, as illustrated by Figure 2-2(a).

• The lumped mortar joints in addition to the masonry units/mortar joints interfaces
where continuum elements are considered in modeling expanded masonry units (reg
ular masonry unit plus half a mortar joint in each side of the unit), as illustrated by
Figure 2-2(b).
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From computational point of view, note that the second alternative is more efficient than
the first one. Therefore, the second alternative is employed in the present study where
application is confined to the use of 1D interface element (for 4-noded case, see Figure 2-1).
This element is depicted in Figure 2-3 and its detailed formulation can be found in Section
4.3 of reference [149].

The material model associated with the interface element used in the simplified model
shown in Figure 2-2(b) is discussed in the present section. This material model reflects the
following:

1. The elastic normal and shear behaviors of the mortar joint.

2. -Crack initiation when normal tensile stress exceeds the tensile strength of the mortar
joint (mode-I fracture). .

3. Crack development produced by softening behavior in tension.

4. Full separation beyond the stress-free crack opening.

5. Nonlinear pre-peak response of the mortar joints subjected to shear loading.

6. The effect of pre-compression on the peak and residual shear strengths of the joints.

7. Post-peak shear strength evolution from peak value to residual value (mode-II frac
ture).

8. Dilatancy, which is the normal expansion of the mortar joints, particularly the bed
joints, during shearing.

This model may be classified as a mixed mode crack model for masonry composite using
interface finite elements. From a theoretical point of view, this model is in fact a cohesive
zone type model. Essentially, it is an extension of the Dugdale-Barenblatt model (see, for
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example, Section 5.1 of the book by Kanninen and Popelar [79]) applied to cracking in the
masonry composite. From a computational point of view, the crack model using interface
elements can be considered simply as nonlinear springs along the normal and the tangential
directions of the interface (i. e. the mortar joint). The material parameters of this model
were given in the first report of this series.

In the elastic stage, it is assumed that there is no coupling between the normal and the
tangential directions, i. e.

{ ~ } = [~. ~t] {:: } (2.1)

where (J, T and u are, respectively, normal stress, shear stress and relative displacement
between the two sides of the interface. Subscripts nand t, respectively refer to the local
normal and tangential directions to the interface, as illustrated in Figure 2-3. The determi
nation of the stiffness coefficients 'Dn and 'Dt will be discussed in the following paragraphs.

2.3.2 Mode-I fracture model and normal direction behavior of
mortar joints

The material behavior of the interface element in the normal direction is governed by the
normal stress versus relative displacement relation shown in Figure 2-4. From this figure,
three distinct stages can be identified, namely

1. Contact

(2.2)

where superscript (init) refers to the initial value (i.e. value at zero displace
ment).

2. Development of separation

uCT < u < utll
n - n - n
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FIGURE 2-4 Normal stress versus relative displacement relation.

where 'D~ec is the secant stiffness.

3. Complete separation

uul < un _ n (2.4)

The second stage corresponds to the tension softening stage which is controlled by three
parameters as shown in Figure 2-4, viz. the tensile strength (ft) of the masonry unit/mortar
interface, which is the weakest plane, the shape of the softening diagram and the mode-I
fracture energy (Gj) which is defined as the amount of energy required to create a unit area
of a crack in mode-I. In the present model the total relative displacement in the normal
direction of the interface element is decomposed into the elastic (en and inelastic (ie) parts.
This additive decomposition means that

(2.5)

The inelastic part is related to the normal stress using the following relation

(2.6)

where k is a material constant. From Figure 2-4, Gj is defined as the area under the
softening diagram, i. e.

(2.7)
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From Eqs. (2.6) and (2.7), the stress-free crack opening (u~l) is related to the fracture
energy G}, which is assumed to be a material property4 by the following relation

ul 1 + k G}
un =-k-j; (2.8)

The linear softening is a special case of the previous model which is reproduced by setting k
= 1 in Eq. (2.6). Once a crack is initiated, i.e. ur;{ ::; Un, it is assumed that the shear stress
transmitted parallel to the crack plane will depend on either the pre-peak (Section 2.3.3)
or post-peak (Section 2.3.5) situation where indirect coupling between the normal and the
tangential directions is provided. This implies that

(2.9)

where Vr;: is either v~ec or 0 depending on the current stage of the crack, stage 2 or 3,
respectively. V t is determined as discussed in Sections 2.3.3 and 2.3.5.

2.3.3 Pre-peak model and tangential direction behavior of
mortar joints

In the tangential direction, the stress versus relative displacement relationship is assumed
nonlinear elasto-plastic following the Mohr-Coulomb yield criterion supplemented with soft
ening criteria for cohesion and for internal friction. To allow a dilatancy angle different
from the angle of internal friction, in accordance with experimental findings (e.g. [137]),
the plasticity formulation uses anon-associated plastic potential.

The response of masonry bed joints in direct shear has been studied by many researchers,
e.g. Hegemier et al. [65], Drysdale et al. [45], Pook et al. [138], Atkinson et al. [8],
Guo [64], and Van der Pluijm [137]. Based on the findings of Atkinson et al. [8] and
using a hyperbolic model similar to that proposed by Duncan and Chang [47] for soils and
investigated further by Kulhawy [89] for rock joints, the pre-peak response of the masonry
joints subjected to shear loading is given by the following hyperbolic representation

Ut
T=---

f +SUt
T < Tp (2.10)

where Tp is the peak shear stress to be discussed later.

4For discussions on the validity of such assumption, the reader is referred to Section 3.1.2 of reference
[149] and to reference [68].

17



Horizontal asymptote ='Tul =7". xR

~
CI:l
CI:l

~
CI:l

;
,.g
l':I.ll

I

I
I
I
I
I

I
I
I
I
I

i linear
lUI

eak tangential stress =7". =feu)

linear I Dinit
ut ='Tp I

Rp =Peak ratio ='TuI I 'Tp

-I7/J= tan (uJuJ
7/J= angle of dilatancy

Relative tangential displacement lit

FIGURE 2-5 Pre-peak shear stress versus relative displacement relation.

From Eq. (2.10), the tangent shear modulus 1Jt is obtained as follows

The parameters (1) and (8) are obtained from Eqs. (2.10) and (2.11) by

. 't 1
1Jznz -1J I -

t - t Ut=O - 7

1· 1'· 1 1
Tul = 1m T = 1m -

Ut~OO Ut~OO f /Ut + 8 8

(2.11)

(2.12)

(2.13)

Accordingly, the parameter (1) is the reciprocal of the initial joint shear stiffness (1J~nit),

whereas the parameter (8) is the reciprocal of the horizontal asymptote (Tul) to the T-Ut

hyperbolic relation illustrated in Figure 2-5. Straightforward manipulations of Eqs. (2.11),
(2.12) and (2.13) lead to the following expressions

1J
init TTul
t Ut =

Tul-T
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Upon substitution from Eq. (2.15) into Eq. (2.14), one obtains, after simplification, the
following expression

(2.16)

This expression is recast in terms of the peak shear stress by introducing the peak ratio
(Rp) defined as follows

(2.17)

This peak ratio ranges from a to 1 and the higher its value, the higher the nonlinearity of
the pre-peak behavior. Therefore, Eq. (2.16) becomes

(2.18)

Equation (2.18) represents the tangent shear modulus in terms of the shear stress only
and not of the relative displacement. This is a useful form for analysis involving arbitrary
initial stress conditions. The effect of Rp on the variation of V t with 7" (see Eq. (2.18)) is
illustrated in Figure 2-6(a). In this figure, "the stiffness is normalized by its initial value
whereas the stress is normalized by its peak value. The peak ratio Rp may be selected
such that a chosen value of the shear stiffness is maintained at the peak stress. This value
should be checked to make sure that the relative displacement in the tangential direction
of the interface at the peak stress is "reasonable". This verification may be carried out
using Figure 2-6(b) where the normalized stiffness (as in Figure 2-6(a)) is plotted against
the normalized relative tangential displacement. The latter is normalized with respect to
the linear displacement (u~inear), shown in Figure 2-5, and defined as

(2.19)

2.3.4 Determination of the material parameters

The presented material model for mortar joints depends on several material parameters
that can be determined from simple experiments performed on small specimens. The
initial stiffness coefficients are adjusted according to the dimensions and properties of the
masonry units and mortar joints while keeping the properties of the 'expanded masonry
units' the same as those for the "regular masonry units" (see Figure 2-2). Considering stack

19



1.11.00.3 0.4 0.5 0.6 0.7 0.8 0.9
Normalized shear stress 7/7p

1.1
... Rp =0.0
:5 1.0 1.::::---------->-----------
~ 0.9

': 0.8
00
Q)

J:3 0.7
I.i-i.....
t:l 0.6
~

] 0.5
00

"'0 0.4
~..... 0.3

"a
§ 0.2 (a)
z 0.1

0.0 L-_'--_'--_'--_'--_'--_'--_"----_'---==-_"------'

0.0 0.1 0.2

(b)

1 2 3 4 5 6 7 8 9 10 11

Normalized tangential relative displacement u/u/
inear

1.1
... Rp=O.O
:5 1.0 k-------------:.----------
f£ 0.9

c; 0.8
00
Q)

J:3 0.7
I.i-i.....
t:l 0.6
~
Q) 0.5
~
] 0.4

.~ 0.3
"aE0.2

Z
o

0.1 L~~~======~~~~~~~___'0.0
o

FIGURE 2-6 Effect of the peak ratio (Rp) on the tangent shear stiffness.
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bond (i. e. a serial chain connection of the components) and uniform stress distributions in
the masonry unit and the mortar joint, the initial stiffness coefficients are

& (2.20)

where Em and Gm are, respectively, the Young's modulus and the shear modulus for the
mortar joint, Eu and 11m are, respectively, the Young's modulus and shear modulus for the
mas'onry unit and tm is the mortar joint thickness. As usual, the shear moduli are related
to the Young's moduli by

& (2.21)

where 11m and lIu are the Poisson's ratios for the mortar joint and the masonry unit, re
spectively. Two observations are worth mentioning:

1. The accuracy of the approximation given by Eqs. (2.20) improves upon the increase
of the ratio Eu/ Em and decrease of the ratio lIu/lIm. The ratios Eu/ Em and Gu/Gm
must be strictly greater than unity to ensure validity of Eqs. (2.20).

2. Equations (2.20) do not enforce any contact-surface compatibility (i. e. impenetra
bility and pre-sliding stick constraints). Accordingly, the stiffness coefficients defined
by Eqs. (2.20) cannot be regarded as penalty numbers [136]. .

In general, one should assume that the initial shear stiffness of the interface element ('V:nit )

is dependent upon the normal stress applied to the interface. This sophistication is relaxed
in the present model for two main reasons. First, experimental data needed to quantify the
effect of normal stress on the initial shear stiffness of mortar joints are scarce. To the best
of the authors' knowledge, the only available experimental data are those of Atkinson et
ai. [8] and they show a large scatter which makes it impossible to fit a reasonable relation.
Second, the crude linear regression of the experimental data given by Atkinson et ai. [8]
leads to only a 75% increase of V:nit upon a nine-fold increase of a.

The peak value of the shear stress (Tp ) is obtained from the failure envelope of mortar joints
under uniform constant normal stress combined with increasing shear stress. This failure
envelope is obtained experimentally using masonry triplet specimens as discussed in the
first report of this series. In the next section, the use of such an envelope as a yield surface
in the context of plasticity theory will be discussed.
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FIGURE 2-7 Mohr-Coulomb failure envelope of the interface element.

2.3.5 Post-peak model and tangential direction behavior of
mortar joints

The linear regression of the experimental results presented in Chapter 2 from tested
masonry triplets led to the following Mohr-Coulomb yield criteria at the peak and residual
shear stresses

(2.22)

where c is the cohesion, J-t = tan ¢ is the coefficient of friction, and ¢ is the corresponding
angle of internal friction. Subscripts p and r indicate, respectively, that the quantity in
question corresponds to the peak and residual shear stresses. From the experimental results
(ep = 0.04 ksi, J-tp = 1.3, Cr = 0.01 ksi, and J-tr = 0.9). These envelopes are supplemented
by a tension cut-off to limit the normal tensile stress to the tensile strength of the masonry
unit/mortar joint interface. The envelopes for the peak and residual shear strength are
depicted in Figure 2-7. For compatibility with the Mohr-Coulomb failure envelope, the
tension cut-off at (7 = it must satisfy the following inequality

(2.23)

The cohesion (c) and coefficient of friction (J-t) are assumed to be linear functions of the
plastic part of the relative tangential displacement. Similarly to the behavior in the nor
mal direction of the interface, cf. with Eq. (2.5), the tangential relative displacement is
decomposed into elastic (e~ and plastic (p~ parts, i. e.

el + pl
Ut = ut Ut

Referring to Figure 2-8, one can propose the following forms of c and J-t
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(2.26)

where all the above parameters are defined in Figures 2-7 and 2-8.

The mode-II fracture energy (Gy) is defined5 in Figure 2-8. From this figure, one can
easily calculate an expression for u~esid in terms of Gy as follows

2GII
uresid = ustart + f

t t 7p - 7r
(2.27)

where urart is determined from the pre-peak behavior by solving Eq. (2.15) for Ut at 7 = 7r .

The post-peak behavior is governed by the previously discussed Mohr-Coulomb friction
model with softening. This model is formulated within the context of non-associated plas
ticity. The basic ingredients of such formulation are the yield function Y and the plastic
potential function P which read

Y = 7 + 0" tan ¢> - c & P = 7 + 0" tan 7,b ....,. c (2.28)

The angle of dilatancy (7,b) is defined in the insert of Figure 2-5. As reported by Van der
Pluijm [137] and as pointed out in the first report of this series, masonry joints exhibit

5To the best of the authors' knowledge, the definition of G}/ was proposed by Stankowski et al. [153]
and implemented by them in [154]. Based on experimental findings, this definition was simplified, in a
manner similar to the present model, by Van der Pluijm [137].
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much smaller 'IjJ than ¢. Accordingly, the direction of the plastic flow [m] is not normal to
the yield surface (refer to Figure 2-7), i. e. the flow rule is non-associated. This formulation
will produce a non-symmetric stiffness matrix. The derivation of the plasticity equations
is fairly standard6 .

2.3.6 Verification of the interface constitutive model

The proposed model for interface elements to simulate the behavior of mortar joints in
masonry structures is implemented in the finite element package DIANA. The model and its
implementation is verified using the standard diagonal tension test of masonry assemblages
(ASTM-E519) [3]. This test is widely used in the evaluation of the masonry tensile strength.
The specimen was tested and the mode of failure was diagonal failure which is governed
mainly by the tensile strength characteristics of mortar joints. Once cracking is initiated,
sliding along these cracks occurs.

The finite element mesh of the analyzed specimen is illustrated in Figures 2-9 and 2-10.
This mesh consists of 36 8-noded quadrilaterals (Q8) elements for the expanded masonry
unit (2 elements for each masonry unit as shown in Figure 2-9), 30 6-noded bed joints in
terface elements (elements 37-66 in Figure 2-10), 15 6-noded rigid linear interface elements7

between each pair of Q8 elements forming one masonry unit to provide the necessary dis
placement compatibility (elements 67-81), and 15 6-noded head joint interface elements
(elements 82-96 shown in Figure 2-10). The plots of the calculated deformed shapes at the
initiation of diagonal cracking and at the full cracking are shown in Figures 2-11 and 2-12,
respectively. The FE results are compared with the experimental results in Figure 2-13.

From the plotted load-deformation relations and the deformed shapes of the diagonal ten
sion specimen, one may conclude that the implemented interface model is capable of cap
turing the basic failure mechanisms for the behavior of mortar joints in masonry subassem
blages.

2.4 Application to an Infilled Frame

The discrete finite element model shown in the left-hand-side of Figure 2-1 for the steel
frame with masonry infill is considered for the application of the proposed interface model
for the mortar joints. The crack patterns obtained from the experimental investigation and
those from the numerical results are compared. The failure of the structure was governed
by mortar cracking without any visible cracking or crushing of the concrete block masonry

6For brevity, the theoretical and numerical formU:lation of the plasticity theory will be omitted. For
details, the reader is referred to Lotfi and Shing [100] and Chapter 3 of Lourenc;;o's Ph.D. dissertation
[102].

7High values for 'Dn and 1Jt are assigned for these elements without any possible nonlinearities.
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FIGURE 2-9 Finite element model for the masonry diagonal tension example.

FIGURE 2-10 Interface elements as mortar joints for the masonry diagonal
tension example.
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FIGURE 2-11 Deformed shape at crack initiation of the masonry diagonal
tension example.

FIGURE 2-12 Deformed shape at full cracking of the masonry diagonal tension
example.
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FIGURE 2-13 Comparison between FE results and experimental results for
the masonry diagonal tension example.

units. The steel frame was modeled with 4-noded plane stress elements having linear
properties. The treatment of the frame/wall interface will be given in the next section.
The beam/column connections of the steel frame were modeled with interface elements
with stiffnesses in the normal and the tangential directions to simulate the nature of the
semi-rigid connections. These finite stiffnesses were obtained by calibration to match the
experimentally determined lateral stiffness of the bare frame shown in Figure 2-14.

2.4.1 Frame/wall interface modeling

The interfaces between the frame members and the infill walls are modeled by the interface
elements illustrated in Figure 2-1. A relatively small value of shear stiffness was assigned to
these interfaces because of the smooth surface between steel frame members and the infills8.

In the normal direction of these interface elements, the material behavior is governed by the
constitutive model shown in Figure 2-15. This model allows for the consideration of initial
gaps between the frame members and the walls. The zone characterized by the slope, D;;an,
represents the transition from a zero stiffness in tension, D~ens, to a very high stiffness in
compression, D~omp. The size of the initial gap (g) defines the beginning of this transition
zone. The end of the transition zone (s) is the summation of the gap size and the amount
of deformation required to degrade the roughness of both the wall and the frame along the
interface.

8This assumption may be not acceptable for reinforced concrete frames infilled with masonry walls.
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FIGURE 2-16 Comparison between the FE results (top) and the experimental
(bottom) crack patterns for the two-bay single-story infilled frame.

2.4.2 Comparison between experimental and numerical results

The comparison between the crack patterns obtained from the quasi-static experiment and
the deformed shape of the corre'sponding FE analysis, showing the cracking, are presented
in Figure 2-16. Reasonable agreement can be observed in this figure. This agreement is
achieved because of the appropriate modeling of the mortar joint cracking as well as the
frame/wall interface conditions. It should be noted that the analysis presented herein pre
ceded all the experiments including those for the determination of the material properties.
Therefore, comparison of the load-displacement relations obtained later from the experi
ment and that obtained analytically is not possible because of (1) the real elastic properties
of the masonry infills were not used in the analysis, and (2) cyclic loading was applied in
the experiment while the analysis was performed under monotonic loading.

2.5 Summary

Review of literature for the use of FEM in the analysis of infilled frames is presented.
In the literature, special attention is given to the treatment of the frame/wall interface
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conditions. A discrete model for mortar joints in masonry structures is formulated. The
model accounts for mode-I and mode-II fracture along the mortar joints which form planes
of weakness in the masonry composite.

The results of standard diagonal tension test are used to validate the proposed model. Fi
nally, analysis of an infilled frame with asymmetric openings in the wall panels is performed
using the presented model. As experimentally determined, the most important source of
material nonlinearity is cracking and sliding along the mortar joints. Comparison between
the experimental and numerical crack patterns indicate the reliability of the proposed model
to capture the basic failure mechanisms in masonry structures.
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SECTION 3

FINITE ELEMENT CONTINUUM APPROACHES
FOR MASONRY INFILLS

The discrete model presented in the previous section embodies all the necessary aspects
for accurate modeling of masonry infills. Although the approach is accurate, the compu
tational effort involved in such models may prevent their use, especially in the analysis
of large structures. This drawback is even more pronounced when the analysis is per
formed under dynamic loading. Accordingly, one needs to resort to continuum models
(meso-models) where relations between average stresses and strains are established and
homogeneous properties are considered.

In the present section, an exploration of the various homogenization techniques to obtain
average properties for masonry composites is reviewed. In these techniques, masonry struc
tures are treated as a periodic composite continua. Since the masonry composite is made
up of two different materials (blocks or bricks and mortar) arranged in a periodic pattern,
masonry may be modeled as a continuum made of periodic repetition of an elementary cell,
called Representative Volume Element (RVE). The typical length scale of the RVE should
be much smaller than the structural length scale. This is the fundamental hypothesis in
the idealization of masonry assemblages via homogenization .procedures. Here, a simple
homogenization technique to evaluate average elastic properties of masonry is presented
and assessed using the FEM. A system identification technique is presented to evaluate the
average material parameters using iterative finite element analysis of an infilled structure.
The infilled structure was tested to obtain the complete displacement field of the masonry
panels. In the identification procedure, the iterative process attempts to adjust the material
parameters to match the finite element solution with the experimental data.

Homogenized properties of masonry infills are applied to analyze the two-bay, two-story
infilled frame discussed in the second report of this series. The results are utilized to verify
the equivalent truss model for infills which is introduced in the second report of this series.
Preliminary investigation of the effect of openings on the lateral stiffness of infilled frames is
presented. The application of smeared cracking concepts with the estimated homogeneous
properties for the analysis of infilled frames leads to numerical difficulties due to the mesh
dependency of the smeared cracking technique. Remedies to such problems are suggested
in the next section.

3.1 Review of Homogenization Techniques

The Homogenization Theory for Periodic Media (HTPM) was first proposed in 1974 by
Sanchez-Palencia [151]. Since then, the theory has been described and extensively applied
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FIGURE 3-1 Two-step homogenization techniques.

by many researchers. In this theory, calculation of the effective constitutive parameters
(homogenization) is performed on the basic cell which describes the periodic material.
This basic cell is the smallest repetitive unit of the material. Complete and technical
presentations based on asymptotic analysis have been performed by Bensoussan et al.
[23] and Sanchez-Palencia [152]. The homogenization theory was revisited for nonlinear
behavior by Suquet [158].

Many researchers attempted to use homogenization techniques in masonry to establish con
stitutive relations in terms of averaged stresses and strains from the constitutive relations
of the individual components. Naturally, the determination of the elastic characteristics
received the most attention.. The common approximate approach is to perform two-step
homogenization procedure (as shown in Figure 3-1), under the assumption oflayered mate
rial. Liang et al. [93] and Pande et al. [128] proposed to homogenize first in the horizontal
direction to include the masonry units and the vertical (head) joints, then vertical homog
enization is performed to account for the material obtained from the first step and the
horizontal (bed) joints (path Al -+ A2 in Figure 3-1). On the other hand, Papa [129]
and Maier et al. [105] followed an approach to homogenize in the vertical direction where
masonry units, head and bed joints are considered first. Then, horizontal homogenization
is followed for the two-phased material obtained from the first step (path BI -+ B2 in
Figure 3-1).

Similar to the two-step homogenization technique of Pande et al. [128], Pietruszczak [134]
and Pietruszczak and Niu [135] adopted a two-step homogenization technique with the
exception of treating the head joints in the first step of the homogenization process (see
Figure 3-1) as aligned, uniformly dispersed weak ellipsoidal inclusions embodied in the
matrix (i. e. the concrete blocks). This simplification allowed them to estimate the compo
nents of the constitutive matrix for the first step of the homogenization using Eshelby's [54]
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solution to an ellipsoidal inclusion problem combined with Mori-Tanaka's [116] mean-field
theory. Anthoine [7] implemented the HTPM in a rigorous way, i.e. in a one step rather
'than two. He also considered the real geometry of masonry in the form of finite thickness
and actual bond pattern. Therefore, he avoided the assumptions of very thin media as
in [105] and very thick media as in [135]. With all the sophistication he introduced to
avoid these assumptions, he arrived at the conclusion that these assumptions only slightly
affect the in-plane elastic characteristics of masonry, but he speculated that in the non
linear range (plasticity or damage), the same assumptions might lead to erroneous results.
Lourenc;o [102] presented a new matrix formulation for the elasto-plastic analysis of lay
ered materials. From the comparison between the results of the layered and homogenized
models, he concluded that the two-step homogenization can successfully predict the elastic
characteristics of masonry.

The Theory of Mixtures is one of the most simple and widely used constitutive models for
computational tools in composites. Such a theory considers a representative continuum
where the stiffness of each phase contributes to the overall stiffness in a measure directly
proportional to its volume fraction. For a composite material consisting of n phases, if Ki

is the stiffness of the i th phase and Vi the corresponding volume fraction, the stiffness of
the composite material is given by

n

Koverall = E KiVi
i=l

(3.1)

As a consequence of the Theory of Mixtures for two phases characterized by having different
stiffnesses, one can show that a uniaxial state of stress will produce a compressive stress in
one phase and a tensile stress in the other along directions which are normal to the axis of
loading. This was clearly demonstrated experimentallyl and numerically [150].

In a sequence of three papers, McNiven and Mengi [108] [109] [110] developed a mathe
matical model, based on the theory of mixtures, for two phase materials with the objective
of using it for predicting the response of masonry walls to dynamic inputs. This objec
tive was later [114] [157] achieved in three stages: (1) experimental observations of a brick
masonry wall subjected to input earthquake and periodic excitations at the base, (2) selec
tion of a mathematical model, and (3) the determination of the model parameters through
optimization analysis.

IThe experiments were conducted by Beranek and Hobbelman on stacks of masonry units with neoprene
as joint material. The actual reference of these experiments is in Dutch and this work was cited by Rots
in reference [150].
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(3.2)

3.2 Elastic Properties For Masonry as a Composite
Material

Masonry can be treated as a two-phase composite material. Due to the regular structure of
masonry, a repeatable unit can be identified as shown in Figure 3-2(a), where both shaded
units are ideally identical. The theoretical model is based on combinations of the series
and parallel models for composite materials.

3.2.1 Rheological model for masonry composites

The rheological model for masonry composite is based on combination of series and parallel
arrangements of a two-phase composite material. This model is motivated by the experi
mental findings in the first report of this series. The actual properties of the real composite
materials lie between two arrangements identified in Figures 3-2(c) and 3-2(d). Note that
these arrangements can carry loading only in one direction. Therefore, they are referred
to as one dimensional (ID) models and they are distinguished by the direction of the load
they can support.

In the vertical direction shown in Figure 3-2(c), one obtains (see Section A.I in Ap
pendix A)

EV = (hb+ tmb)(lb + tmh) (tmhlmhEm + lbtbEb)tb E
com A~om (tmhlmhtmbEm + lbtbtmbEb + (lb + tmh)tbhbEm) m

where E~om' Em and Eb are Young's moduli for the composite in the vertical direction,
mortar and blocks, respectively. The subscript (com) refers to the composite. All other
variables are defined in Figure 3-2. The apparent cross sectional area in the vertical direc
tion (A~om) of the composite is given by

AV = (hb+ tmb)(lb + tmh)(tmhlmh + lbtb)tb
com tmb(tblb + tmhlmh) + tbhb(lb + tmh)

(3.3)

It is interesting to note that, for the case tb = lmh, i.e. solid blocks, Eq. (3.3) reduces to
the following expected expression

(3.4)

(3.5)

In the horizontal direction shown in Figure 3-2(d), one obtains (see Section A.2 in Ap
pendix A)

Eh = (h + tmh) [ tmbtb hbtblmhEb] E
com A~om h + tmh + tbtmhEb + lblmhEm m
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TABLE 3-1 Geometrical properties of the 1/4 scale concrete blocks (dimensions
in inches).

where E~om is Young's modulus for the composite in the horizontal direction. The apparent
cross sectional area in the horizontal direction (A~om) of the composite is given by

(3.6)

Also, for the case tb = lmh, i. e. solid blocks, Eq. (3.6) reduces to the following expected
expression

(3.7)

Table (3-1) lists the geometrical properties of reduced scale (1/4 scale) hollow concrete
block masol}ry. In Table 3-1, the thickness of the blocks tb is taken as twice the thickness
of the face shell. This is the case for partial bedding, i. e. mortar of the bed joint is placed
on the face shell only. From Table 3-1 and Eqs. (3.2), (3.3), (3.5), and (3.6), one readily
obtains the following results:

A~ = 2.66 in2 & A~ = 1.28 in2

Egom 4.45Eb/Em + 0.54
-

Em 0.37Eb/Em + 4.62
&

6.59Eb/ Em + 0.53
0.10Eb/ Em + 7.03

Figure 3-3 illustrates the variation of the composite moduli of elasticity for both the vertical
and the horizontal directions versus the concrete block modulus of elasticity. These moduli
are normalized with the modulus of elasticity of the mortar. Some relevant remarks from
Figure 3-3 are given next.

1. For Eb > Em, which is the realistic case, Young's modulus of the composite is always
less than that for the block.

2. For Eb > Em, the homogenization in the vertical direction always yields a lower value
of the composite Young's modulus than that obtained from the horizontal direction.

3. For Eb ~ 3Em , the Young's moduli obtained from the vertical and horizontal di
rections are practically the same. This implies that for the considered geometrical
configuration and up to a ratio Eb/ Em ~ 3.0, masonry composite maybe treated
nearly as an isotropic material.
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FIGURE 3-3 Variation of the elastic modulus of masonry composite with the
elastic modulus of the concrete block masonry.

4. The predicted composite Young's moduli from the vertical and horizontal directions
deviate from each other for larger ratios, e.g. Eb/ Em ~ 3.0, which corresponds to
larger deviation from homogeneous material. This is not an academic situation, but
represents a quite possible situation where compression normal to the bed joints and
tension parallel to the bed joints may exist. Once this stress state occurs, the stiffness
of the vertical joints will degrade and tend to zero leading to significant difference
between Young's moduli of the blocks and the mortar.

5. In the limit Eb » Em, e.g. Eb > 1000Em, the difference between the Young's moduli
from the horizontal and vertical directions is approximately constant. This situation
is more of an academic interest and it is useful for checking the masonry composite
formulation.

3.2.2 Verification of the ID model for masonry using the FEM

The previously discussed ID model for masonry composite is verified by the FEM applied
to the periodic unit shown in Figure 3-2(b) using the FE system DIANA. To obtain the
stiffness of the composite material in a certain direction, the masonry cell is subjected to
uniform loading along that direction and admissible displacement fields are imposed in the
transverse directions by proper constraints. The composite moduli in the vertical (E'%om)
and horizontal (E~om) directions, predicted by Eqs. (3.2) and (3.5), respectively, are used
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to determine the stiffnesses in these directions as follows,

& (3.8)

where K~om and K~m denote the stiffnesses for the composite in the vertical and horizontal
directions, respectively. The variation of K~om and K~om' normalized with respect to Em'
obtained from both the lD and the finite element analysis for different values of the ratio
Eb/ Em are shown in Figure 3-4. The terms K'%om andK~ are based on reasonable constant
values for Poisson's ratios

& Vm = 0.2

for the blocks and the mortar, respectively. From Figure 3-4, one can reach the following
conclusions:

1. Good agreement exists between the lD model and the FEM results for values of the
ratio Eb/ Em ~ 10.

2. The higher the ratio Eb/ Em, the more influential the effect of Poisson's ratios becomes.
Therefore, the results of the lD model start deviating from the results of the FEM
at Eb/Em ~ 20.

3. Considering the FEM results as the reference values, one observes that for the same
ratio Eb/ Em, the present model consistently overestimates the normalized stiffness in
the horizontal direction and underestimates it in the vertical direction.
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3.3 Parameter Estimation Using Experimental
Displacement Fields

Parameter estimation is one of the fundamental issues in system identification [122]. In
structural engineering, system identification has been applied primarily to dynamic systems.
In these systems, the identified parameters are those that cannot be measured directly, such
as damping characteristics [119]. Some of the rare applications of system identification in
continuum mechanics are those of Distefano [43], Hendriks [66], Iding et al. [73] and
Kavanagh and Clough [81]. In these studies, finite elements are used as the numerical
model with some material and/or geometrical properties to be identified.

3.3.1 Theoretical background

In this study, the considered identification procedure is the one developed and implement
by Hendriks [66]. The method is based on the sequential minimum variance approach and
resembles the Kalman-Bucy theory of filtering [76] [77]. For discussion of the theory and
applications, the reader is referred to the book by Bucy and Joseph [29]. The experimental
data, e.g. displacement of specific points on the tested structure, is assumed to be collected
in a vector A exp . The tested structure is modeled using FEM and the displacements at the
same points are calculated and collected in another vector A jem which is assumed to be a
nonlinear function of the required material parameters M, i.e.

A exp = Ajem(M) + Cobser

where Cobser is a vector of observation errors.

The estimation process requires the following:

1. Observed variables A exp .

2. Uncertainty model for Cobser'

3. A-priori knowledge of initial guess of M, i.e. Mo.

The initial guess M o is related to M by

M = M o+Cestim

where Cestim is a vector of estimation errors.
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FIGURE 3-5 Setup for system identification experiment.

From the model given by Eqs. (3.9) and (3.10), the optimal parameter vector M minimizes
the following quadratic expression [66]:

S = (Aexp - Afem(M)f 'R,-l (Aexp - Afem(M)) +
(Mo - Mf POl (Mo - M) (3.11)

where superscript T indicates transpose. The weighting matrices 'R, and Po are chosen
on the basis of engineering judgement. In minimum variance estimation, 'R, represents
the covariance matrix2 of the observation error (£obser) and Po represents the covariance
matrix of the estimation error (£estim)' Generally, the larger the terms of the covariance
matrix, the smaller the influence of its corresponding error. In the present study, diagonal
matrices for 'R, and Po are assumed. Another simplification is obtained by assigning very
large values for all the terms of Po to indicate large influence of the estimation error in the
parameter estimation process. On the contrary, very small values are assigned to the terms
of'R, representing negligible influence of the observation errors (which are difficult to assess
accurately) on the estimation process.

The parameter estimation procedure solves the nonlinear inverse problem which is mathe
matically defined by Eqs. (3.9), (3.10) and (3.11). For the estimation of n parameters, an
iterative scheme is followed where (n+ 1) finite element analyses are executed for each itera
tion. The sequential property of the estimation process is utilized when another observation
vector with new experimental data becomes available from either a different experiment on
the same material or from the same experiment at a different point in time3 . The new data
can be used with the estimate based on the previous data as the initial guess resulting, in
general, in an improved estimation.

2probability concepts such as variance and covariance are discussed in many textbooks on probability
theory, e.g. references [4] [5].

3pseudo-time in case of static nonlinear analysis to indicate incremental loading.
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Lateral displacement

FIGURE 3-6 Generic loading cycle at a system identification location of the
wall panels.

3.3.2 Experimental setup and observation data for system
identification

The quasi-static experiment of the GLD steel frame with URM infills designated Q21SSB
is considered here as the identification experiment. General description of this experiment
can be found in the first report of this series. The walls were instrumented to provide the
necessary displacement field of the masonry panels, i. e. the experimental data Aexp• The
experimental setup and the locations where the experimental data were taken are indicated
in Figure 3-5. The loading was applied through reversed cyclic quasi-static lateral displace
ment as discussed in the first report of this series. A generic plot of the applied lateral
load at the top central column of the steel frame versus the measured lateral displacement
at one of the locations, shown in Figure 3-5, is shown in Figure 3-6. From this figure, the
linear part of the measured deformation, excluding the effect of the frame/wall gap closure
and transition zone of wall-stiffness mobilization (refer to Figure 2-15), may be determined
as the average of the displacements t::.Pos and t::.neg corresponding to the same load level P.
The secant slope in each loading excursion is the average tangential slope of the loading
and unloading curves at the same load level.

3.3.3 Numerical model for system identification

The experiment discussed in the previous section is modeled using the FEM with 8-noded,
isoparametric, plane stress elements. The steel frame members were modeled as in SEC
TION 2 to allow rotational stiffness of the joints and to account for the frame/wall interface
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FIGURE 3-7 Finite element model for system identification.

conditions using the previously described model for the interface element (see Figure 2-15).
The model used in the FEM is shown in Figure 3-7.

"Linear" finite element analysis is conducted to obtain the vector A/em. The actual per
formance of the tested structure is nonlinear from the early stages of loading because of
the frame/wall interaction mainly due to the gap formation between the frame members
and the infill walls. For appropriate modeling of the experiment with linear analysis, the
following procedure is conducted:

1. An appropriate guess for the material parameters to be identified is made based
on the experimental measurements of the properties from masonry subassemblages
or masonry constituents, in addition to the 1D homogenization procedure described
earlier.

2. Nonlinear finite element analysis is performed where material nonlinearities are not
included and the only source of nonlinearities is the interface gap opening and sliding.
The lengths of contact between the frame members and the walls are determined.

3: Full bond between the frame members and the infill walls is provided only along
the length of contact determined from the previous step. The system identification
procedure is followed to obtain a better estimate of the chosen material parameters
using "linear" finite element analysis.

4. The new material parameters determined from the identification procedure are used
as the new guess for checking the used lengths of contact. If large difference is detected
between the new lengths of contact and the previous values, the whole procedure is
repeated.
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TABLE 3-II Parametric studies and results of the system identification tech
,nique.

System identification
Case Model Fixed parameters Initial guess (es) Final value(s)

1 Isotropic lJ = 0.10 E = 600 ksi E ~ 309.3 ksi
2 Isotropic lJ = 0.15 E = 600 ksi E = 307.1 ksi
3 Isotropic lJ = 0.10 E = 50 ksi E = 309.3 ksi

lJxy = 0.10 Ex = 600 ksi Ex = 392.0 ksi
4 orthotropic Gxy = 140.6 ksi Ey = 60 ksi Ey = 78.5 ksi

lJxy = 0.15 Ex = 600 ksi Ex = 388.5 ksi
5 orthotropic Gxy = 140.6 ksi Ey = 60 ksi Ey = 75.7 ksi

lJxy = 0.10 Ex = 600 ksi Ex = 388.9 ksi
6 orthotropic Gxy = 210.9 ksi Ey = 60 ksi Ey = 56.0 ksi

3.3.4 Identification results

In the finite element model, the material model for masonry is assumed to be either isotropic
or orthotropic. Table (3-II) summarizes the material model adopted, the fixed parameters
during the identification process, and the actual results from the system identification tech
nique. The sensitivity of the identification process to the factors listed below is investigated.

1. Material model (isotropic versus orthotropic).

2. Initial fixed parameters in the material model during the identification process.

3. Initial guess of the identified parameters.

From the results listed in Table 3-II, one may conclude the following:

1. The adopted material model influences the estimated parameters. It is apparent that
the wall behaves orthotropically (Ex / Ey varies from 5 to 7) rather than isotropically.

2. The effect of Poisson's ratio on the identified parameters is very small for both
isotropic or orthotropic material models.

3. The effect of the shear modulus for the orthotropic model affects the identified Young's
moduli, with relatively larger influence in the vertical (Ey ) direction than in the
horizontal (Ex) direction.

4. Initial guess(es) do not influence the estimated parameters.
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5. The estimated E in Table 3-II is about 45% of the masonry prism initial stiffness
obtained for material Group A as discussed in the first report of this series. This
large difference may be attributed to an overestimation of the actual experimentally
determined displacement field using the technique in Figure 3-6. Another suggested
explanation is that, for hollow concrete block units, the prism stiffness for compression
normal to the bed joints could be higher than the value for compression parallel to the
bed joints [46] and obviously, the compression parallel to the bed joints approximates
the stress conditions for laterally loaded infill walls better. This implies that the values
of the initial stiffness obtained from the masonry prism tests may be overestimated
for the tested infill walls.

The robustness of the identification algorithm is assessed by studying the convergence rate
of the estimation for different sets of initial guesses of the identified parameters. These
results are illustrated in Figure 3-8(a), whereas Figure 3-8(b) indicates the variations of
the corresponding Euclidian norm of the residuals (Ilell) with the iteration number. The
residuals are defined as the difference between the experimental displacements and the
calculated displacements, i. e. £obser' Obviously, the convergence characteristics of the es
timation verify the robustness of the technique. Using the estimated parameter from case
(1) listed in Table 3-II and performing the finite element analysis, the results shown in
Figure 3-9 are obtained. From this figure, the analysis based on the estimated parameter
recovers the pointwise experimentally determined displacement field to a reasonable accu
racy. Therefore, the comparison in Figure 3-9 for case (1) justifies the use of the isotropic
model in Table 3-11. It should be noted that vertical displacements were expected to be
negligible compared to the horizontal ones. Therefore, they were not measured.

3.4 Continuum Modeling of Masonry Infills

In this section, masonry is modeled as a continuum with assumed homogeneous properties.
The nonlinearities introduced in the analytical model are due to the frame/wall interface
conditions and cracking in the masonry walls. A smeared crack approach [139] is adopted
to model fracture in the homogenized masonry composite. This approach and the relevant
material parameters are discussed in the SECTION 4. The results presented in the current
section have the following purposes:

• Calibrate and verify the truss mechanism presented in the second report of this series.
This verification is accomplished through the finite element results in the form of
deformed shapes, crack patterns and stress trajectories.

• Evaluate the effect of opening sizes on the lateral stiffness of infilled frames.

• Motivate the use of the evolutionary methods presented in SECTION 4 for smeared
cracking. This is achieved by illustrating some of the numerical problems encountered
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when the standard smeared cracking approach is adopted in the material model of
homogenized masonry walls.

The smeared cracking finite element model is illustrated on the right-hand-side of Fig
ure 2-1. The structure considered in the present analysis has some similarities to the one
illustrated in Figure 2-16, which was analyzed with the discrete model discussed in the
previous chapter. However, the present results are for the case of symmetric openings in
the infill walls. Monotonically increasing lateral load is applied at the central column of
the frame as shown in Figure 2-1. The load is applied at the floor level. For the two-story
case, an equivalent lateral force distribution is applied. This distribution is maintained to
satisfy the first mode shape of the structure. This technique of adapted push-over analysis
is discussed in detail in SECTION 5.

The finite element analysis is, once again, performed using the finite element code DIANA.
The structure is assumed to be in a state of plane stress. The solution of the resulting
nonlinear equations is obtained using the arc-length scheme proposed by Riks [147], which is
capable of passing snap-back points, either spurious or not [149]. The importance of the arc
length schemes for softening· analyses of localized fracture has been discussed by Crisfield
[36]. To study the structural performance in the inelastic stage of the behavior, solution
methods based on load control are not valid. For direct displacement control, constraining
the degrees of freedom at which the displacements are applied becomes mandatory. This
constraining makes the continuous monitoring of the mode shape (obtained from an eigen
solution) practically impossible. Therefore, amongst the solution methods available in
DIANA, the arc-length technique is the most reliable solution method.
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TABLE 3-111 Calibration results of continuum model and equivalent truss
model of masonry infills.

Continuum model (FEM) Equivalent truss model
Kn fhRTP. Em finfi11 Kr fh~rp. Aeq fi nfi 11

2 X 104 3.08 0.84 X 10;J 10.86 1 X 104 2.94 50 12.27
2.5 X 104 3.14 1.00 X 103 11.55 1.7 X 104 3.13 46 12.17
2.6 X 104 3.15 1.15 X 103 12.13 1.8 X 104 3.15 45 12.14
All dImenSIOns In Inches, kIpS, seconds and radIans
Experimental data are: fbare = 3.15 Hz & finfill = 12.14 Hz

3.4.1 Calibration and verification of the truss model

The two-story Semi-Rigidly Connected Steel (SRCS) frame with URM infill walls was
analyzed using continuum modeling of the masonry walls. Homogeneous properties of
masonry were determined using the rheological model discussed in Section 3.2.1. The
material properties for the bare frame and the infilled frame were adjusted to match the
fundamental frequencies given in the second report of this series for the same structures
tested pseudo-dynamically. The natural frequency of the bare frame was matched with
the experimental value by adjusting the normal stiffness (Kn ) of the interface element
representing the semi-rigid joints. For the infilled frame, the fundamental frequency is the
one that corresponds to the case of a braced frame with partial contact lengths between the
frame members and the walls. This structural configuration was achieved by applying a
small lateral load to determine these contact lengths and then performing the eigen analysis
using the tangent stiffness matrix of the infilled frame with the actual contact lengths.
The fundamental frequency of the infilled frame was adjusted to match the experimental
observations by changing the value of the Young's modulus of masonry (Em).

A similar calibration procedure was conducted for the infilled frame4 where the walls were
idealized using the equivalent truss model presented in the second report of this series. In
this case, rotational springs were used to model the semi-rigid joints by rotational stiffness
(Kr ) which is adjusted to match the fundamental frequency of the bare frame. The cali
bration parameter for matching the fundamental frequency for the infilled frame was the
equivalent cross sectional area (Aeq ) of the truss members. The results of the calibration
procedure are summarized in Table 3-III. The results discussed in the following paragraphs
are referred to a response quantity selected as the top floor displacement normalized by the
height of the structure (.6.r%).

The finite element results before the cracking of the infill walls are shown in Figure 3-10.

4It was assumed that all frame joints have the same rotational stiffness (Kr ) and all truss members
have the same cross sectional area (Aeq ). Obviously, these are approximations to simplify the calibration
procedure.
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FIGURE 3-10 Finite element results of the two-bay, two-story infilled steel
frame before ~all cracking at ~r = 0.1%; (a) Deformed shape [Amplification
factor = 100]; (b) Normal relative displacement along the interface [max ~ 0.025
in]; (c) Normal compressive stress along the interface [max ~ 2.65 ksi].
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These results include the deformed shape of the structure and the frame/wall interface
conditions in the form of normal relative displacements and normal stresses along the
interface. The figure reflects the non-integral nature of the masonry walls, i.e. no tension
between the wall and the frame members is allowed. Accordingly, the deformed shape
clearly illustrates that the wall and the frame are" contacting only in the interface regions
where compressive stresses are mobilized. It is interesting to note that the normal relative
displacements along the interface between the frame members and the infill walls indicate
an obvious contact between the walls and the beams which extends beyond the local frame
corners. This justifies the need for off-diagonal load transfer mechanisms to replace the
continuum infill walls. With respect to Figure 3-10, the relative displacements and stresses
normal to the interface are illustrated using triangles that are proportional in size to the
value they are presenting. Dotted triangles indicate compression while solid ones indicate
tension.

Figure 3-11 shows the finite element results after cracking occurred in the wall panels. The
concentrations of stresses at the wall corners where the frame members contact the walls
are clearly presented in the stress trajectories. In these trajectories, the length of the line is
proportional to the stress value and compressive stresses dominate the stress field. Because
the tensile stresses are much smaller than the compressive stresses, it is difficult to observe
the tensile stress bars in Figure 3-11(a) but the major tensile stress fields are in general
normal to the crack patterns shown in Figures 3-11(b) and 3-11(c). During the deformation
process, the small tension capacity of the masonry walls is soon exhausted and cracks start
to appear. First, cracks are initiated at the corners of the windows located in the top story.
This is followed by cracks in the solid panels (i. e. panels without openings) in the first
story. These observations are similar to the experimental results. As mentioned in the
previous paragraph the interaction between the walls and the beams occurs not only at the
frame connections but also close to the mid-spans of the beams which lead to the vertical
cracks on the horizontal edges of the infills shown in Figure 3-11 (c). Based on the previous
discussions of the finite element results, it may be concluded that the truss idealization,
discussed in the second report of this series, is appropriate in capturing the actual stress
fields in the infill panels and the frame/wall interaction characteristics.

The final incremental deformation and crack patterns were obtained at ~T = 0.33%, after
which convergence of the numerical solution was not achieved anymore, i. e. this loading
level corresponded to the last converged solution. These results are shown in Figure 3-12.
Two crack patterns are shown: all cracks (Figure 3-12(b)) and fully open cracks (Figure 3
12(c)). The fully open cracks are those cracks where the normal stresses are dropped to zero
(i. e. stress-free cracks). From the localization of deformation (Figure 3-12(a)) and cracks
(Figures 3-12(b) and 3-12(c)), one can observe the bracing (truss) actions that the non
integral wall panels provide to the bounding frame. The solid panels undergo compressive
and tensile fields that can be characterized by equivalent struts and ties. For the panels
with windows the truss model should account for the stress concentrations at the corners
of the openings.

From the stress trajectories and crack patterns obtained with the FEM (e.g. Figure 3-11),
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FIGURE 3-11 Finite element results of the two-bay, two-story infilled steel
frame after wall cracking; (a) Stress trajectories at Ar = 0.12% [compression
(max 2.64 ksi), tension (max = 0.99 ksi)]; (b) Initiation of cracks in the top
story at .Ar = 0.12%; (c) Initiation of major cracks in the bottom story at A r

= 0.22%.
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FIGURE 3-12 Finite element results of the two-bay, two-story infilled steel
frame at the last converged loading increment; (a) Incremental deformation at
D.r = 0.33% [Amplification factor = 485]; (b) Crack pattern in the infill walls
[all cracks]; (c) Crack pattern in the infill walls [fully open cracks].

51



·············1

't---JU--c=F':::::±:::========i-f.-..l.....l..-.,-r-=~===w
,."f.o::--~~""'" (a)

(b)

(c)

•............•......_ -

,

r=:r:::==::::::::::==--=······_·r::::::::::·······_··=:::c..···· ~_!~:::::::::::._..; :;:::::::::;._........•==-_ --==r::::::::::::::=i

~r······-r···············;·· __·······

FIGURE 3-l Approximate analysis 0 semi-rigidly connected steel frame with
and without infills; (a) Truss model and its deformed shape with top Hoor dis
placement = 0.08 in [Amplification factor = 57]; (b) Bending moment diagram
for infilled frame [max = 18.8 kip.in, min = -20.2 kip.in]; (c) Bending moment
diagram for bare frame [max = 74.5 kip.in, min = -71.4 kip.in].
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the equivalent widths of the truss members may be determined. The equivalent statical
system of the frame with the infills replaced by the truss model is shown in Figure 3
13 together with the obtained deformed shape. The undeformed structure is shown in
dotted lines and the deformed shape is given in solid lines. Bending moment diagrams
with and without the infills are also shown in the same figure. These results are obtained
by applying lateral forces (FI = 3.14 kips & F2 = 6.15 kips). Comparing the numerical
results in Figure 3-13 with experimental findings in the second report of this series, one
may conclude that the truss model reasonably reproduces the magnitude and distribution
of the bending moments in the frame members. From the bending moment diagrams of the
infilled frame (i. e. with the equivalent truss replacing the infills) and the bare frame (i. e.
without the equivalent truss), significant differences in distribution and magnitudes of the
bending moments are obvious. This comparison illustrates the importance of accounting
for the infill effects on the frame behavior.

3.4.2 Effect of opening size on the lateral stiffness of infilled
frames

Openings increase the difficulty in defining a simple model to represent the effect of infill
walls on the performance of the bounding frames. A study is conducted here, using the
FEM, to investigate the effect of the size of window openings on the lateral stiffness of
infilled frames. The used finite element model together with the material parameters are
shown in Figure 3-14. This model accounts for the material nonlinearity due to wall
cracking and the geometrical nonlinearity introduced by the change of frame/wall interface
conditions during loading. Homogeneous properties are used for the masonry infills. A
parameter c¥, defined as the percentage of the opening area relative to the solid wall panel
area, is varied to study the effect of the opening size on the lateral stiffness of the infilled
frame. The lateral stiffness is expressed in terms of the parameter K" defined as the ratio
of the stiffness with openings to that without openings.

The results of these finite element analyses are shown in Figure 3-15. Each curve in this
figure corresponds to a certain applied inter-story drift (SD) which is defined as the applied
displacement at the top central column normalized by the story height. For a single-story
structure such as the present case, SD is the same as D.r defined in the previous section,
but for a multi-story structure, they are different. Distinction is made between the infill
wall status before and after cracking. For the range of parameters considered here, it may
be observed that for either uncracked or cracked walls, the variation of the wall stiffness
ratio is approximately a linear function of the opening area. Between the uncracked and
cracked states, there is a transition zone which depend on the intensity of the applied
inter-story drift. Plots, such as those presented in Figure 3-15, may be generated in more
detailed parametric studies to furnish design charts for infilled frames where the effect of
wall openings is to be accounted for.
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FIGURE 3-14 Finite element model and material parameters for studying the
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3.4.3 Motivation for evolutionary methods in smeared
cracking.

In some cases, the computations involved in the analysis of the infilled frame with con
tinuum modeling of the walls became critical; convergence became difficult and a negative
pivot was signaled upon factorizing the tangent stiffness matrix. This situation was also
encountered by Rots during the analysis of a Crack-Line-Wedge-Loaded Double-Cantilever
Beam (CLWL-DCB) [149]. Following a procedure similar to the one discussed in reference
[149], an eigen value analysis was performed subsequent to the signaling of this negative
pivot. The results of this eigen analysis detected a negative eigen value and the corre
sponding eigen mode represented a spurious mechanism. This spurious mechanism and the
corresponding crack pattern in the masonry infills are illustrated in Figure 3-16.

The occurrence of the spurious modes is dependent upon the softening characteristics of the
constitutive model [149]. In general, these spurious modes may be attributed to the con
tinuous use of the tangent stiffness matrix which may blow up the iterative procedure once
this matrix becomes ill-conditioned. Two techniques to overcome this inherent difficulty in
smeared cracking analysis are presented in the next section.
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3.5 Summary

In this section, masonry infills are treated as a continuum. A review of homogenization
techniques for periodic media is presented. Seeking simplicity, an approximate model based
on a one dimensional rheological representation of the elastic properties of masonry com
posite is derived and verified using the FEM. A system identification technique is briefly
outlined and applied to estimate the elastic properties of masonry infill walls.

Using homogeneous properties of masonry infills, an application to a two-bay, two-story
infilled frame is presented. The equivalent truss model, suggested in the second report
of this series, is calibrated and verified. Preliminary investigation of the effect of window
openings on the lateral stiffness of the infilled frames is shown to provide realistic trends
which may be useful in calibrating simplified models such as the equivalent truss model.
Finally, a computational difficulty encountered during the nonlinear finite element analysis
including smeared crack representation in masonry infills is shown. The symptom of this
problem is identified to be a spurious kinematic mode. Obviously, the development of
techniques to circumvent this problem is a must.
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SECTION 4

EVOLUTIONARY METHODS FOR SMEARED
CRACKING

One of the fundamental components in nonlinear problems undergoing localized damage
is the existence of an internal length parameter. This characteristic length determines the
width of the localization zone as discussed by Pamin [127]. In smeared cracking terminology,
this length parameter is the crack band width (A). When this parameter is related to the
adopted finite element size, the spurious mesh dependency on the structural response can be
reduced. This spurious dependency is mentioned in the previous section and a pathological
consequence of it is illustrated in Figure 3-16. The relation between A and the finite
element size can be determined by a trial-and-error fitting of some reliable results (e.g.
experimental results or selected discrete crack results [149]). Some ad hoc rules depending
on the chosen element type, element size, element shape, integration scheme and even on the
particular problem considered, can be established to determine A as reported by Feenstra
[55]. In the existing literature, Bazant [19] and Oliver [124] have attempted to rationalize
the arbitrariness of the choice of the crack band width. In [19], Bazant has used strain
localization instability analysis to determine A. As he states, this analysis seems useful in
principle, but not in practice, as it would be quite complicated in case of a large fracture
process zone within a nonhomogeneously stressed specimen. In [124], Oliver has analyzed a
singular band in a two-dimensional (2D) domain, in which a crack is modeled as a limiting
case of two singular lines with continuous displacements but discontinuous gradients across
them. This allowed him to relate the crack band width to the crack orientation and to the
characteristics of the finite element interpolation functions. Although this approach is an
improvement over the standard method [149], it renders the estimated value of the crack
band width constant throughout the entire loading history.

In many applications, upon increasing the damage level (given here by the crack strain),
cracking tends to localize in a band of decreasing width. By simply relating A to the
finite element size (in 2D problems, the finite element area, Ae ), one cannot capture such
localization during damage evolution. One remedy to such a shortcoming is to adapt the
finite element mesh to the present level of damage (cracking). Accordingly, the element size
is determined in a manner consistent with the nature of the localization process. Upon such
automated adjustment of the finite element size, a simple rule for the crack band width,
e.g. A ex ~, may be sufficient for accurately capturing localization. This adaptation
requires continuous modification of the topology of the finite element mesh and needs a
robust transfer operator [126] to map the state variables to the new mesh. Unfortunately,
such a task in a highly nonlinear problem is difficult to execute.

The previous section illustrated some numerical difficulties encountered when the smeared
cracking approach was adopted in the analysis of structures made of quasi-brittle materials
such as masonry. Two techniques, intended to alleviate such difficulties, are presented
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in this section. The first is an adaptive strategy for the finite element mesh in nonlinear
problems where the nonlinearities are mainly attributed to smeared cracking. The second is

. a more practical adaptation of the crack band width, without changing either the topology
or the geometry of the original finite element mesh.

4.1 Smeared Crack Framework

Smeared cracking is a continuum approach for the numerical solution of fracture mechanics
problems in which local discontinuities are distributed (i. e. smeared) over a certain trib
utary area within the cracked finite element. Accordingly, crack strain can be defined as
a function of the relative displacement (displacement jump or displacement discontinuity)
of the crack surfaces and some length parameter over which this displacement jump is as
sumed to be smeared. The introduction of such characteristic length allows modeling of
the cracked material in terms of stress-strain relations.

The smeared cracking concept has been shown to be a powerful technique for the continuum
mechanics solution of damage and fracture problems. Since the advent of the smeared
crack concept by Rashid [139], it has been refined by several researchers [120]. Significant
improvements of this concept have been provided by the fictitious crack model developed
by Hillerborg et al. [67] and the crack band theory presented by Bazant and Oh [20].

In the fictitious crack model, the tensile strength (It) and the fracture energy (Q,) are the
model parameters. The fracture energy is the amount· of energy required to create a unit
area of crack surface. The two parameters (It and Q,) are also included in the crack band
theory, in addition to a third parameter, which is the crack band width (A).

In the original formulation of the smeared crack approach [139], the strain vector repre
sented the overall strain of the cracked material. In this way no distinction was made
between cracks and the solid material between them. Since cracks are naturally perceived
as geometrical discontinuities, it is of advantage to make such distinction in modeling the
cracked material. Therefore, the modern approach for smeared cracking is based on the
idea of strain decomposition, originally proposed by Litton [99]. In this idea, an increment
of the total strain vector Ll€ is decomposed into an increment of the crack strain vector
Ll€cr and an increment of the solid material (i. e. material between cracks) strain vector
Ll€ma, i.e.

Ll€ = Ll€cr + Ll€ma (4.1)

In Eq. (4.1), the strain vectors are given with respect to the global coordinate axes {x, y}.
Focusing on the plane stress idealization, one can write

Ll€ = [Ll€xX Ll€YY Ll,,!XY]Tcr cr cr Icr

58

(4.2)



where [.] indicates a matrix and superscript T denotes transpose. ~€~: and ~€~¥ are
increments of normal strains and ~'Y~? is an increment of shear strain.

Similarly, the vector of incremental stresses in the global coordinate axes ~u is given by

(4.3)

where ~ClxX and llClYY are increments of normal stresses and ~7xy is an increment of shear
stress.

Setting a local frame of axes {p, q} normal and tangential to the crack direction, one can
define

A _ [A PP A pq]T
~ecr - ~€cr ~'Ycr (4.4)

as the local incremental crack strain vector. In fracture mechanics terminology, ~€~~ is the
mode-I crack normal strain and ~'Yg7 is the mode-II crack shear strain. Associated with
the {p, q} local axes, one can readily define a vector of incremental stresses in the crack
direction, ~s, as

(4.5)

where, in analogy to Eq. (4.4), ~sPP is the mode-I normal stress and llspq is the mode-II
shear stress.

The transformation from local to global crack strains is

(4.6)

Correspondingly, global stresses are transformed to local stresses by

(4.7)

The transformation matrix N in Eqs. (4.6) and (4.7) is a function of the crack orientation
with respect to the global coordinate axes!. In the present smeared crack approach, N
is assumed to remain fixed upon crack formation (fixed crack concept). When the axes of
materialorthotropy {p, q}, caused by material cracking, are assumed to co-rotate with the
axes of principal strains, the rotating crack concept is obtained [149].

To relate the incremental stress vector to the incremental strain vector, let D ma be the
matrix of instantaneous properties of the solid material between cracks and D cr the matrix

1In the local directions, some strain and stress components are omitted because they have no physical
meaning. The consequence is a rectangular transformation matrix N rather than a square one. For more
discussions on the characteristics of N, the reader is referred to Chapter 2 in reference [149].

59



incorporating the mode-I, mode-II and mixed-mode properties of the crack. For plane
stress problems with isotropic solid material between cracks,

E [1 v 0 ]D ma = 2 V 1 0
1 - v 0 0 (1 - v)/2

where E is Young's modulus and v is Poisson's ratio.

Moreover,

(4.8)

(4.9)

where D!::r and D~: are the respective mode-I and mode-II stiffness moduli for a "sin
gle smeared crack". For simplicity, the direct shear-normal coupling is ignored (zero off
diagonal terms) in Eq. (4.9). The mode-II stiffness modulus D~ can be related to the
elastic shear modulus G by

DII = _f3_G with
cr . 1-f3

G= E
2(1 + v)

(4.10)

where f3 is the shear retention factor introduced to adapt the shear stiffness of the cracked
material. In cracked cement-based composites, e.g. plain or. reinforced concrete or mortar,
shear forces can still be transferred through aggregate interlock, shear friction and dowel
action. The latter mechanism is available in the case of reinforcing bars crossing the crack.
Some of the early attempts to establish the shear force-displacement relations in cracked
plain concrete were conducted by Fenwick and Paulay [56], White and Holley [164] and
Taylor [160]. Paulay and Loeber [130] conducted a series of displacement-controlled static
shear loading tests to study the aggregate interlock in concrete. Based on these experiments,
Rots et ai. [115]2 derived the following expression for f3

1
f3 = 1 +4447€~ (4.11)

This expression introduces an indirect shear-normal coupling. Based on the same exper
imental data of Paulay and Loeber [130], Bazant and Gambarova [18] derived a similar
expression. In the present study, f3 is either based on Eq. (4.11) or is assumed to be a very
small constant, e.g. f3 ~ 0.0 meaning that only the opening mode crack is considered.

The mode-I stiffness modulus D!::r is the most important factor in the present material
model because it not only governs the crack propagation in mode-I but also indirectly

2The original reference of the work by Rots et ai. is in Dutch. This work is cited by Van Mier et ai. in
reference [115].
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affects the shear modulus according to Eq. (4.11). This modulus depends on the selected
shape of the descending branch of the stress-strain relation.

The constitutive relations for both solid material between cracks and smeared cracks are
given by

As = D cr Aecr

(4.12)

(4.13)

The constitutive relation between the increment of total stress vector and that of the total
strain vector in global coordinate axes can be easily obtained by algebraic manipulations of
Eqs. (4.1), (4.6), (4.7), (4.12) and (4.13) as given in reference [149]. The final relationship
is

(4.14)

Riggs and Powell [146] arrived at a relation similar to Eq. (4.14) with the exception of
making a distinction between the stress and strain transformation matrices from local to
global coordinates. The resulting constitutive matrix from Eq. (4.14) is a modification of
the elasticity matrix D ma with another matrix of a lower rank3 to account for the material
damage introduced by smeared cracking.

A summary of the basic concepts of smeared cracking approach is illustrated by Figures 4-1
and 4-2. For clarity, the superscripts p and q for local coordinates are dropped from these
figures. Consider a Gauss point in one element of the finite element mesh as shown in
Figure 4-1(a), at which the principal stresses (0"1,0"2) are obtained, e.g. by means of the
Mohr circle as shown in Figure 4-1(b). Next, the principal tensile stress 0"1 is checked against
a cracking criterion, such as the one given by the Rankine failure surface of Figure 4-1(c). If
cracking occurs, the crack orientation, determined by the angle ¢ in Figure 4-1(a), becomes
fixed and normal to the direction of the principal tensile stress 0"1 at crack initiation. The
strains aligned with the crack orientation are decomposed according to Eq. (4.1), as shown
in Figures 4-1(d) and 4-2. The stresses normal to the crack direction are related to the
crack strains by a nonlinear strain-softening function as indicated in Figure 4-1(e). In case
of non-zero shear retention factor, some shear capacity is retained in theconstitutive matrix
of a cracked element. Therefore, the principal tensile stress direction is no longer normal
to the fixed crack. Accordingly, the fixed crack normal stress component is designated by
s to distinguish it from the principal tensile stress 0"1 (see Figures 4-1(e) and 4-2).

3The rank of a matrix equals the maximal number of independent rows or columns [58].
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4.2 Strain Softening and Fracture Energy

In this section, the behavior of structures made of quasi-brittle materials (e.g. rock, con
crete, clay brick, mortar or ceramics) in the inelastic stages is considered. In these stages,
the structure may undergo strain softening, i. e. gradual decline of stress at increasing strain
mainly due to cracking. Material softening and strain localization have been the focus of
significant computational and experimental research efforts directed to elucidate problems
such as stability, uniqueness, localization, phenomenological models at the macro-level of
observation and micro-mechanical models at the meso-level. A comprehensive treatise of
such problems can be found in the review article by Read and Hegemier [140] where an
exploration of the physical basis of strain softening in rock, soil and concrete is presented.
Bazant et al. [21] presented a continuum theory for strain-softening in heterogeneous mate
rials such as concrete or rock. In this theory, they adopt a new type of nonlocal continuum
called the imbricate continuum which is a limit of a discrete system of imbricated (regularly
overlapping) elements which have a fixed length and a cross section area that tends to zero
as the discretization is refined. This theory was latter simplified by Bazant and Lin [22] by
applying the nonlocal treatment only to those variables which cause strain-softening, while
the other variables are kept local. In this way, the differential equations of equilibrium with
the boundary conditions retain their standard form.

A family of crack normal stress versus crack normal strain (s-f.cr ) relations is considered in
the present study. This family is based on curve-fitting of a large number of experiments,
as reported by Reinhardt [142], to determine the crack normal stress versus crack opening
(s-8cr ) relations of concrete. This family of relations is governed by the exponent k in the
following equation

~ = 1- (8cr )k
ft 8~

(4.15)

where 8~ is the stress-free crack opening (i. e. opening at total loss of load carrying capacity
in the normal direction of a crack). This crack opening can be related to the total fracture
energy (9f) by considering the following relation

(4.16)

This definition implies that 9f is the total area under the stress versus crack opening curve.
From Eqs. (4.15) and (4.16), one easily obtains

(4.17)
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Assuming uniform distribution of the crack opening over A, one gets the following simple
and important relationship for the smeared crack normal strain (see Figure 4-1(d))

Substitution of Eqs. (4.17) and (4.18) into Eq. (4.15) leads to

( ( )k)kftAEcr
S = ft 1 - (k + 1)gI

(4.18)

(4.19)

which gives the softening (descending) branch of a smeared crack in terms of the basic
three parameters of the previously mentioned crack band theory [20], namely ft, gland A.
From the softening relation of Eq. (4.19), one obtains

( )

k
I Bs kftA k-l

Dcr = BEer = -k (k + 1)91 (Eer )
(4.20)

From the assumption stated by Eq. (4.18) and for constant A, the (total) fracture energy
density is

r~r
gl = J

o
sdEcr = 91/A (4.21)

where gl is the total area under the stress versus crack strain curve (cf. with Eq. (4.16)), as
illustrated by Figure 4-1(e). At. a certain load level (t) and in accordance with the adopted
unloading/reloading assumption (secant or elastic), the apparent fracture energy density
(gt) is defined as shown in Figure 4-2. Therefore,

lEt 1l cr t t
Secant unloading (4.22)o S dEer - 2Ecr S

lE~r Elastic unloading (4.23)- o S dEer

From these expressions, one may define the so-called apparent fracture energy density gt
as the amount of fracture energy density (energy per unit volume) released up to a certain
load level t. The apparent fracture energy density may be related to measures of damage
indicating that the evolution of material damage in the form of smeared cracking can be
reflected in this quantity. An outline of the relation between the apparent fracture energy
density and a simple isotropic measure of damage in plane stress representation is given in
Appendix B.
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4.3 Adaptive FEM For Problems With Smeared
Cracking

The solution obtained from any numerical method, e.g. FEM [170], Boundary Element
Method (BEM) [131] or Finite Difference Method (FDM) [14], is an approximation of the
exact solution of the governing differential equations of the problem. Adaptivity is defined
as the successive refinement of an approximation to reach predetermined levels of accuracy.
In general, adaptivity consists of the following two basic components:

• A-posteriori error estimation.

• Adaptive strategy.

Adaptivity for linear elliptic problems has achieved a high level of mathematical and nu
merical understanding. This technique is now routinely used within finite element compu
tations [169]. Unfortunately, nonlinear problems have received little attention due to their
complexity and the special features of each particular problem.

This section presents an adaptive nonlinear finite element method where the nonlinearities
are mainly due to smeared cracking. The presentation is a mere illustration of the adap
tivity procedure as a possible means to capture strain localization due to accumulation of
structural damage. No attempt is made to formulate a complete adaptive nonlinear finite
element methodology.

4.3.1 Review of error estimation and adaptivity

There exists an extensive literature on error estimation and adaptive methods. In this
section, in the interest of brevity, a short account of the literature is given, and only the
publications of major relevance to this work are cited. Several surveys of the literature
in error estimation and adaptivity have been written, and the reader is directed to the
appropriate references. Only references related to FEM are mentioned here.

The volumes edited by Brebbia and Aliabadi [28] and by Babuska et ai. [14] [15] review
adaptive techniques for FEM. Recent surveys also include articles by Noor and Babuska
[121]4, Oden and Demkowicz [123]5, Strouboulis and Haque [155] [156] and Babuska and
Suri [16]. A compilation of literature on mesh generation and refinement in the period
1990-1993 was conducted by Mackerle [103]6. Literature on error analysis and adaptive
techniques in the 1992-1993 period was also compiled by Mackerle [104]7. Recent textbooks

4cites 196 references.
5cites 184 references.
6cites 272 references in FEM.
7cites 312 references in FEM.
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on FEM emphasize the field of adaptive solution techniques. The book by Zienkiewicz and
Taylor [170] includes a chapter on "Error Estimation and Adaptivity" (Chapter 14). Also,
the recent book by Szabo and Babuska [159] is primarily concerned with adaptivity in the
FEM.

Most of the above references dealt with linear elliptic problems. In contrast, relatively
few advances have been published for certain classes of nonlinear problems. Some of these
advances can be found in reference [15]. General mathematical theory of a-posteriori er
ror estimates and adaptive approaches for history-dependent nonlinear problems in solid
mechanics are still lacking. Exceptions to the previous statement are the contributions by
Rheinboldt [143], Ladeveze et al. [90], Johnson and Hansbo [74] [75], Peric et al. [132]
and Lee and Bathe [91]. To the best of the authors' knowledge, the application of adap
tive strategies in nonlinear finite element analysis of problems undergoing damage due to
material fracturing has not yet been addressed.

4.3.2 Error estimation for linear problems

The definition of an appropriate error estimator is essential for reliable adaptive FEM. This
error estimator is a local measure of the deviation of the numerical solution from the exact
one. Several sources of such deviation may exist leading to different types of errors (e.g.
those due to roundoff and uncertainties in material, geometry, and boundary conditions).
In the present study, only errors introduced by the discretization process which reduces the
continuous mathematical model to one having a finite number of degrees of freedom are
considered. These errors are termed discretization errors.

There are two broad classes of error estimation schemes:

• Residual methods.

• Interpolation methods.

To demonstrate these two classes, the following linear elliptic problem which characterizes
a wide range of boundary value problems (e.g. problems of linear elasticity) is considered.
The governing equation for the selected problem is

ST(j + b = 0 with (j =1Je = 1JSu in the domain n= nt U nu

with boundary conditions

(4.24)

(4.25)

where superscript T indicates transpose, (j, e and u are the generalized stresses, generalized
strains and displacements, respectively, S is a first order strain differential operator, b is
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the body force, 1) is the elasticity matrix, t and it are the assumed generalized tractions
and displacements on the boundaries ant and anu , respectively, and n is the outward unit
normal to the boundary of the domain n.

Denote the finite element approximation (Uh' O'h) of the solution (u, 0') obtained by the
standard Galerkin procedure [170] as

& 0' ~ O'h = VEft with B =SN (4.26)

where ft is the nodal value of the displacements and N is the matrix of the finite element
basis functions.

Based on the previous equations, it is possible to define the following two kinds of local
errors:

(4.27)

(4.28)

and

(4.29)

(4.30)

The first kind is the interpolation error and is given by Eqs. (4.27) and (4.28) and the second
kind is the residual error and is given by Eqs. (4.29) and (4.30). These error definitions
may be stated in a general form by considering a response quantity with exact solution (r)
which has an approximate solution (fh ), then

(4.31)

(4.32)

where &r and R r are the respective interpolation and residual error estimators for the
response quantity f.

For the residual error estimators, it is difficult to suggest a pragmatic form for the functional
F. The original contributions in this type of error estimators are attributed to Babuska
and Reinboldt [10] [11].
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For the interpolation error estimators, the main difficulty in their calculation stems from the
fact that no exact solution of the considered problem is available. However, one technique

. commonly used to overcome such obstacle is to replace the exact solution r by a recovered
solution r obtained by interpolation from the approximate solution rho The recovered
solution r is a smooth field obtained, for example, by nodal averaging (see the technique
of Hinton and Campbell [69] and the survey paper by Krizek and Neittaanmakior [88]) or
by a projection process which satisfies

(4.33)

where some possible choices for the projection matrix II are listed in references [169] and
[170]. Strouboulis and Haque [155], among others, have demonstrated that the error esti
mates obtained from projection methods may deviate from the true error.

Another approach to obtain recovered solution has recently been published by Zienkiewicz
and Zhu [172] and termed the Superconvergent Patch Recovery (SPR). The error estimator
obtained from this technique not only converges to the true error but also achieves a
convergence rate of O(h4

) for stresses at the interior nodes of quadratic finite elements,
compared to the standard O(h2) where h refers to the finite element size. A criticism to the
new Zienkiewicz and Zhu [172] [173] error estimator was given by Wiberg and Abdulwahab
[165]. They pointed out that, in general, equilibrium is violated, especially at the boundary
patches, and they proposed a modification of the original method to add the square of the
residuals of the equilibrium equation and natural boundary conditions to the Zienkiewicz
Zhu recovery. In this way equilibrium is enforced. This modification is also reported by
Blacker and Belytschko [25]. The original technique by Zienkiewicz and Zhu [172] is adopted
in the present study and is explained with extension to nonlinear problems in connection
to smeared cracking. The sophistication suggested by Wiberg and Abdulwahab [165] and
Blacker and Belytschko [25] is not included in the current implementation of the method.

4.3.3 Modified superconvergent patch recover"y

Considering an interpolation error estimator of the form given by Eq. (4.31), one obtains
the approximation

(4.34)

where the overbar indicates a recovered solution or a quantity based on the recovered
solution rather than the exact one. In the present study, the recovered solution is obtained
using the SPR [172].

In nonlinear problems, the choice of the response quantity (r) in Eq. (4.31) should reflect
the sources of material and/or geometrical nonlinearities. Once a reliable error estimator
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is established and computed during the nonlinear solution, continuous adaptation of the
finite element mesh may be performed to reduce such errors. This adaptation must be
accompanied by a means to transfer the state variables (e.g. displacements, stresses, strains,
damage, ... etc.) from the old mesh to the new (adapted) one.

A new type of error estimator, based on the SPR technique, is proposed here. The standard
£2 norm estimate established for linear elliptic problems will be specialized for a partic
ular response quantity which is naturally related to the accumulation of damage due to
distributed (smeared) fracture. For physical reasons, the apparent fracture energy (gt),
defined in Section 4.2, is selected as the required response quantity for the discretization
error estimation, i. e.

with co -t t
c,gt = 9 - gh (4.35)

where /I£glle,t is the £2 norm of the local error in the apparent fracture energy at a load
level t for a finite element e, gt and g1 are the respective recovered and approximate finite
element solutions for the apparent fracture energy at the load level t. The choice of gt as
the response parameter implies that the error estimator remains zero until cracking starts.
To assess the quality of the mesh before the onset of damage, the energy norm is used
rather than the £2 norm of the apparent fracture energy. This energy norm is given by

(4.36)

where the load level t is given the value 0 to refer to the initial state, i. e. the state before
cracking. In regions of damaged finite elements due to fracturing, the error estimator of
Eqs. (4.35) governs the adaptive process, while for the rest of the finite element mesh, the
error estimator of Eqs. (4.36) must be considered.

Approximating the response quantity r, which stands for gt, a or €, with a polynomial
expansion, one obtains

f' = 'Pa (4.37)

where 'P contains the appropriate polynomial terms and a is a set of unknown param
eters. For two dimensional problems and bilinear finite elements (4-noded isoparametric
elements), the following approximation is recommended [172]

'P = [1 x y xy] (4.38)

(4.39)

The unknown coefficients a can be obtained through a least square fit of the polynomial
expansion given by Eq. (4.37) to the values of f' obtained from the finite element solution
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at the sampling points (fh ) (see Figure 4-1(a)). The finite element solution (e.g. stresses,
strains or a combination of them such as the fracture energy release density) at these
sampling points is known to be the most accurate (i. e. superconvergent upon enhancing
the interpolation or the discretization). Instead of applying the least square fit to the whole
domain of the problem (global fit), Zienkiewicz and Zhu [172] suggested the use of small
patches of elements to perform local least square fit. This method of least square fitting, in
its global and local forms, was originally proposed by Hinton and Campbell [69] to smooth
the obtained stress field from the displacement finite element solution.

Consider a patch of finite elements containing n sampling points as illustrated by Figure 4
l(a), in which n = 16. For a generic sampling point i in this patch, let (Xil Yi) be the
Cartesian coordinates in the global axes. Therefore, the least square problem reduces to
the minimization of the following functional

Upon substitution of Eq. (4.37) in Eq. (4.40), one obtains

n

:F = L (fh(Xil Yi) - P(Xil Yi)a)2
i=l

To solve this minimization problem, one needs to set o:Floa = 0, i.e.

Therefore,

n n

LPT(Xil Yi)P(Xi, Yi)a = L pT(Xi, Yi)fh(Xil Yi)
~1 i=l

which can be rewritten as

Aa=b

where

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

n

A = LPT(Xi,Yi)P(Xi,Yi)
i=l

n

and b= LPT(Xi,Yi)fh(XilYi)
i=l

(4.45)

Since n is a relatively small number compared to the actual problem size, the set of simul
taneous equations given by (4.44) can be easily solved for the unknown vector a.

71



4.3.4 Identification of patches

The minimization of the functional given by Eq. (4.40) is performed over patches of finite
elements. In a general finite element mesh, there exist several forms of these patches. The
identification of each of these forms is an important step in the error estimation algorithm.
Three basic forms of patches are identified in Figure 4-3 which shows the patch assembly
nodes and the nodes at which the recovered solution is ca1culat'ed.

To identify the different patches in the finite element mesh, the following two steps are
adopted [162]:

• Global identification where the number of occurrences of each node in the finite
elements of the whole mesh is determined.

• Local identification where the number of occurrences of each node in the finite
elements of the current patch is determined.

The previous two-step procedure is sufficient to uniquely identify the patches and the
corresponding nodes at which the recovered solution is calculated using the SPR. In this
process, nodes may be common to several patches. In these cases, an averaging technique of
the recovered solutions from different patches at the same node is considered. Exterior and
corner patches may be found at the boundary of the analyzed domain or at the interface
between two different materials. In the latter case, smoothing should not be adopted as it
is not permissible [174]. Therefore, each side of the material interface is treated separately.
This situation is encountered at the interface between the steel frame and the masonry infill
walls of the example considered later. This situation mandates some caution in generating
the interface elements along such planes of displacement discontinuity. A simple procedure
is adopted herein to force the same number of finite elements on both sides of the interface
by using the larger of element numbers on both sides.

4.3.5 Adaptivity

Once a local error estimator is established, the level of accuracy of the finite element solution
is assessed. An improvement of the solution may be performed using one of the following
available techniques:

1. h-method (e.g. [113]): refines the finite element model by introducing more elements
into the mesh.

2. p-method (e.g. [12]): increases the order of interpolating polynomials while keeping
the element topology unchanged.

3. hlp-method (e.g. [13]): which is a combination of the h-method and the p-method.
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FIGURE 4-3 Different patches for the SPR method.

4. r-method (e.g. [41]): relocates the nodal points in a given mesh while keeping the
number of degrees of freedom fixed.

5. s-method (e.g. [57]): increases the numerical resolution by superimposing meshes
rather than by changing them.

In the present study, only the h-method is considered. Two techniques may be used in
approaching the corrected element size, namely

• Mesh enrichment (or local mesh refinement).

• Mesh regeneration.

The two approaches have been evaluated and compared using quadrilateral elements by Zhu
et al. [168]. In the present study, a simple version of the mesh enrichment is implemented.
An important characteristic of this technique is that the previous mesh is embedded in
the new (adapted) one during the loading process. This feature facilitates the job of
the transfer operator to map the older solution into the newer mesh. The adopted mesh
enrichment technique is based on the methodologies presented by Zienkiewicz and Zhu [169]
and Krishnamoorthy and Umesh [87] which are generalized herein for nonlinear incremental
finite element solution.

Define a global error estimator at load level t as

m

11£11; = L 1I£1I;,t
i=l

(4.46)

where the subscript i represents the contribution of element number i in the finite element
mesh which has m elements. The local error norm 1I£lkt is based on either gt or (j (energy
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norm) depending on the load level t and determined by either Eqs. (4.35) or Eqs.(4.36).
The absolute global error norm determined by Eq. (4.46) has little advantage. On the
contrary, the following relative global error is more advantageous

(
11£11; )1/2

TJt = IIUII; + 11£11; (4.47)

where IIUllt is a reference norm obtained from the finite element solution. For t = 0, i.e.
before cracking, it is chosen as twice the strain energy, accordingly

(4.48)

After cracking, the £2 norm of the apparent fracture energy is used as the reference quantity
to calculate the relative global error norm, i. e.

(4.49)

For a particular finite element e, the local relative error is obtained from Eq. (4.47) as
follows

_ ( 11£1I~,t ) 1/2

TJe,t - IIUII¥ + II£II¥ (4.50)

A common requirement of an adaptive procedure is to keep the relative global error below
an acceptable small value, i. e.

TJt < TJmax

where TJmax is the maximum permissible error at any load level t.

(4.51)

For linear elliptic problems, an optimal mesh is commonly assumed to be the mesh in which
some quantity be constant over certain regions [42]. Mesh optimality criterion based on
the equal distribution of the discretization error was recently investigated by Onate and
Bugeda [125]. Accordingly, for a mesh with m elements, the optimality condition may be
stated as follows

2
TJ2 < TJmax

e,t - m
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It should be noted that only the square of the error norm is additive as demonstrated by
Eq. (4.46). Therefore, the quantity to be equidistributed over the elements is the square of
the relative error as shown in Eq. (4.52).

Defining em as the maximum permissible error at any load level t and for a finite element
e, one obtains a local error parameter ~e,t and conditions of mesh refinement as follows

£' I {> 1 ===} refine mesh
~e t = lli = 1 ===} optimum mesh, e

m < 1 ===} coarsen mesh

Using Eq. (4.50) and the inequality (4.52)

(4.53)

(4.54)

In Eq. (4.53), the condition for coarsening implies that in some regions ofthe mesh, coarser
subdivisions are permitted. This situation is not considered in the present study. For the
condition that necessitates the refinement of the mesh, a certain rate of convergence is
assumed. In general, a rate of convergence of the error is assumed to be O(hP) where h
is a generic element size in the area covered by the finite elements which are of order p.
Considering hi and hf to be the initial and final element sizes, respectively, one may write

(4.55)

The implementation of this cri'terion to calculate the required element size is followed by
subsequent execution of either mesh regeneration or mesh enrichment algorithms. For
simplicity, the subscripts t and e have been dropped from some of the previous equations.
These subscripts should be understood from the context.

4.3.6 Mesh enrichment

In the present study, a simple routine for mesh enrichment is considered. The idea is based
on the definition of the so-called Refinement Level (RL) as shown in Figure 4-4. This idea
is suggested by Krishnamoorthy and Umesh [87]. From Figure 4-4, an expression relating
the final element size hi to the refinement level RL can be written as follows

(4.56)
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FIGURE 4-4 Refinement level used in the adaptivity procedure.

I

IT

Regular mesh of
4-noded finite elements

Mesh with nodal
constraints

FIGURE 4-5 Identification of constraint nodes during mesh enrichment.

From Eqs. (4.55) and (4.56), RL is given by

RL -
1log~i
---
p log 2

- 0

For ~i > 1

For ~i ~ 1

(4.57)

(4.58)

The second condition, i.e. Eq. (4.58), is enforced because coarsening is not considered (cj.
with Eq. (4.53)).

Two important issues related to the considered mesh enrichment technique should be em
phasized. First, when only a few elements in a regular mesh8 are refined adaptively, nodal
constraints must be introduced on the boundary between the refined elements and their
adjacent unrefined elements. Once these boundary nodes are identified (see nodes I and II
in Figure 4-5), the required constraints are easily enforced using the TYINGS9 of the used
finite element program DIANA. Second, if two adjacent elements have large difference be
tween their corresponding refinement levels (> 1), then smooth gradation of the mesh will
not be achieved. To overcome such an undesirable situation, the so-called "One-level-rule"

8Regular meshes are those having no constraint nodes.
9TYINGS are user specified linear dependencies between degrees of freedom of the system of equations.
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FIGURE 4-6 One-level-rule.

is enforced. This rule is suggested by Carey et ai. [30] and states that the difference between
the refinement levels of two adjacent elements should be ::; 1. This rule is illustrated in
Figure 4-6 for the case of 4-noded quadrilateral elements. In Figures 4-6(a), 4-6(b) and 4
6(d), the rule is satisfied while in Figure 4-6(c) a violation of this rule is obvious. Therefore
case (c) in Figure 4-6 mush be changed to obtain case (d) by enforcing the One-level-rule.

4.3.7 Numerical results

The adaptive strategy discussed in the previous sections is applied for the problem of a
steel frame infilled with masonry walls. As mentioned earlier, the present investigation lacks
the inclusion of an appropriate transfer operator to continuously map the state variables
from one mesh to the other. To obtain logical meshes from the adaptive technique of this
nonlinear problem where nonlinearities are not only due to wall cracking but also due to
frame/wall interface conditions, the error estimator for each element is calculated from
Eqs. (4.35) and (4.36). The larger of the two is considered in the refinement process.
This conservative choice is essential to capture both the stress concentration at the contact
between the frame members and the infill wall, and the strain localization due to smeared
cracking in the walls. It may be observed from the numerical results that the error estimator
based on the fracture energy release always controls once cracking occurs.

The finite element model of the infilled steel frame considers smeared cracking of homog
enized masonry and also the frame/wall interface conditions. The model was described
in SECTIONS 2 and 3. Figure 4-7 shows the deformed shape obtained from the finite
element solution and the corresponding adapted meshes before cracking of infill walls. The
results indicate the interaotion between the frame and the infill walls in the form of contact
length and wall/frame separation. The adapted mesh indicates the need for refinements
in regions of stress concentrations at the corners where the wall is contacting the frame
members.

After cracking, the adaptive procedure requires additional regions of mesh refinement due
to material damage introduced by the smeared cracks. The crack patterns and the corre-
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FIGURE 4-7 Results of the adaptive procedure before wall cracking; (a) De
formed shape; (b) Adapted mesh without the One-level-rule; (c) Adapted mesh
enforcing the One-level-rule.
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sponding adapted finite element meshes are shown in Figure 4-8. In Figures 4-7 and 4-8,
the adapted meshes are shown before and after enforcing the One-level-rule. It is useful to

'show the adapted meshes before enforcing the One-level-rule because the physical reasons
(i.e. stress concentration and/or cracking) dictating the need for mesh adaptation are more
obvious in that case.

4.4 Evolutionary Characteristic Length Method For
Smeared Cracking

The smeared cracking formulation with softening involves the introduction of the crack
band width (A). Traditionally, this characteristic length has been determined using ad
hoc rules. A systematic procedure to determine the evolution of A during the nonlinear
finite element analysis is presented in this section. This procedure is based on the idea
of nonlocal continuum which relies on spatial averaging of tensor (e.g. strains, stresses or
inelastic strain) or scalar (e.g. fracture energy density or damage measures) state variables
in a certain neighbourhood of a given point (for more details, see references [53], [21], or
[127]). The required nonlocal forms for the apparent fracture energy density and the crack
strains are obtained by means of a special SPR procedure, which makes the computations
accurate and efficient for practical applications.

4.4.1 Nonlocal apparent fracture energy and systematic
evaluation of A

The nonlocal continuum is an approach in which at least some variables are defined by
spatial averaging [22]. Here, the apparent fracture energy density gt (see Figure 4-2) is first
established on the local level, i. e. in terms of the pointwise strains and crack band widths.
Then, this form is generalized to give a nonlocal expression for gt, which is designated by
gt, in terms of nonlocal quantities which are the spatial averaging (smoothing) of their
equivalent local ones. The smoothing process, required to obtain the spatially averaged
quantities, is similar to the SPR technique explained in the previous section. The new
features of this recovery procedure are outlined in the next section.

After simplification and assuming elastic unloading as shown in Figure 4-2, Eqs. (4.19)
and (4.23) lead to

(4.59)

where nt is the number of load increments up to the load level t, Ai is the constant crack
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band width during the load increment number i, and the operator .6.f is defined as

(4.60)

Equation (4.59) gives the local form of the apparent fracture energy density and may be
rewritten in a simpler form by using the following substitution

( )

kc- _1_ kft
- k + 1 (k + 1)91

(4.61)

where C is a material constant with [(length)-k] dimension. Therefore, Eq. (4.59) becomes

(4.62)

The nonlocal form of the apparent fracture energy density (gt) is defined by an expression
similar to Eq. (4.62), but expressed in terms of the nonlocal crack strain (lcr) and a nonlocal
form of the crack band width (A). This definition is given by

(4.63)

Subtracting Eq. (4.62) from Eq. (4.63), one obtains

(4.64)

where

(4.65)

are measures of the local errors (see Section 4.3.2) for the apparent fracture energy density
and the crack strain, respectively. From Eq. (4.64), an expression for the nonlocal crack
band width after nt load increments, i.e. for the new load level (t + 1), is readily obtained
as

(At+lt =

(e,,, -/g/It _ t~ [Llf (fa) (Ai)'] + t. [Ll~ (fa) (Ai)']) / ~,(fa)
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which is the evolution equation for the crack band width.

Regarding the application of the evolution equation of the crack band width, the following
remarks can be made:

• Continuous adaptation of A is performed at the sampling points level, i. e. A is varied
from one Gauss point to the other even within the same finite element.

• Only cracks in the evolving status, i. e. cracks where crack strains are located on the
descending branch of the stress-crack strain relation, should have their crack band
width adapted.

• Fully developed cracks, i. e. cracks with their crack strain beyond the descending
branch of the stress-crack strain relation, have their crack band width kept constant
and equal to the last value reached before the crack became fully developed.

• For numerical stability of the application of Eq. (4.66), the terms Llf (fer) should be
calculated by first operating on the finite element solution fer with the operator Ll~

(see its definition in Eq. (4.60)) and then smoothing the result using the SPR.

• The physical implication of the continuous adaptation of the crack band width is
that the softening branch of the stress-crack strain curve is continuously adjusted to
satisfy the definition given by Eq. (4.63).

• The application of the evolution equation of A is conducted in a predictor without
corrector scheme. Expressing this evolution equation in terms of the local error
quantities given by Eqs. (4.65) avoids continuous drift from the constitutive model.
In other words, any violation of the constitutive model at a particular load level, i. e.
violation of the equality in Eq. (4.62), will be corrected for in the next load increment.

4.4.2 Convergence property

Equation (4.66) is convergent upon successive mesh refinement, and, in the limit of mesh
refinement, leads to the following relationship

(4.67)

This is shown next.

In the limit of mesh refinement, h ~ 0, where h refers to the element size. Thus,
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From the error definitions in Eq. (4.65), the above expressions imply that in the limit of
mesh refinement

g-t __ gt and £t _ c t
'-cr - '-cr

respectively. Using this information in Eq. (4.66), one obtains

(4.68)

Since, in the limit, the nonlocal quantities approach the local ones, the right hand side of
Eq. (4.68) becomes At. Thus, Eq. (4.67) is readily obtained, which is the announced result.

4.4.3 Simplified forms for the evolution equation

Two simplified forms for the evolution equation of the characteristic length are given here.
These forms are directly derived from Eq. (4.66). Although the alternative equations are
less accurate, they are simpler to implement and computationally less intensive than the
full equation (4.66).

1st. Simplified Form: Assuming Llf (€cr) ~ LlLI (€cr) and setting At = At-I, one obtains
the following simplified form for the evolution of the characteristic length

(4.69)

This equation has been used by Mosalam and Paulino [117]; therefore, results reported
in this reference will not be repeated here. All results reported herein are based on the
complete form given by Eq. (4.66).

2nd. Simplified Form: Note that, in Eq. (4.69), Llf (€cr) = (€~r)k+l , which comes from
the fact that the counter i in Eq. (4.60) starts at the onset of cracking. Taking into account
the fact that (€~r)k+l ~ 0, and substituting this approximation into Eq. (4.69), one obtains

(4.70)

which is a further simplification of Eq. 4.66.
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4.4.4 N onlocal forms and superconvergent patch recoveries

The nonlocal forms for the apparent fracture energy density, the crack strain and the
incremental crack strain, denoted by gt, l~ and ~f (€cr) , respectively, are obtained from
spatial averaging of their local forms. For simplicity of notation, in the following equations,
the subscript cr is dropped. To obtain these nonlocal forms, a special form of the previously
discussed SPR technique is employed.

The fields 9t, ft and ~f (€) can be approximated by the polynomial expansions

gt = 'Pa , ft = 'Pc and ~f (€) = 'Pe (4.71)

where 'P contains the appropriate polynomial terms, and a, c and e are sets of unknown
parameters (see Section 4~3.3). In the present SPR technique, the unknown coefficients a,
c and e can be obtained through weighted least square fitting of the polynomial expansions
(4.71) to the respective values of gt, €t and ~f (€) obtained from the finite element solution
at the sampling points, i.e. g~, 4 and ~f (€h) as in Section 4.3.3. However, a weighting
parameter (Wi) is added to emphasize the relative importance of the sampling points which
are closer to the patch assembly node (see Figure 4-1(a)). Thus,

(4.72)

where Pi is the Euclidean distance between the sampling point i and the patch assembly
node, and p is an integer. In practical applications, p is generally in the range from 0
to 4. The case p = 0 corresponds to the original SPR (with uniform weighting). Thus,
the weighted least square problem reduces to the minimization of the following functionals
(refer to Section 4.3.3 for definitions of terms and relevant discussions)

Z tw; [~f (€(Xi,Yi)) - ~f (€h(Xi,Yi))t
i=l

(4.73)

where the terms in square brackets are analogous to those given by Eqs. (4.65). Substituting
Eqs. (4.71) into Eqs. (4.73), and solving the minimization problems by setting

8F/8a = 0, fJ1l/8c = 0 and 8Z/8e = 0

one obtains the following sets of linear algebraic equations

Aa = b, Ac = d and Ae = f
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where

n

A - L w; pT(Xi, Yi) P(Xi, Yi) (4.76)
i=l
n

b L w; pT(Xi' Yi) gl(xi' Yi) (4.77)
i=l
n

d L w; pT(Xi, Yi) E~ (Xi, Yi) (4.78)
i=l
n

f LW; pT(Xi,Yi) ~7 (Eh(Xi,Yi)) (4.79)
i=l

Note that the system matrix A is the same for all the linear systems of Eqs. (4.75). This
contributes to the computational efficiency in the calculations of the required nonlocal
forms.

4.4.5 Numerical implementation

The method for adapting the crack band width in the smeared cracking model has been
implemented in the DIANA system. The main steps for this specific implementation are
summarized as follows:

1. Determine the mesh and initialize the material parameters.

2. Compute the finite element solution of E; and ~f (Eer ) at the load level t (i. e.
the i th increment).

3. Calculate the finite element solution of gt (Eq. (4.59)) using the history of both,
the crack strain (E~r) and the corresponding crack band width (Ai)'

4. Solve the weighted least square minimization problems in the SPR procedure
to obtain the fields 9t, e:r and ~f (Eer).

5. Update the crack band width at each sampling point using Eq. (4.66) or either
ofits simplified forms (Eqs. (4.69) or (4.70)).

6. Continue the incremental iterative solution scheme until the final load step.

4.4.6 Mesh sensitivity study

The results of the finite element analysis with the classical smeared cracking approach, i. e.
constant A, are reported to be dependent on the mesh size and geometry [149]. A simple
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example (4-point bending of plain concrete beam with a notch at mid-span) is selected
to numerically investigate the effect of mesh size on the finite element results with and
without adaptation of A. The notch forces the cracks to initiate from its tip and propagate
in a narrow band towards the compression zone. Therefore, fracture is localized in the
ligament from its onset. The ligament to depth ratio is taken here as 0.7. Making use
of symmetry, one half of the beam is analyzed with ad hoc boundary conditions. Three
meshes are considered to represent Coarse (C), Medium (M) and Fine (F) discretizations.
The beam and its discretizations are illustrated in Figure 4-9 together with the material
parameters. The dimensions and material parameters are the same as the beams tested by
Hordijk [70].

The numerically determined load-deflection relations are shown in Figure 4-10. The stan
dard smeared cracking indicates higher dependency on the mesh size than the smeared
cracking with adapted A, particularly after peak load. A is adapted only while cracks are
developing. Once a crack becomes fully developed, i. e. the normal stress across the cracks
drops to zero, the value of A is kept constant. Cracking started at ~ = 0.0015 inch and
became fully developed at ~ = 0.009 inch.

The main reason for the notched beam example is to study the distributions of the adapted
crack band width along a predefined path of strain localization (i.e. within the ligament).
The results of such distribution for the three meshes and for different loading levels are
shown in Figure 4-11. For comparison between the different meshes, the adapted value of
A in each mesh is normalized by its initial value Ainit which is determined from

(4.80)

where Ae is the finite element area.
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The following conclusions may be inferred from Figure 4-11:

1. The coarser the mesh, the larger the change of the crack band width. In this
way the use of the adapted crack band width leads to an almost independent
solution with respect to the mesh size.

2. The largest change in A occurs at the crack tip and moves with the propagation
of the crack. Therefore, one may conclude that the effect of increasing damage
is reflected on the adaptation of A.

3. For finer meshes (mesh "M" or mesh "F"), the damaged region in front of the
notch occupies several sampling points. The crack strain, a measure of the
material damage, is larger in some points than the others. This fact leads to
an oscillatory distribution of A about its initial value (AinU) especially close to
the crack tip.

4. Fully developed cracks are those which released all their reserved energy for
fracture. At this stage, any adjustment of the crack band width will have
no influence on the actual finite element solution or the recovered (smoothed)
solution. Therefore, the distribution of the crack band width once the crack
pattern is fully developed tend to be almost uniform.

5. The final distributions of A indicate that estimating it on the basis of Eq. (4.80),
i.e. A = Ainit , is an underestimation for the coarse mesh "0" while it is an
overestimation for the fine mesh "F".

6. In the fine mesh "F", some spurious cracks occurred below the ligament, i. e.
next to the notch. This is the reason for having values of AIAinit < 1 in the
notch region for this mesh.

4.4.7 Numerical applications

Three examples are considered in this section to test the new formulation of the smeared
cracking with the adaptation of the crack band width. The examples are selected to model
the following situations.

1. Problems without crack initiator (i. e. no notch or perturbed material proper
ties) where comparison with discrete cracking is made.

2. Problems with distributed fracture where reinforcement is present.

3. Problems with mixed-mode fracture where cracks zig-zag through the mesh.
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Example 1: 4-point bending plain concrete beam

, This example is similar to the one used in the previous section to study the mesh sensitivity.
In the present case, the beam does not have a notch. The finite element mesh of the beam
and the material parameters are the same as mesh "M" in the previous example and it
is shown in Figure 4-12(a) together with the obtained fully developed smeared cracks.
The finite element model with interface elements introduced in the location of possible
discrete cracking is shown in Figure 4-12(b). The material model for the interface element
simulating discrete cracks is the same as the one used for the smeared cracks (cf. Eq. (4.15)
with Eq. (4.19)) except that in the discrete case, an explicit relation between crack opening
and stress in the normal direction of the crack can be used. Therefore, the need for the
crack band width is eliminated for the discrete modeling.

The results shown in Figure 4-12 indicate that the standard smeared cracking cannot cap
ture the shape of the descending part of the relation (i. e. the tail) which is reported
experimentally [70]. On the contrary, adapting the crack band width in the smeared crack
model captures the descending branch leading to a softer behavior. The stiffer behavior
of the discrete model in comparison to the adapted smeared cracking model may be at
tributed to the existence of other cracks in the constant bending moment region which are
represented in the smeared cracking approaches but not with the discrete model.

Example 2: 4-point bending reinforced concrete beam without shear
reinforcement

The second example is a reinforced concrete beam tested in 4-point bending. This beam
is the one designated 3NDB and tested by Kim [82]. The beam has a shear span to depth
ratio of 3 (span = 57 inch and depth = 7.5 inch). The beam has a rectangular cross section
(5 in x 9 in) and was reinforced using 2-#5 deformed bars. The concrete compressive
strength is 5470 psi and the yield strength of the reinforcement is 62 ksi [82]. Other
material parameters needed for the material model are assumed as follows:

E = 1250 ksi, 1/ = 0.15, it = 320 psi & Gf = 0.292 Ib.in/in2

The Young's modulus E is selected to numerically obtain the same initial slope of the
load-deflection relation as determined by the experimental measurements. The value of E
may seem lower than what one should expect for normal strength concrete. However, it
should be noted that, the actual beam deflection may have been overly large because of
the flexibility of the supports. Since the flexibility of the supports is not identified in the
experimental measurements, such pseudo-modulus is used. The tensile strength is chosen
to give similar cracking load to the one reported experimentally. The assumed fracture
energy is that commonly adopted for reinforced concrete structures [55].
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The beam is· analyzed using the smeared cracking model discussed in the beginning of
this section with and without the adaptation of the crack band width. In the experiment,
the beam was supported and loaded through steel platens which are included in the finite
element model as well. Full bond (i. e. embedded reinforcement) between the reinforcing
bars and the surrounding concrete is assumed. The computations are performed using the
arc-length method. The numerically obtained load-deflection relations are compared with
the experimentally determined curve in Figure 4-13. From these relations, it may be noticed
that the results where A is kept constant shows snap-through close to the ultimate load but
the solution is unbounded beyond this point. On the other hand, adaptation of A leads to a
response with snap-back which caused a situation beyond which, the analysis could not be
continued. This may seem as a numerical disadvantage of adapting A, but one may arrive
at a physical explanation of the encountered numerical difficulty from the observed crack
patterns with and without the adaptation of the crack band width. These patterns at a
load level of about 12.5 kips together with the finite element model are shown in Figure 4
14. One clearly observes the shear crack predicted with the adaptation of A. This type
of cracking is the experimentally determined mode of failure at the same load level (~ 13
kips). Such suddenly occurring (brittle) cracks lead to strong localization. The constraint
equation used to predict the incremental load factor in the arc-length solution scheme is
based on all the displacement degrees-of-freedom. Therefore, such strong localization may
lead to failure of the numerical solution (more details may be found in reference [55]). A
possible remedy to this numerical problem is to use the technique proposed by de Borst
[26] where the number of degrees-of-freedom in the constraint equation is confined to the
region of strain localization.
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From the results of the present example, one may conclude that the proposed adaptation
of the crack band width leads to better prediction of the crack patterns and the ultimate
load capacity than does the approach of constant crack band width. The importance of
the new formulation of the smeared cracking becomes clear for problems with distributed
fracture where the nonlocal continuum and the smoothing process are more natural. It is
speculated that numerical difficulties may arise when A is adapted due to the deficiency of
the numerical solver to cope with strong localization.

Example 3: Crack-Line-Wedge-Loaded Double-Cantilever-Beam
(CLWL-DCB)

One of the Crack-Line-Wedge-Loaded Double-Cantilever-Beam (CLWL-DCB), tested by
Kobayashi et al. [85] and analyzed by Rots [149], and Lotfi and Shing [101], is selected
to check the validity of the proposed adaptive characteristic length method. The choice
of this example is motivated by the similarity between its crack pattern and that of the
infill wall cracks. In the latter, cracks appear horizontally in the middle of the panel which
makes the wall panel similar to the notched plate and for both cases load is applied along
the diagonal of the structure causing initial cracks to rotate towards the loaded corner.

The dimensions, material parameters and boundary conditions are illustrated in Figure 4
15(a). The specimen is assumed to be in a state of plane stress. The shear retention
factor f3 ~ 0.0 is chosen to cause the axes of principal stress to remain practically fixed
after crack formation. The ratio of the diagonal force (F2) to the wedge force (FI ) is kept
approximately constant at 0.6 until F2 = 850 lb. Then, F2 is kept constant and only FI is
altered [85]. The diagonal force is applied under load control and· the wedge loading under
displacement control. The adopted finite element mesh is shown in Figure 4-15(b), and
consists of Q4 with 2 x 2 Gaussian integration. Slave nodes are used along the transition
line from a coarser mesh to a finer one at the upper-right corner of the plate. The reported
results for this example are obtained using Eq. (4.66) and considering p = 4 in Eq. (4.72).
The double-directional fixed smeared cracking model is adopted here, and the obtained
system of nonlinear equations is solved using the regular Newton-Raphson method where
the tangential stiffness matrix is set up before each iteration. The convergence criterion for
the equilibrium iterations is based on checking the norm of the out-of-balance force vector
« 10-3).
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Figure 4-16(a) shows the wedge force (FI ) versus the Crack Mouth Opening Displacement
(CMOD). Note that a better agreement of the descending branch with the experimental
results is achieved when the evolutionary characteristic length method (adaptive A) is used
than when A is kept constant throughout the analysis (standard smeared cracking). It
should be noted that no attempt has been made to match the initial slope of the exper
imental results by adjusting the material parameters. Instead, the parameters used in
reference [149] are used herein. This explains the mismatch between the experimental and
numerical results of the linear part of the wedge load-CMOD relations. It is expected that
the adjustment of the initial stiffness will improve the estimated ultimate load capacity of
the numerical results with the adaptation of A. At highly damaged states, e.g. CMOD
2: 0.008 inch in Figure 4-16(a), several cracks became fully open. Therefore, from this
point on the value of A is kept constant at these sampling points where cracks are fully
open. The corresponding results for the Crack Mouth Sliding Displacement (CMSD) versus
the CMOD are illustrated in Figure 4-16(b), which shows the difference between the two
approaches.

Figure 4-17 shows contour plots for the apparent fracture energy density before (Figure 4:
17(a)) and after (Figure 4-17(b)) smoothing. The region considered for these plots is the
shaded area in Figure 4-15(a). The contour plots are shown at the load level marked in
Figure 4-16. It should be noted that these plots are shown in a distorted scale for clarity
of the distributions and next to them are the same plots with the actual scale. The non
smoothed contour (Figure 4-17(a)) tends to follow the mesh pattern. This reflects one of the
main deficiencies of smeared cracking models, which cannot properly capture mixed-mode
cracking when the fracture zig-zags through the mesh. In this case there is a tendency for
the cracks to propagate parallel to the element boundaries (mesh bias). This problem is
largely circumvented by the smoother contour plot of Figure 4-17(b) .
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4.5 Summary

In this section, two methods are presented to account for the evolution of material damage
produced by smeared cracking. The motivation behind these methods is to be able to
circumvent some of the well-known problems with smeared cracking such as mesh bias
and spurious kinematic modes. Both methods are based on a nonlocal form of the so
called apparent fracture energy density which can be linked to a measure of the material
damage. The first method is based on continuous change of the topology of the finite
element mesh. The numerical results validated the technique where meshes were shown to
be refined in regions of stress concentrations and strain localization. This method requires
the introduction of transfer operators to map the state variables from the present mesh to
the new one. This task is not pursued in the present study. On the other hand, a practical
adaptation of the smeared crack formulation through continuous change of the so-called
crack band width is presented as the second method to account for the damage evolution.
The adaptation is based on the ideas of nonlocal continuum and the superconvergent patch
recovery. Several examples are analyzed and the results indicate the potential of the new
smeared crack formulation to capture strain localization and solve some of the inherent
problems in the classical smeared cracking finite element approach.
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SECTION 5

APPROXIMATE MODELS FOR SEISMIC
FRAGILITY

Estimation of the expected damage in urban areas due to severe earthquakes and its eco
nomic impact is of interest to define appropriate mitigation measures, including a rational
decision-making process for resource allocation. This expected damage can be considered
as a measure of seismic vulnerability. Its determination involves the investigation of the
seismic performance of the numerous types of buildings normally found in a large urban
region when subjected to a large variety of potential earthquakes. Due to the large size of
the problem, investigations of this nature focus only on the generic types of construction.
In addition, simplified structural models with random properties to account for inherent
uncertainties in the structural parameters should be defined. In this way, a manageable
number of simplified models for all representative building types is obtained. Unfortu
nately, even under these conditions, the amount of calculations involved is large and a need
for simplified yet accurate methods of evaluation is evident.

As pointed out in SECTION 1, low-rise and mid-rise frames with infill walls represent a
common type of construction in urban areas. In this section, attention is focused on this
class of frames, particularly those designed mainly for gravity loads. A simplified analytical
procedure for estimating the seismic performance of Lightly Reinforced Concrete (LRC)
frames infilled with masonry walls is presented. This seismic performance is described by
fragility curves. The procedure is based on the application of the Dynamic Plastic Hinge
Method (DPHM) to an ensemble of LRC infilled frames. Several key parameters in the
load-displacement relation of the structure are treated as random variables to account for
the uncertainty in the material.model for the analyzed ensemble. Verification of the DPHM
using the FEM is also presented.

5.1 Seismic Fragility

Fragility is the proneness of an object to be easily broken or destroyed [31]. In mathematical
terms, the global structural fragility or vulnerability is the probability of failure of the
structure conditional on a specific hazard intensity. From the definition of fragility, the
unconditional probability of failure can be obtained by integrating the fragility over the
entire range of hazard intensities. Let I j be a specific value of the hazard intensity with
random details of the jfh excitation. Let R be the load effect due to this random event on
the global response of the structure. Let Ci be the random structural capacity to withstand
this load effect corresponding to the i th limit state. Accordingly, the structural fragility is
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FIGURE 5-1 Definition of probability of failure for fragility analysis.

calculated as:

(5.1)

where PFij denotes the probability of failure with respect to the ith limit state at the ph

hazard intensity level. The definition given by Eq. (5.1) is schematically illustrated by
Figure 5-1 where at a certain intensity level II, the frequency distribution of the global
response of the considered ensemble of structures is shown. In the same figure, two levels
of structural capacity, C1 and C2 , are also indicated with their corresponding probability
of failure (exceedance), PFll and PF21 , respectively.

5.1.1 Seismic hazard

In the present study, fragility analysis was focused on the seismic hazard. In general, a
complete description of the seismic hazard at a specific site should include all the vari
ables related to earthquake occurrence, wave transmission and ground motion input to the
structures. A typical site was selected for this study which is close to the University of
Memphis, Tennessee. This site is in the central part of the Mississippi embayment and
located close to the New Madrid Seismic Zone (NMSZ). Hwang and Huo [72] generated
synthetic ground motions using probability-based scenario earthquakes established from a
probabilistic seismic hazard analysis of the chosen site. Fifty acceleration time histories
were generated for each specified pair of moment magnitude (Mm ) and epicentral distance
(Re). Details of the technique used to generate these records can be found in reference [72].
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In the present fragility analysis, a total of 600 synthetic ground motion records were con
sidered. In these records, three different values of M m [6.5, 7.0 and 7.5] and four different
values of Re ' [40, 60, 80 and 100 km] were considered. The frequency distribution of the
PGA of these records is shown in Figure 5-2. Here, the PGA is considered as the measure of
seismic intensity. Figure 5-3 gives the time histories of a sample of the earthquake records
used in the fragility analysis and their corresponding response spectra for 2% damping ratio
(~) are shown in Figure 5-4. In Figure 5-4(a), the moment magnitude varies keeping the
epicentral distance fixed whereas in Figure 5-4(b) , the epicentral distance varies keeping
the moment magnitude fixed. All response spectra are normalized by their PGA's. From
these spectra, one may expect that short-period structures, e.g. low-rise to mid-rise infilled
frames, will experience low seismic demand. This observation is similar to what has been
concluded in the second report of this series regarding the seismic response of the two-bay,
two-story SReS infilled frame subjected to the Nahanni earthquake record.

5.1.2 Limit states

The expression "limit state" is used to denote any stage of behavior at which an undesirable
response occurs. As discussed by Gergely [60], typical limit states are: cracking, yielding,
drift, rupture, crushing, and buckling. Construction of the fragility curves for LRC frames
with or without infills involves the determination of cumulative distribution functions of
the probability that a given limit state is reached for a given seismic intensity. In this
investigation, two different limit states are considered: the first includes the damage of
the main structural elements, e.g. the frame; the second is restricted to the damage of
the nonstructural elements, e.g. the infill walls. The need for these two limit states is

103



8 W U M ~ U W n u u ~ ~ n ~ ~ y ~

Time [sec]

Mm = 7.0, Re = 60 kIn, Sample # 1

Mm =7.0, Re =100 kIn, Sample # 1

Mm =6.5, Re =40 kIn, Sample # 1

Mm =7.0, Re =40 kIn, Sample # 1

Mm = 7.5, Re = 40 kIn, Sample # 1

Mm=7.0, Re =80 kIn, Sample # 1

0.4.------------------------------,

:§ 0.3
0.2

§ 0.1
] 0.0 ~WlitIlAY.I_kl+i+.A_.MA.J1~""'""'_----------''-----------l

CI) -0.1
I:l -0.2
-< -0.3-0.4 L-- ...J

0.4 .------------------------------,
:§ 0.3
c 0.2
o 0.1
] 0.0 1---o'r'/JJ;:llIlhl+l-ttll/tlJ.-\-1H-HWm.f+AJ4!*."...,,~"'t'"'<'--------'-------I

CI) -0.1
I:l -0.2
-< -0.3-0.4 L-- ...J

0.4..---------------------------.....,

:§ 0.3
0.2

§ 0.1l 0.0 I---o,.,.ljlgVoftftflr.HPt&f+.JII-I++fH'rNltfIcMrAA/W'rtl""'!J.A.{J,.p..------------j
CI) -0.1
I:l -0.2
-< -0.3-0.4 L-- ...J

0.4 ..---------------------------...,
:§ 0.3
c 0.2

j ~:~ f-~.,.",..f\f'nf_\i\,~l+f+l+.HrfJII\ltIInflr.lJ"M~\W'tA.!tJ,A.""""''I''oI''---------~
CI) -0.1
I:l -0.2
-< -0.3-0.4 L-- ...J

0.4 ,---------------------------...,
:§ 0.3

0.2
§ 0.1
] 0.0 f--~WW'bl"dHft/_tfl~

CI) -0.1
I:l -0.2
-< -0.3-0.4 L-- ...J

0.4.------------------------------,

tlI) 0.3
";;;' 0.2
sa 0.1e 0.0 I--..hAAPr+WI-fl+.\,\tlH-t+I!-W-l1mJ-1f1lHlMf\.If4.,.c..H4+\\I,A,M4I'I'1Ai...,.....__--------!
~ -0.1
I:l -0.2
-< -0.3-0.4 L-- ...J

o 2 4 6

FIGURE 5-3 Time histories of a sample of earthquake records used for the
fragility analysis.

104



- Mm =7.5 d)=- Mm =7.0
-- Mm =6.5

:T\ _ 7\
1\ It., v

1;". ,

-
I¥ II ~'\ t Xv \- I~ ~
; I AI M jCvi/ 1/ \ I '\,..?'\ 1 \...

1\ A) I. I¥uu' 1,1 \ 1\ /If ~'-' ~ "
I~"AI}Uitt ~'J<I/\A~Ir1"/ ".

J.~I'I"'V-J "

- Re=40km
A

~)=1/\- Re=60km
-- Re=80km r\
-- Re= 100km / !

I I 1\ _
!I" f\ T\'#

~ it I }!~\" L /\.
/ (\J lI\ I!,; I 1/ \.., l\ 'A'v-~\..

r" 1,1 I'\. I/V IV ~~ ""\\...J
.~

• i i l

Ij-, 'j( I 1:~",IVW~ ~i ~~If I\~~ V

.~
'Hl "'''1 IV ....

~=2%
6.5

6.0

~ 5.5
~ 5.0

-;; 4.5

.9 4.0
~
~ 3.5.....
8 3.0
u
e'd 2.5

~ 2.0
Q) 1.5
0..

CI) 1.0

0.5

0.0

6.5

6.0

<: 5.5

~_ 5.0

-;; 4.5

.9 4.0

~ 3.5

"8 3.0
~ 2.5

~ 2.0
Q) 1.5
0..

CI) 1.0

0.5

0.0
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50 0.55 0.60

Natura! period [sec]

FIGURE 5-4 Response spectra of a sample of earthquake records used for the
fragility analysis; (a) Re = 40 km; (b) Mm = 7.0.

105



dictated by the significant differences in the seismic response between the bare and the
infilled frames.

In addition to the direct seismic shaking, there exist numerous causes of seismic related
structural damage, e.g. pounding, foundation failure and collateral effects. In the current
study, only seismic shaking effects on the superstructure will be considered.

The analytical determination of seismic damage due to earthquake shaking has been the
subject of research for the past few years, and has resulted in the development of a number of
damage indices related to the physical state and safety of buildings and their serviceability.
The recent state-of-the-art article by Williams and Sexsmith [166] reviews the seismic
damage indices for concrete structures. The determination of some of these indices involve
elaborate calculations which deter the aims of a vulnerability study. Ayala and Xianguo
[9] have shown that some of these indices calculated for building structures correlate well
with the Maximum Roof Displacement (MRD) and inter-Story Drifts (SD). The MRD and
SD are structural performance parameters which may be directly obtained from equivalent
pushover methods [61], or from dynamic response calculations.

In the present fragility analysis, limit states are given by the MRD obtained from the
DPHM which is converted into the inter-story drift (SDs ) for story number s as follows.

(5.2)

where Hs is the story height and ¢s and ¢r are the components of the first mode shape at
floor number s and at the roof, respectively. In this way limits on the inter-story drift may
be established based on engineering judgment and experimental observations as suggested
in Table 5-1 [48] [71]. It should be noted that the limit states depend on the structure
type, e.g. infilled versus bare frames, reinforced concrete versus steel frames and low-rise
to mid-rise versus high-rise structures.
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TABLE 5-1 An example of the damage states.

Damage Description of damage Response Inter-story
state level drift [%]
No There is no damage visible in either nonstructural or Elastic < 0.2
damage structural elements.
Insignificant Damage requires no more than nonstructural repair. Cracking 0.2 - 0.5
damage No structural repairs are necessary.
Moderate Repairable structural damage has occurred. The existing Yielding 0.5 - 1.0
damage elements can be repaired essentially in place, without

substantial demolition or replacement of elements.
Heavy Damage is so extensive that repair of elements is either not General > 1.0
damage feasible or requires major demolition or replacement. yielding



5.2 The Dynamic Plastic Hinge Method

The determination of the nonlinear seismic response of building structures is a computation
ally intensive task which requires a considerable engineering effort for the data preparation
as well as for the proper interpretation of the results. A fragility study involves the cal
culation of the nonlinear responses of a structure, with simulated structural parameters,
subjected to a family of earthquakes representing the seismic hazard. The use of conven
tional nonlinear seismic analysis procedures would make this task practically impossible.
Thus, for this type of investigations it is necessary to use simplified methods of analysis
to minimize the effort and the expense involved in the determination of the responses. In
this study the Dynamic Plastic Hinge Method (DPHM), as originally proposed by Worner
[34]1, is adopted. The original DPHM has the limitation of being a good approximation
only for structures which respond essentially in the fundamental mode of vibration which is
the case for low-rise to mid-rise regular buildings. This limitation is not of relevance in this
investigation as the considered building, a two-bay, two-story LRC frame with masonry
infills, is expected to respond in its first mode.

The DPHM reduces a multi-degree of freedom nonlinear structure to an equivalent Single
Degree Of Freedom (SDOF) oscillator with equivalent nonlinear properties determined
by the so-called Modal-Load-Deflection-Line (MLDL). The MLDL relates the change of
the eigen frequency to the corresponding response acceleration. This MLDL is gradually
obtained by modal analysis. The method was originally proposed for steel frames where
nonlinearities under dynamic loading were due to the formation of plastic hinges. That is
where the name of the method came from.

In the current implementation of the DPHM, properties of the equivalent SDOF are ob
tained by an adaptive pushover analysis. In this analysis, the original structure is subjected
to an increasing static load with distribution along the height equivalent to the distribution
the structure would experience in its first mode of vibration for different levels of structural
damage. The obtained pushover curve is normally presented by spectral acceleration (Sa)
versus roof displacement (~r) relation. Accordingly, this pushover analysis requires the use
of a nonlinear static analysis program with the capability of eigen solution evaluation each
time the dynamic properties of the structure change during the loading process. The steps
involved in the construction of these pushover curves are as follows:

1. Define and calibrate a nonlinear structural model for the building to be analysed.
For steel structures an elasto-plastic behavioral model for the elements is accept
able. However, for concrete structures the use of more elaborate behavioral models
is recommended.

2. Perform an eigen analysis for the initial fundamental mode only and obtain the eigen
vector {<PO}.

IThe original reference for the DPHM is in German and is cited in reference [34].
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3. Calculate the initial distribution of the equivalent static loads along the height of the
structure from the following equation:

(5.3)

where superscripts T and 0 refer to transpose and initial state, respectively; Jl, mi
and cP? are, respectively, the initial equivalent static load, the lumped mass and the
component of the initial eigen vector, corresponding to the fundamental mode, at the
i th floor; Sao is the initial response acceleration normalized to 1; [M] is the lumped
mass matrix and {1} is a unit column vector.

4. Apply a monotonically increasing force vector {PO} until a significant change in the
dynamic properties of the structure occurs

5. Record the roof displacement and the corresponding base shear and spectral acceler
ation using the current force at any floor i by the following equation:

n fr{<I>n}T[M]{<I>n}
Sa = micPf{l}T[M]{<I>n}

where superscript n refers to the current state of the structure.

6. Repeat steps 2 and 3 for the damaged structure.

(5.4)

7. Modify the previous distribution of equivalent static forces adjusting their intensity
to those that would give the previously recorded base shear. Subsequently, apply the
new load distribution to the damaged structure monotonically increasing its intensity
until a significant change in the previous dynamic properties of the structure occurs.

8. Repeat steps 6 and 7 until the maximum expected base shear is reached or until the
structure cannot sustain any more lateral load.

9. Construct the pushover curve with the recorded values of the roof displacements and
the corresponding spectral accelerations.

Once the pushover curve has been constructed, a dynamic step by step analysis for the
equivalent SDOF oscillator is performed using as dynamic properties for each step those
corresponding to the pushover curve. The global responses associated to each step in
the analysis of the equivalent SDOF structure can be converted into those of the actual
structure using the current fundamental mode shape and the basic equations of modal
analysis (for details the reader is referred to Section 13.1 in the book by Chopra [32]).
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5.3 Description of The Investigated Structure

A two-bay, two-story LRC frame with masonry infills is selected for the present investi
gation. This frame is similar to the one tested pseudo-dynamically and discussed in the
second report of this series. At Cornell University, two identical frames are currently be
ing tested pseudo-dynamically and on the shake table to assess the damage state and to
correlate their results with computational predictions.

The finite element models of the investigated structure and of the corresponding reinforce
ment details are shown in Figures 5-5 and 5-6, respectively. All the features of reinforcement
detailing typically found in non-seismically designed buildings in North America are cap
tured in this finite element model. These features were identified by several researchers
[133] [49] [27] [50] [24] as follows:

1. Low percentage of longitudinal reinforcement in the columns.

2. Lapped splices of column reinforcement at the maximum moment region.

3. Widely spaced column ties providing little confinement to the concrete core.

4. No transverse reinforcement within the joint region.

5. Discontinuous positive beam reinforcement with small embedment into the column.

The nonlinear analyses of this structure were carried out using the finite element system
DIANA. The material model of the infill walls and the frame/wall interface were similar to
those presented in SECTIONS 3 and 4. Homogeneous properties with smeared cracking
were adopted for masonry infills. The frame/wall interface was treated using interface ele
ments. The material modeling of the reinforced concrete frame also accounted for smeared
cracking and bond-slip phenomena of the reinforcement. Smeared cracking was treated as
discussed in SECTION 4. Regarding the bond-slip, interface elements were introduced
between the reinforcing bars and the surrounding concrete elements where a nonlinear
relation between shear traction and shear slip was considered. All material parameters
were experimentally determined. The detailed structural configuration and the material
parameters of this LRC infilled frame are given in Appendix C.
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FIGURE 5-5 Finite element model of the investigated two-bay, two-story LRC
infilled frame.
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FIGURE 5-6 Reinforcement details of the finite element model of the investi
gated two-bay, two-story LRC infilled frame.
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FIGURE 5-7 Pushover curve for the bare frame.

5.4 Validation of The Dynamic Plastic Hinge
Method

To validate the results of the DPHM, the previously discussedLRC frame without the infills
was analysed under seismic loading using the S69E component of the Taft earthquake of
1952. On the other hand, in order to use the DPHM, the pushover curve for the same frame
was determined using the same finite element model and the resulting curve is plotted in
Figure 5-7. In this figure, the relatively long ascending branch was due to the carrying
capacity of the reinforcing bars after cracking. These bars did not show any yielding or
slippage.

Nonlinear dynamic analysis for a SDOF oscillator was carried out where the constitutive
model of the oscillator was based on the pushover curve shown in Figure 5-7. To account
for the energy dissipated through hysteresis, secant stiffnesses from the pushover curve were
considered. It should be noted that one of the major limitations of the present DPHM is
that strength deterioration and stiffness degradation are not fully accounted for.

It should be noted that one of the major limitations of the present DPHM is that strength
deterioration and stiffnessdegradation are not fully accounted for.

The time histories of the roof displacement, velocity and acceleration obtained from the
nonlinear dynamic analysis using the FEM and the DPHM are shown in Figure 5-8. The
comparisons in this figure indicate an excellent agreement between the finite element re
sults and the results obtained from the simplified model using the DPHM. As long as the
structure is behaving in its fundamental mode, it is expected that such agreement will
always be the case.

113



A

A fI 81' ft f1
J'o../\ 1\ f\ ~ l. /A \' I ,1\

v ~ v v \ V\ U \}l/ \ I \ \ u
v \/ V I W W, V III

- Eq.SDOF , v
- - Detailed FEA

R

~\ , fI fl.'

- "- Ali ~~1\ !AI 1\ I \ \ \ '\ %
v v

v \ d VW\\1 II ,\ I \\ I~'t ~
- Eq.SDOF

\' v '\ I '1/ V \J. v

- - Detailed FEA

~

"Jl \ It tv r,~ f\
- A.. ... "" '\ 1\ \ I h
~ y

VI "" V V\ iiI ~ I
" \1 V l~ 111/

- Eq.SDOF I ~ ~
- - Detailed FEA \ ~

0.3.....,
s::

t.=.a 0.2i 0.1

"'" 0.0
u

..:s -0.1c..a-0.2

-0.3
8

U 6
II) 4
~._ 2
~

>. 0.....·u -2
..5:-4
II)

;:> -6
-8

N~ 200
~ 150
I:: 100.-'d' 50
.8 0
~ -50
~_ -100
II)

8 -150
< -200

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
Time [sec]

FIGURE 5-8 Comparisons between the results of finite element analysis and
the equivalent SDOF based on the DPHM under Taft scaled to 0.175g.

114



TABLE 5-II Random properties of the basic parameters of the analyzed LRC
, frames.

Random Bare frame 1nfilled frame
parameter p, COY [%] p, COY [%]
K1 [kip/in] 11.8 15 56.3 30
K2 [kip/in] 6.1 20 41.5 40
Ks [kip/in] 1.5 15 10.7 30

Ul [in] 0.055 20 0.040 40
U2 [in] 0.150 15 0.129 30

5.5 Random Properties

It is well known fact that the structural parameters involved in response calculations are
inherently uncertain. The randomness of these parameters needs to be considered in the
fragility study. Unfortunately, in this type of study, the consideration of all possible sources
of uncertainty makes the involved dynamic analyses of a structure difficult if not impossible
to carry out. A pragmatic approach for the DPHM is to introduce the uncertainties in
the pushover curve. As this curve is the result of a series of arithmetic operations as
indicated by Eqs. (5.3) and (5.4), it is valid to assume that the parameters defining it are
lognormally distributed [163]. The lognormal distribution can be justified as a reasonable
distribution since the statistical variation of many material parameters and seismic response
variables may reasonably be represented by this distribution. This is true so long as one
is not primarily concerned with the tails of the distribution which is the case for the
present fragility study where the probability of exceeding a specific limit state is of interest.
More elaborate methods could be implemented considering the randomness in the material
properties for which scarce information [112] [52] is available.

Static loading was applied to the finite element model for the infilled frame with assumed
mean value properties following the procedure outlined by the DPHM. Figure 5-9 depicts
the pushover curves for both the LRC frame with and without infills obtained from such
static loading. It was decided to use the curve for masonry stiffness Em = 300 ksi which
agrees well with the results obtained from the parameter estimation in SECTION 3.
The curves for the bare frame and the infilled frame were idealized by tri-linear relations
where the tangent stiffnesses of the three linear segments are K 1 > K 2 > Ks ~ 0 and the
displacements at which the slope changes are 0 < Ul ::; U2' Table 5-II gives the mean values
(p,) of these 5 parameters which are obtained from the pushover curves. Different values for
the Coefficient Of Variation (COV) were assumed for these parameters and these assumed
values are also listed in Table 5-11. The selection of higher COY for the properties of
the infilled frame than those of the bare frame was due to expected higher scatter in the
material parameters for masonry. Also, parameters corresponding to the cracking state are
expected to be more scattered than those corresponding to the ultimate or the elastic states.
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FIGURE 5-9 Pushover curves obtained from the finite element analysis.

Therefore, K2 and Ul were assigned higher COY than the other parameters. The ranges
of variation of the pushover parameters defined by the mean (jJ) ± a standard deviation
(0") for both the bare frame and the infilled frame are illustrated in Figures 5-1O(a) and
5-10(b), respectively.

5.6 Simulation Method

The probability of exceedance of a certain limit state needed to construct the fragility curves
can be calculated in different ways [31]. In the present study, a Monte Carlo method2

is used. The Monte Carlo methods have the advantages of being applicable to almost
any probability distribution and also of being free from complicated analytical algebra.
These methods comprise the branch of experimental mathematics which is concerned with
experiments on random numbers.

In the present Monte Carlo simulations, in addition to Ks and Ull the parameters required
to fully describe a physically acceptable simulated pushover curve are the following:

& (5.5)

Therefore, random samples for the 5 parameters K 12 , K 2S , K s, Ul, and U21 of the pushover
curve were generated using lognormal distribution. These 5 parameters are strictly positive
which makes the choice of the lognormal distribution natural to adopt. From the mean

2For a complete discussion of the Monte Carlo methods, the reader is referred to the book by Kalos and
Whitlock [78].
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TABLE 5-II1 Random properties of additional parameters of the analyzed LRC
frames.

Random Bare frame Infilled frame
parameter p, u p, U

K 12 [kip/in] 5.7 2.15 14.8 23.67
K 23 [kip/in] 4.6 1.24 30.8 16.91

U21 [in] 0.095 0.025 0.089 0.042

values and COY's given in Table 5-II for the basic parameters Kl, K 2 , K s, Ul, and U2 and
using the definitions of the mean and variance of a linear function [4], one can easily obtain
the results given in Table 5-III.

In the preliminary simulations, 4000 samples were generated, then it was realized that a
much smaller number of samples was sufficient. Therefore, the results reported herein are
for 200 simulations for each earthquake record.

5.7 Results

The fragility curves obtained for the bare and the infilled frames are shown in Figures 5
11(a) and 5-11 (b), respectively. These curves were obtained by curve fitting the actual PFij

and the obtained equations are given in the same figures. It should be noted that these
fragility curves do not compromise any particular probability distribution of the results.
The quality of the fitting is assessed by the coefficient r2 which is the sum of the squares of
the differences between the results of the equation and the actual data normalized by the
number of data points.

Fragility curves with steep branches imply that the behavior of the structure is highly
sensitive to changes in the seismic demand. On the other hand, a flat fragility curve implies
a more desirable behavior. From the obtained fragility curves, the previous comments are
clearly shown where flatter curves are obtained for the infilled frame than the bare one.
Also, much lower values of the limit states needed to be specified for the infilled frame
since the obtained roof displacements were much smaller than those of the bare frame.
This implies that adding infill walls to the LRC bare frames should be an appropriate
retrofitting scheme to limit the inter-story drift.
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5.8 Summary

In this section, fragility analyses for the bare and the infilled LRC frames were performed.
A simple computational model was adopted using the DPHM and results from a pushover
analysis where the lateral load distribution is adapted to maintain the distribution which
always corresponds to the first mode. This method was verified using detailed finite element
analysis for the bare frame. The obtained fragility curves indicate that adding infill walls
to low-rise frames reduces the likelihood of damage under the used synthetic earthquake
records.
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SECTION 6

CONCLUDING REMARKS

6.1 Summary and Conclusions

In this part of the study on the seismic behavior evaluation of infilled frames, improved ap
proaches to analytical prediction of frame/wall behavior were developed. The expenditure
required to experimentally investigate all the significant parameters in infilled structures is
prohibitive. Motivated by this fact and without compromising any assumptions which may
violate the fundamental attributes of behavior (see reports 1 and 2 of this series), attention
was given to the development of appropriate computational strategies. By screening or
prioritizing the different approaches in computational mechanics applied to masonry walls,
three levels of details were identified and explored. The first was a micro-model where ma
sonry was treated as a two-phase material consisting of the masonry units and the mortar
joints representing planes of weakness for separation and sliding. The second was a meso
model where masonry was treated as a composite material with homogeneous properties
obtained from homogenization theories, coupled with the smeared cracking approach. The
third was a macro-model where equivalent trusses were used to replace the global effect
of the infills on the bounding frame. All three levels were investigated and whenever ap
plicable, comparisons were established. The major conclusions implied the superiority of
the micro-models in capturing the fine details of the behavior and the capability of the
meso-models to calibrate the macro-models rendering the latter an appropriate tool for
accurate analysis and design purposes.

Numerical problems were encountered during the application of the meso-models to infilled
frames. These problems were attributed to inherent deficiencies of the standard smeared
cracking to cope with strain localization in softening media, particularly using the classical
local continuum. Spurious modes were observed and obvious loss of uniqueness of the
solution was detected. Two approaches were pursued to overcome these problems. In the
first, an adaptive finite element technique was developed. This technique is based on the
recently proposed superconvergent patch recovery method for linear problems, extended
here to nonlinear problems. In these, the nonlinearities are due to smeared cracking and
displacement discontinuities at the material interfaces. The second method, which is based
on the evolution of the crack band width with the loading, utilizes the nonlocal character of
the fracture energy density. Several problems were analyzed using this new formulation of
the smeared cracking and the method proved to be superior over the standard formulation.

This study concludes with an application to improved predictions of structural fragility
of infilled frames, as required in the estimation of the expected losses in urban areas due
to severe earthquakes. Further simplification of the macro-model was performed using
the dynamic plastic hinge method. This method was verified and its limitations identified
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through detailed finite element analysis. Significant differences between the bare frames and
the infilled frames were pointed out based on their fragility curves. The major conclusion
was the feasibility of adding infill walls to the bare frames for the purpose of limiting the
drifts, i. e. as a means of retrofitting.

6.2 Suggestions for Future Research

The present study (Parts I, II, and III), documented in reports 1, 2, and 3 of this se
ries, fulfilled its objectives of establishing and evaluating the required experimental and
computational strategies. Further application of the techniques should be pursued.

From a fundamental perspective, some advances may be accomplished to link the two
techniques explored and developed in the present study, namely, discrete modeling and
smeared crack modeling. The latter requires the use of either adaptive techniques or the
evolutionary characteristic length method.
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Appendix A

Derivation of Equivalent Elastic Properties of
Masonry

A.I Vertical Direction

From Figure 3-2(c), one can write

(Jcom ~com
€com =-- =

Ecom hb+ tmb
(A.l)

where subscript (com) stands for the composite material and ~ is the deformation of the
unit under the applied load. The stresses, strains and modulus of elasticity are denoted by
(J, €, and E, respectively. The first equality in the previous equation comes from Hooke's
law where lateral stresses from Poisson's effect are ignored. Defining an apparent cross
sectional area Acom of the composite, one has

E
_ hb+ tmb Fv

com -
Acom ~com

For equilibrium

(A.2)

where Em is the modulus of elasticity for mortar and ~mb is the shortening of the mortar
bed joint due to the vertical load Fv . Substituting in Eq. (A.2), one obtains

E
com

= (hb+ tmb)(h + tmh)tbEm~mb

Acom tmb~com

Once again, for equilibrium

(A.3)

For compatibility, we have €b = €mh. Therefore, from Hooke's law and considering that Eb
is the modulus of elasticity for blocks, we obtain
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Accordingly,

€mb Emtmhlmh + Ebhtb
-

€mh Em(lb + tmh)tb

Since,

therefore,

~com Emtmhlmhtmb + Eblbtbtmb + Emtb(h + tmh)hb
~mb tmb [Emtmhlmh + Eblbtb]

Substituting in Eq. (A.3), one obtains the expression given by Eq. (3.2) for the equivalent
Young's modulus in the vertical direction.

Acorn can be obtained from Eq. (3.2) by the following substitution

A.2 Horizontal direction

Considering the horizontal direction which is shown in Figure 3-2(d), we can write

Similar assumptions and notations as for the vertical direction are adopted for the horizontal
direction. Accordingly,

For equilibrium,
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Substituting in Eq. (AA),

For compatibility,

Accordingly,

Once again, for equilibrium

(A.5)

From the previous relations and applying Hooke's law, after some simplifications, one ob
tains the expressions given by Eqs. (3.5) and (3.6) for the equivalent Young's modulus in
the horizontal direction and the corresponding apparent cross sectional area.
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Appendix B

Fracture Energy and Damage Mechanics

In this appendix, a relation between the apparent fracture energy density (gt) and a measure
of the material damage (w) introduced by smeared cracking is presented. Assuming elastic
unloading (Eq. (4.22)) and using the stress-crack strain relation given by Eq. (4.19) with
the definition of Eq. (4.61), one may easily show that

(B.1)

For simplicity and without loss of generality, k is assumed to be 1, i.e. linear softening.
Accordingly

(B.2)

The local form of the stress-strain law in the principal direction (1, 2), with direction 1
being normal to the cracking plane, can be written for plain stress idealization as

{

Ell }
E22

')'12

(B.3)

(BA)

where E is Young's modulus, v is Poisson's ratio and Eer is the crack strain. The superscript
t indicating the load level is dropped for simplicity but should be understood from the
context. The parameters wand {3 are measures of the degree of damage in the normal and
tangential directions of the crack. {3 is the well-know shear retention factor and is not of
any concern in the present derivation. On the other hand, w varies according to the level
of damage introduced by smeared cracking from w = 0 (no damage) to w = 1 (complete
damage). Focusing our attention only to the normal direction of the crack, one obtains
from Eqs. (B.3) and (BA)

_ 0'11 (~)
Eer - E 1- w
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FIGURE B-1 Relation between damage parameter and apparent fracture en
ergy density for different value of the crack band width.

It is assumed that the relation S-fer is almost the same as the relation O'll-fer which implies
that f3 ~ 0.0. Accordingly using Eq. (4.19) for k = lone may rewrite Eq. (B.5) as

(B.6)

Solving Eq. (B.6) for fer and then substituting in Eq. (B.2), one obtains a relation between
gt and w. This relation is plotted in Figure B-1 for different values of A. In this figure
the apparent fracture energy density is normalized by its total value gl which is defined by
Eq. (4.21). One may dearly observe that the correlation of the apparent fracture energy
density and the damage parameter increases with the increase of the crack band width.
Another important observation may be inferred from Figure B-1 which is the need to
impose upper and lower bounds on the crack band width to ensure reasonable variation of
the damage with the release of the fracture energy.
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Appendix C

Characteristics of LRC Frame

The structure considered for the fragility analysis is a 1/4-scale, two-bay, two-story LRO
frame with details as shown in Figure 0-1. A typical stress-strain relation for the concrete
used in the model is shown in Figure 0-2. The best linear fit of the variations of the
splitting tensile strength, the modulus of rupture and the modulus of elasticity with the
compressive strength are shown in Figures 0-3, .0-4, and 0-5, respectively.

Since the embedment of the bottom reinforcement of the beam into the column is 1.5 inch,
cylinders of 1.5 inch length with embedded reinforcing bars were tested in a standard bond
slip experiment. A typical variation of the traction along the bar with the unit slip is shown
in Figure 0-6.

The fracture properties of the concrete material were determined from the results of the
three point bending tests, measuring the width of the crack initiating and propagating at
mid-span. The range of the experimental results is shown in Figure 0-7. From this figure,
one may determine the fracture energy release and the shape of the descending branch
required by the smeared cracking model.
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