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ANALYSIS OF THE NONLINEAR RESPONSE OF
STRUCTURES SUPPORTED ON PILE FOUNDATIONS

by

Deepak Badoni® and Nicos Makris?

ABSTRACT

In this research, the problem of nonlinear pile foundation-superstructure
interaction is addressed by adopting a substructure approach and developing appropriate
time-domain methodologies for the analysis of each subsystem, as well as procedures to
analyze the global system response. The need for nonlinear modeling and the importance
of foundation dynamics to overall system response is established first by studying the
response of the Painter Street bridge excited by the Petrolia Earthquake of 1994.
Subsequently, the problem of a yielding superstructure on a linear foundation is studied.
The superstructure is modeled by a two degree-of-freedom system that involves a Bouc-
Wen model to simulate nonlinear behavior. Two different solution methods are developed
to obtain the system response. The first method models the restoring force from the
foundation by means of a convolution of the velocity history of the pile-cap relative
motion and the dynamic relaxation stiffness of the pile foundation, while the second
utilizes a state-space representation. Both methods are validated at the linear limit by
comparing time with frequency domain analyses.

A time-domain procedure is then presented to compute nonlinear axial dynamic
response of pile groups under inertial loading using a nonlinear winkler foundation model
for the soil-pile interface and utilizing linear wave propagation theory to compute pile-to-
pile interaction. The model is calibrated using two sets of field data obtained for single
piles and is subsequently used to provide equivalent linear stiffnesses and damping for
pile-groups. It is found that there is a significant deviation from linear behavior for single
piles and pile-groups at high load amplitudes. The effect of pile yielding on overall system
behavior is studied with the help of a new model which incorporates a bilinear hysteretic
moment curvature relationship for the pile cross-section into a nonlinear soil-pile
interaction model for lateral motion. This one-dimensional finite element model is shown
to be a promising tool in analyzing foundation-structure interaction under earthquake
strong motion, especially for drilled shaft foundations.

! Engineer, Impact Forecasting, L.L.C, 230 W. Monroe St., Chicago, IL. 60606. Formerly, Graduate
Research Assistant, Department of Civil Engineering and Geological Sciences, University of Notre
Dame, Notre Dame, IN 46556.
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CHAPTER 1

INTRODUCTION

Pile foundations are widely used for both inland and offshore structures, especially
under adverse soil conditions. Of particular interest is the case of bridges which are struc-
turally simple, yet highly response-sensitive to soil-structure interaction effects. The struc-
tural simplicity also implies increased sensitivity to design flaws making it critical to have
accurate structural analysis tools. In most cases, the center bents and end abutments of
such elevated structures are supported either on pile groups or on a single pile-column.
The seismic performance of these structural systems has been the subject of considerable
attention in recent years, particularly after the numerous failures of pile-supported bridges
during the 1994 Northridge earthquake in California (Moehle 1994, Housner 1995), and,
more recently, after the Hyogo-Ken Nanbu earthquake in Kobe, Japan, which devastated
the transportation network in the city causing considerable economic losses to add to the
severe human costs. The literature is also rich in the documentation of pile distress and
failure during earthquakes. Mizuno (1987) has reported 28 cases involving seismic pile
failure in Japan, CNEL-ENEL (1976) documents pile rupture under two bridges during
the 1976 Fruili, Italy earthquake and Ross et al. (1969) describe numerous failures of piles
supporting bridges in the 1964 Alaska earthquake. Therefore, there is a considerable need
to improve the state-of-the-practice in the seismic resbonse analysis and design of pile-

supported bridges.



1.1 Background

In the last two decades several researchers have developed numerical and analyti-
cal methods to analyze the response of pile foundations accounting for pile-soil-pile inter-
action. A recent comprehensive review on the subject has been presented by Novak
(1991). This pile-to-pile interaction is frequency-dependent, resulting from waves that are
emitted from the periphery of each pile and propagate to “strike” the neighboring piles. At
the same time, the software for Structural analysis has bf;en considerably developed and
expanded so that complex structures with sophisticated behavior can be rigorously ana-
lyzed. Despite these advances, very little is known about the significance of pile-founda-
tion-superstructure interaction, even for important structures like bridges. For instance,v
the sweeping assumption of the pile foundation behaving as a fixed monolithic support is
still widely used. Among possible reasons for the lack of established procedures in analyz-
ing these structures is that most research results published on the dynamic response of pile
foundations are scattered and presented in a form that is of little use to the structural engi-
neer. Also, some of the most reliable methods to analyze the response of pile foundations
rely on proprietary computer codes which cannot be easily incorporated into existing anal-
ysis methodologies.

Figure 1.1 illustrates the basic problem at hand. Clearly, a holistic analysis of the
entire system involving discretization of the superstructure, piles and surrounding soil is
highly computationally intensive. Hence the popularity of the substructure approach to
solve this problem. According to this approach, which assumes linear soil-foundation-
superstructure response, the system analysis under seismic excitation can be performed in
three consecutive steps: (1) obtain the motion of the foundation in the absence of the
superstructure the so-called “foundation input motion”, which includes translational as

well as rotational components; (2) determine the dynamic impedances (“springs” and
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Figure 1.1:  Schematic of 3-step procedure used to solve the soil-pile-superstructure
interaction problem.



“dashpots™) associated with swaying, rocking and cross-swaying-rocking oscillations of
the foundation; (3) compute the seismic response of the superstructure sﬁpperted on the
“springs” and “dashpots” of step 2 and subjected at ground base to the “foundation input
motion” of step 1.

For the first two steps, several alternative frequency domain formulations have
been developed and published in the literature including finite-element (Blaney et al.
1976, Gazetas 1984, Kagawa and Kraft 1982, Kaynia and Kausel 1982), boundary-ele-
ment (Banerjee and Sen 1987, Fan et al. 1991, Kaynia 1980, Waas and Hartman 1984,
Kaynia and Novak 1992), semi-analytical type methods (Tajimi 1977, Kobori et al. 1991,
Nogami 1983), and a number of simplified solutions (Dobry and Gazetas 1988, Makris
and Gazetas 1992, Makris and Gazetas 1993, Makris and Badoni 1995). With this formu-
lation, step 3 becomes a straightforward dynamics problem.

However, most modern structures, especially bridges, are designed to resist severe
loading conditions for which inelastic action is an inherent component of the system
response. Hence there is an urgent need to develop soil-structure interaction analysis
methods which can account for inelastic behavior. Clearly, the origin of nonlinearity can
be in either the superstructure or the foundation depending upon the system properties.
Furthermore, foundation nonlinear behavior can originate from the phenomenon of non-
linear soil-pile interaction or yielding of the piles themselves. Presently, most models of
pile supported structures used in design practice use single valued linear springs and dash-
pots, and the influence of soil nonlinearity is incorporated by choosing effective values for
modulus of elasticity and frequency independent damping. Investigations of soil-structure
interaction effects in the presence of a yielding superstructure are scarce, if they exist at
all. Tt has been contended that yielding is ess;entially an energy dissipation process, and

therefore tends to decrease soil-structure interaction effects, which might be a valid argu-
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ment for classical structures. However, with the introduction of isolation and hysteretic
energy dissipation devices in bridge superstructures, as well as the increased popularity of
retrofit technology, which is inherently dependent on accurate modeling of damaged
structural response, it is imperative to incorporate nonlinear models in the analysis of
overall system behavior.

The objective of this research is to develop simple yet accurate methodologies to
address the issue of nonlinear response analysis of pile-supported structures. To this end,
the nonlinear behavior in different components of the system are analyzed separately, and
the substructure approach is modified for a nonlinear time-domain analysis. This is also

the basis for the organization of the chapters, as is presented in the next section.

1.2 Organization

Chapter 2 provides a background to the overall problem of soil-pile-superstructure
interaction as applied to a linear analysis. It serves to illustrate the implementation of the
substructure approach to a real problem and establishes the importance of modeling foun-
dation dynamics to overall system response.

Chapter 3 tackles the problem of é nonlinearly behaving superstructure resting on
a lincar foundation and establishes the convolution integral method as a credible approach
to solving the problem while also considering an alternative approach based on a state-
space formulation. In both cases, the Bouc-Wen model is utilized to model nonlinear
behavior. The versatility of this model in capturing the behavior of a variety of real sys-
tems is qualitatively demonstrated.

Chapter 4 describes a novel approach to the time-domain analysis of nonlinear
pile-soil-pile interaction using a nonlinear Winkler foundation model for the soil-pile

interface in conjunction with a time-domain formulation for the wave attenuation function



that governs pile-to-pile interaction. The model is used to predict dynamic field test data
for a single pile, and subsequently to calculate equivalent linear dynamic stiffnesses of
pile groups.

In Chapter 5, a nonlinear model for reinforced concrete piles is presented to be
used in conjunction with nonlinear soil models so as to account for pile yielding in the
analysis of nonlinear soil-pile-structure interaction for lateral quasistatic loading. It is
applied to an example of a viaduct resting on a single pile-column, and the influence of
pile yielding to the overall system response is studied.

Chapter 6 presents a summary of the proposed nonlinear analysis techniques and a
discussion of the important results obtained. Several areas requiring further investigation

are identified.



CHAPTER 2

A CASE STUDY OF LINEAR PILE
FOUNDATION-SUPERSTRUCTURE
INTERACTION

This chapter describes a simple integrated procedure to analyze the problem of linear
soil-pile-foundation-superstructure interaction in the seismic response assessment of a bridge.
The method employs existing theories for the computation of dynamic impedances and kine-
matic-seismic-response factors for pile foundations. It serves to establish the significance of
considering the frequency dependence of pile-foundation impedances in estimating the
response of the superstructure and identifies possible locations of nonlinear behavior. It fol-
lows closely the paper by Makris, Badoni, Delis and Gazetas (1994), and is primarily meant to
illustrate the different substructure analyses and overall system response of a real structure

under realistic loading conditions.

2.1 Model description

The Painter Street bridge, located near Rio Dell in northern California, is a continuous,
two-span, cast-in-place, prestressed post-tensioned concrete, box-girdered, bridge. It is a typi-
cal concrete bridge constructed in 1973, and spans a four-lane highway. The structure has one
span of 146 ft. (44.5 m) and one of 119 ft. (36.3 m). It is 52 ft. (15.8 m) wide. The two end

abutments and the two-column “bent” are skewed at 39 degrees. The columns are approxi-
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mately 20 ft. (6.0 m) high. The “bent” is supported by two pile groups, each consisting of
twenty (4x5) driven concrete friction-piles. An elevation and plan view of the Painter
Street bridge showing the location of the accelerometers is presented in figure 2.1. The
cross-section of the bridge and a plan-view of the pile-group are presented in figure 2.2.

The Painter Street bridge was instrumented in 1977 by the California Division of
Mines and Geology. Several earthquakes from 1980 to 1987, ranging in magnitude from
44M; to 6.9M/ , have produced significant accelerograms, the peak values of which are
summarized by Maroney et al. (1990), who utilized these records in conjunction with a
number of finite-element and lumped parameter (“stick”) models of the entire bridge.
However, none of these models accounted for soil-foundation-superstructure interaction.
At each abutment, soil-wall interaction was modeled through a single real-valued trans-
verse spring, the stiffness of which was backfigured from the interpreted fundamental nat-
ural pertod, T = (.30 seconds, in lateral vibration,

On April 25, 1992, the bridge was severely shaken by the Petrolia Earthquake
(Magnitude M, =7.1, distance to fault R =18 km). Motions were recorded in all accelero-
graphs, including one at the free field (Channels 12, 13, 14), one atop the footing of a pier
(Channels 1, 2, 3), and one at the underside of the bridge girder directly above the pier
(Channel 7). The locations of all accelerometers is depicted in figure 2.1, together with the
peak recorded acceleration (PRA) for each channel. Of particular interest in this analysis
are the records of channel 3 (PRA=0.48 g) and 7 (PRA=0.92 g). Despite the very high lev-
els of accelerations, the bridge suffered only minor damage. The N-S (Channel 14), E-W
(Channel 12) and vertical (Channel 13) free-field records of the Petrolia Earthquake are
shown in Figure 2.3.

An interesting study of the response of the Painter Street bridge to the Petrolia

earthquake was presented by Sweet (1993), who developed a finite-element model
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Figure 2.3: Recorded free-field acceleration time histories for the Petrolia
earthquake, April 25, 1992.

encompassing the whole bridge and a large volume of surrounding and supporting soil.
Inelastic soil behavior was modeled using an incremental plasticity model developed by
the author. However, all this sophisticatioh was inconsistent with the modeling of the pile
group behavior, which was based on the sweeping assumption that no pile-soil-pile inter-
action occurs at the 3-foot spacing, and accordingly, the 20-pile group behavior was
assumed to be merely 20 times that of a single pile. In fact, pile-to-pile interaction is

cxpccted to play a very substantial role in pile group response, given the very close rela-
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tive spacing of the piles (S§/d = 2.60).

The philosophy behind the model used herein is opposite to that of Sweet (1993) in
that the simplest possible model bf the pier-deck system is studied. The pile-group foun-
dation is represented with a set of “springs” and “dashpots”. However, the frequency-
dependent values of these “springs” and “dashpots” are computed in a rational, physically
motivated manner, accounting fully for pile-to-pile interaction.

The bridge is idealized as depicted in figure 2.4, with a plane 6-dof lumped-
parameter mode in which m, m Iz I and [ 5 are the masses and moments of inertia of the
superstructure and the foundation. In the case of a multi-span bridge, m_ and I are the
mass and moment of inertia of the deck corresponding to one span plus some contribution
from the bridge-pier. K%, K$, K3 and K§, are the horizontal, vertical, rotational and
cross horizontal-rotational stiffnesses of the superstructure. For the section of the super-
structure considered, these are combinations of the stiffnesses of the bridge-pier and the
bridge-deck. This is a reasonable approximation in the case where the abutments of the
bridge and the foundation of the bridge-pier experience the same input motion, a condition
that holds true for relatively short bridges. For long bridges, the abutment-motion might
be incoherent, and a more sophisticated model would be more appropriate. However, for
bridges with very long spans, the contribution from the deck stiffness might be negligible
and the model would then become valid, since the entire horizontal stiffness of the super-
structure is essentially due to the bridge-pier only. C% and C¥ are the damping constants
of the superstructure, and are assumed to be linear-viscous. KV, KLF1, kL1 and &[5
are the horizontal, vertical, rocking and cross horizontal-rocking stiffnesses of the pile-
foundation and are complex valued quantities. It is to be noted that the presented proce-
dure is not restricted to the simple structural model described above. Additional degrees of

freedom for the structure could be incorporated to account for the motion of end-abut-
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ments and the torsional vibration of the bridge about the vertical axis.

2.2 Proposed analysis method
Assuming linear soil-foundation-superstructure response, the system analysis
under seismic excitation can be performed in three consecutive steps, as mentioned in

Chapter 1. These are discussed in the subsections that follow.

2.2.1 Foundation Input Motion: Step 1

The input motion to the system is induced at the foundation. In general, the support
motion induced to the foundation is different than the “free-field” seismic motion. This
difference is due to the “scattered wave field” which is generated between soil- and pile-
displacement. Nevertheless, for motions that are not rich in high frequencies, the “scat-
tered field” is weak, and the support motion can be approximately considered equal with

that of the “free-field” (Fan ef al. 1991).

In the case of the Painter Street bridge, the soil deposit has an average shear velocity
V, =200 m/s (Heuze and Swift 1991) and the pile diameter d=0.36 m. Accordingly, even
for the high frequency content of the input motion (f = 10 Hz), the dimensionless fre-
quency a, = 2nfd/V_ is only of the order of 0.1, and, therefore, the kinematic-seismic-
response factors (head-group displacement over free-field displacement) in all vibration
modes are very close to one (Gazetas ef al. 1992). Based on the above supporting evi-
dence, the excitation input motion on the pile-foundation of the bridge was assumed equal

to that of the free-field motion.

2.2.2 Dynamic Impedances of Pile-Foundations: Step 2
The dynamic stiffness of a pile group, in any vibration mode, can be computed
using the dynamic stiffness of the single pile in conjuction with dynamic interaction fac-

tors. This method, originally introduced for static loads by Poulos (1968), and later vali-
14



dated for dynamic loads by Kaynia and Kausel (1982), Sanchez-Salinero (1983), and
Roesset (1984), can be used with confidence, at least for groups not having a large number
of piles (such as less than 50). Dynamic interaction factors for various modes of loading
are available in the form of ready-to-use non-dimensional graphs (Gazetas et al. 1991), or
as closed-form expressions derived from a beam on a Winkler foundation model in con-
juction with simplified wave propagation theory (Makris and Gazetas 1992). As an exam-
ple, the horizontal and vertical dynamic interaction factor for two fixed-head piles in a

homogeneous stratum takes the form:

ky(®) + iy (o)

=3
(5, 0) = JW(S, O @1
d
d /2 ) m(S—i
az(S) = (ES') exp —(Bs+z)—-‘7—-—— (2.2)

where ky, ¢y are distributed “spring” and *“dashpot” coefficients, and (7, 0) is an
approximate attenuation function proposed in the above mentioned reference. Further-
more, i = J—_l ; § = the axis-to-axis distance between two piles, 0 is the angle between
the direction of loading and the line connecting the axis of the two piles, B, = hysteretic
damping in the soil and V_ = shear wave velocity of the soil.

Knowledge of the dynamic stiffnesses of the single pile and the dynamic interac-
tion factors between any two piles allows the computation of the dynamic stiffnesses of a
group of piles using the concept of superposition. Let y; be the horizontal displacement of
pile i belonging to a group of N piles. Superposition of displacements leads to:

N

i = X Oy, )Y (2.3)
i=1
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where Oy ) is given from (2.1). Of course if j = i, then Oy iy = 1.y iz the displace-

ment of a single (solitary) pile is obtained as

F;
i = 2.4)

where F; is the force that this pile carries, and %{!! is the horizontal dynamic stiffness of
the single “fixed-head” pile. Note that &}}] is a function of ®, but this is not explicitly
depicted here for brevity. Since all piles are connected with a rigid cap, the displacement
of the group, yl€1 is equal to y; for all i. Substitution of (2.4) into {2.3) gives
N i
yIClx ) = -Zlaxﬁ’ Wi (2.5)
j=

Repeating equation (2.5) for all N piles of the pile group, one obtains the matrix equation

_ e - N
Cxany %xiz) -~ %xam||F1 1
Ox21y Ox(22) -~ %xemy| | F2 1

= ylClg ] (2.6)
Oy vy Cxevy - Oxovny| [Fi] 1]

Equation (2.6) can be solved for the force vector:

N
i=1

where ey i) is an element of the inverse of the matrix [0, j)]. Since
N
PIGl = x[61yI6) = ¥ F,, the dynamic stiffness of the pile-group for the horizontal

i=1
mode is simply

N N ‘
Kl = kT 3 ey (2.8)
i=lj=1

The vertical dynamic stiffness of the group is also given by an equivalent analysis, where
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index X is replaced by Z. Accordingly,
N N
KPP =xY ¥ €20, j) 2.9)
i=1j=1 ‘
where [ez(l-’ j)] is the inverse of matrix [0‘2(1‘, j)] obtained from (2.2).
The rocking group-dynamic stiffness can be derived by an analysis similar to the
one presented above (Dobry and Gazetas 1988, Makris ef al. 1993).
N N
KV = kY 5 Y xey; J) (2.10)
i=1 j=1
where x; is the distance of pile i from the axis about which the rotation occurs.
For the cross-horizontal-rocking interaction factors, it has been found (Gazetas et
al. 1991) that the following approximation proposed by Randolph (1977) for statically

loaded piles is also valid for dynamic loads:

Oxri;, ) = %Ki, ) @.11)
Accordingly, the cross-horizontal-rocking group stiffness is:
N N
K = KW X T exr (2.12)

i=lj=1

where €xp(; 5 is the element of the inverse of matrix Oy, j) &iven by (2.11).

2.2.3 Equation of Motion and Solution: Step 3
The degrees of freedom of the structural model depicted in Figure 2.4 are:
<ug, v, hO, u Ve ho fae Within the linear range and for small rotations, the

equations of motion of the system subjected to a ground acceleration are:

Horizontal equilibrium of the superstructure:
m(i, + e+ héf +i )+ Ciu + Kyu, + Kgp(8,-0,) = 0 (2.13)
Vertical equilibrium of the superstructure:
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m(Vy+V,+9,) + v+ Kgv, = 0 (2.14)
Rotational equilibrium of the superstructure:
1.8, = —-K§(8,-0,) - Kpu, (2.15)
Horizontal equilibrium of the entire system:
m (i, + i+ hOg+ i) +m (i, + i) = —PY (2.16)
Vertical equilibrium of the entire system:
m(V,+V+ V) +m(V, + V) = =PI (2.17)
Rotational equilibrium of the entire system:

187 -K5j(8,-87) - Kigus+m(ii, +iip+hOs+ii)h = —Mf] (2.18)
where PIF), PIF] and M[F] are the horizontal, vertical, and rocking reactions of the pile
foundation.

The linearity of the governing differential equations allows for solution in the fre-

quency domain. Applying the Fourier transform to the system of equations (2.13) to
(2.18), the equations of motion can be written in a matrix form

[S(@)H{U(w)} = {F(w@)} (2.19)
‘in which {U(w)} 1is the Fourier transform of the response vector
{u, v, h6, u PV ho f}T , {F(w)} is the Fourier transform of the excitation vec-
tor {~tip, ~¥g 0, ~(1+Wii, ~(1+W)¥, —ii,} ,with i = m/m_,and [S] is the
frequency dependent dynamic stiffness matrix of the soil-pile-foundation superstructure

system. The Fourier transform of the reactions from the pile-foundation are given by
FPEFUN}Y = N 0)u (o) + Kf(0)8 (o) (2.20)

FIPFI(0)} = KF N o) (0) (2.21)
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FAMEUD} = K[ (@)up(0) + KN @)0(w) (2.22)
where K, KIF}, KJF) and xJ5) = K] are the horizontal, vertical, rocking and
cross-horizontal-rocking impedances of the pile-foundation.

The parameters appearing in the dynamic stiffness matrix [S] are:
172

K112 K512 kg )2 N
Qy, = (;) , Qg = (-m_) , o Qps= mh2l Qyps = (ﬂ) (2.23)
5

5 5

Cx ¢z

= = 2.24
ng zmsQXs’ aZs 2msQ'Zs ( )

mS m.!‘ m

KIFINU2 KIFI\U/2 K[! 172 KENL/2
Qyp = (“'*) Qg = ("“) o pe=|—s | Qupe= (;s_h) (2.25)
5

IS 1/2 If 1/2
Ps = (_) ’ pf = ('"_) (226)

The system response in the time domain is obtained by the inverse Fourier transform of

the response vector { U(®)} (Clough and Penzien 1993).
(U0} = 5 [(H@HF@)evdo @27)

where [H(w)] is the inverse of the matrix [S(®)]. Relative velocities and acceleration
responses are obtained from equation (2.27) after having premultiplied the matrix
[H(®)] by i®w and —m?, respectively. Numerical solutions are then derived by the Dis-

crete Fourier Transform (DFT) method.
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2.3 Model Parameters
2.3.1 Superstructure parameters

Even for a simplified model like the one presented herein, several uncertainties are
involved in determining the parameters that govern structural stiffness, structural damp-
ing, mass distribution, foundation stiffness and pier-foundation-soil interaction. The
model presented herein is a simplification of the “stick” model discussed by Maroney et
al. (1990) in that the longitudinal and torsional modes are not considered. For the stick
model, the first transverse period of the superstructure was determined by iteration, and
reported to be 0.28 s during the 1982-87 seismic events which had produced less intense
shaking of the bridge than the Petrolia earthquake. Accordingly, following our notation,
Qg = 21/0.28 s = 22.4 rad/s. The calibrated (back-calculated) horizontal stiffness of
the superstructure is reported to be K§ = 39,000 kips/ft. = 5.69x10° kN/m
(Maroney et al. 1990). As given by equation (2.25), the mass of the superstructure is
m, = 1130 Mg. The value of m_, when estimated by taking the weight of half the deck
plus the weight of the top half of the piers, was of the order of 1000 Mg, which is in agree-
ment with the previously mentioned value. Furthermore, using stress-strain laboratory
tests on core samples from existing bridges, Maroney et al. (1990) reported the Young’s
modulus of the concrete tobe E, = 3800 ksi = 2.6x107 kN/m?. This value is approx-
imately 80% less than the value of E_ resulting from empirical expressions. Under the
stronger shaking of the Petrolia earthquake, more cracking is expected to have occurred,
and thus the value of E_ should be further reduced in an equivalent linear dynamic analy-
sis. In this study, the value of E, reported by Maroney et al. (1990) is reduced by 15%.
With this reduction, E_~ 22 GPa, which is a generally accepted value for moderately
‘cracked concrete. Based on this assumption, the vertical stiffness of the bridge-pier, X%,

can be approximated by
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EA: (22x10'kN/m2)(1.19m2) _
h (6m) -

c

Kg = 4.4X10°%kN/m (2.28)

where A_ and A, are the bottom cross-section area and net-height of the pier.
The vertical stiffness of the superstructure is approximately
K3 = 2K5 =8.8X10% kN/m (2.29)
and from equation (2.23), Q, = 96 rad/s. If [ is the projection to the N-S axis of the
center-to-center distance between the two piers (I = 9.5 m), the rotational stiffness of the

superstructure can be approximated by

_ K412 (4.4X105KN/m)(90m)?
T2 2

K3 =~ 2.0X108kNm/rad (2.30)

and from equation (2.23), Qp = 60 rad/s. The moment of inertia of the deck is estimated
to be I~ 20,000 Mg-m2 and from equation (2.26), the radius of gyration of the super-
structure is p,= 4.2 m. It should be mentioned that sensitivity studies showed that the
deck response was not altered by varying the modulus of concrete in the range
20GPa< E, < 26GPa. Rather, it is much more sensitive to the values of the foundation

stiffnesses.

2.3.2 Soil Profile and Foundation Parameters

Prior to construction, a geotechnical exploration at the location of the piers had
been conducted. With Standard Penetration Test (SPT) measurements from the ground
surface down to a depth of about 10 m, moderately stiff/dense soil layers were identified,
consisting of clayey sand, silty sand, sandy silt, and gravelly sand. STP blowcounts varied
from 8 near the surface to 34 at 10m depth. The underlying stratum was a very dense grav-
elly and silty sand, with blowcounts exceeding 100 blows/ft.

A geophysical exploration was also conducted by Heuze & Swift (1991). Six so-
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called “seismic refraction surveys” have been reported, along four lines parallel to the
highway. Evidently, the differences in the S-wave velocities and shear moduli among the
soil-profiles below the location of the lines are rather substantial, given that they are
located 20 to 30 meters apart from each other. For instance, the resulting low-strain shear
modulus from the data along line 2 (G, = 100MPa) has twice the value of that resulting
from the data along line 1. It is quite possible that some of these differences merely reflect
inadequacies (general and specific) of the “seismic” refraction technique. Herein, the
dynamic analysis of the pile-foundation-bridge system was based on the values extracted
from the data along line 2, which is adjacent to the pier (V=250 m/s, p, = 1.6 Mg/m3,
v, = 0.48).

Closed form expressions for the static stiffnesses of a single pile have been derived
by fitting finite-element results of the static problem (Gazetas 1984). The accuracy of
these expressions has been verified by comparing their results with the solution of Blaney
et al. (1976) for lateral and vertical pile-motion in homogeneous soil, and the solution of
Randolph (1981) for lateral pile-motion in nonhomogeneous soil with modulus propor-
tional to depth. Using the expressions derived by Gazetas, alongwith the soil data along
line 2 (G, = 100 MPa, v, = 0.48), pile diameter, d = 0.36 m, pile length, L = 7.62
m, and Young’s modulus of pile E p = 22,000 MPa, the static stiffnesses of the single

“fixed-head” pile are approximated by:

E \0.21
K~ Esd(_-E—”) ~ 260 MN/m (2.31)
5

L 2/3
KL~ 1.9Gsd(3) ~520 MN/m (2.32)

E \0.75
KRl = O.ISEsdf*(EE) ~ 50 MNm/rad (2.33)

5
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E 0.5 ‘
K= —0.2zEsd2(E‘?) =75 MN/rad (2.34)
s

The horizontal, K{!1, and vertical, KL, static stiffnesses of the single pile were
also computed with a nonlinear analysis procedure developed by Trochanis et al. (1991),
The method is based on a one-dimensional analysis that utilizes a realistic hysteretic
model, which has been calibrated using a three-dimensional finite-element analysis of the
soil-pile system. This procedure was originally developed to produce load controlled
force-displacement curves, and had to be adapted to a displacement controlled formula-
tion. Figure 2.5 shows the resulting head-force versus head-displacement curves. The
resulting horizontal static stiffness of the pile is the slope of the force-displacement curve,
which at small deflections has a value of approximately 200 MN/m. This value is indeed
close to the value given by (2.31). Also, the initial vertical stiffness shown is approxi-
mately 450 MN/m, a value which is also very close to the result of {2.32).

All the aforementioned pile-stiffness values were computed using the small-strain
value Gy(y,<107%) = G_,, = 100 MPa. However, under the Petrolia scismic excita-
tion the level of soil-strain is estimated to have been as large as y, ~ 10~?, and occasion-
ally reaching the neighborhood of y, = 10-2. At this strain level, the soil-shear modulus
is substantially reduced, and can be as low as five times less than the small-strain value
G .x (Tatsuoka et al. 1979). Accordingly, the average realistic values for the horizontal,
vertical and cross-horizontal-rocking static stiffnesses of the single pile were selected to
be: KW! = 65 MN/m, K}!} = 200 MN/m, K|}J = —20 MN/rad, and the rocking stiff-
ness of the individual piles is neglected, since it is negligible compared to the large rota-
tional stiffness of the foundation system resulting from the axial vibration of piles. These
stiffnesses are approximately two to four times smaller than the values obtained with the

small-strain value of the soil shear modulus (equations (2.31) to (2.34)). The reason why
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the horizontal and cross-horizontal rocking stiffnesses are reduced more than the vertical
stiffness is because the soil strains near the soil surface which primarily influence the hor-
izontal pile motion, are larger that the strains at larger depths on which the vertical stiff-
ness depends.

Using the procedure described earlier (step 2), the group stiffnesses are computed
with equations (2.8), (2.9), (2.10), and (2.12). For instance, the horizontal and vertical

dynamic stiffness-coefficients for the 4x5 pile group are plotted in Figure 2.6 as a function
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Figure 2.5: Computed head force-displacement curves for single pile (d = 0.36m,
L =7.62m, G,=100 MPa, S, = 400 kPa, v_= 0.48).
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Figure 2.6:  Storage (real part) and loss (imaginary part) stiffness factors for 4x5
pile-group with rigid pile cap for horizontal (top) and vertical
(bottom) motions in a homogeneous half space (E » Eg = 75, p p/ Ps
= 1.5, B, =0.05, v, =0.48).

of the dimensionless frequency ay, = wd/ V. It is interesting to note that the normalized
value of the real part at the zero frequency limit reaches the value of 0.19 for the horizon-
tal and 0.16 for the vertical mode. These values are close to 1/5, which is the value that
one obtains using the “flexibility” ratios provided in classical foundations textbooks (e.g.
Fleming et al. 1984). The resulting static stiffnesses for the 4x5 group are: K{#*31 = 250
MN/m, K51 = 600 MN/m, K (351 =300 MN/rad.

In order to compute the foundation-stiffnesses of the Painter Street bridge, it is

assumed that the motion of a pile belonging to one pile-group does not affect the motion
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of a pile belonging to the other. The minimum distance between two piles belonging to
different pile-groups is § = 8 m = 26 ft., resulting in an §/d > 22. Although for such a
high value of S/d no interaction is expected between two piles, the motion of the entire
pile-group, which has an equivalent diameter d, ~ 4.6 m, might influence the motion of
the neighbor pile-group since 1/d, = 2.5. Nevertheless, for lack of other evidence, it is
assumed that no such interaction occurs. To this end, the horizontal, vertical, rocking, and

cross-horizontal-rocking stiffnesses of the foundation of the Painter Street bridge are esti-

mated to be
KF1=2K[#5] = 500 MN/m (2.35)
KIF1= 2K 4551 = 1200 MN/m (2.36)
KIpss1p2
K1~ =~ 27000 MNm/rad (2.37)
KB =2K 4551 = 600 MN/rad (2.38)

For the values above and an approximate value of # = 7 m, equation (2.25) gives
QXf =21 rad/fs, sz =~ 32.5 rad/s, QRf = 22 rad/s and QXRf =9 rad/s. The mass of the
foundation was estimated to be m £ =225 Mg, and the moment of inertia 1 7=8000 Mg-

“m”. From equation (2.26), p, = 5.96 mand p = m,/m = 0.2.

2.4 Response prediction

The response of the bridge-foundation system is computed using equation (2.27)
and compared against the recorded motion. Three different predictions are shown. Predic-
tion (A) is the result when the entire frequency dependence of the foundation impedance is
considered. Prediction (B) is the result when the stiffness and damping of the foundation
are computed at the predominant frequency of the input motion (f p = 2.32 Hz,

®, = 14.57 rad/s) obtained from the Fourier spectrum of channel 14. At this frequency,
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the horizontal and vertical dynamic stiffness coefficients are ky(14.57) + iky,(14.57) =
0.970 +i0.331 and k,(14.57) + ik;,(14.57) = 0.903 + {0.545, respectively. Prediction
(C) is the result when the foundation is considered as a fixed, monolithic support.

Figure 2.7 presents the horizontal (N-S) motion of the pile-cap of the bridge foun-
dation. The results of prediction (A) are indeed in very good agreemeﬁt with the records.
Notice that the peak values of both acceleration and displacement are very accurately pre-
dicted. The result for the displacement history from prediction (B) are also in very good
agreement with the records, although the acceleration history is somewhat underesti-
mated. Similar predictions are offered from prediction (C) where the acceleration history
is overestimated.

Figure 2.8 presents the vertical motion of the pile cap. Again, the results of predic-
tion (A) are most favorable for the peak acceleration values, whereas the total displace-
ment histories of the three predictions are almost identical.

Finally, Figure 2.9 presents the horizontal (N-S) deck acceleration and the deck-
drift relative to the pile-cap level. The results of prediction (A) for the deck-drift are good,
but the acceleration is underestimated by approximately 30%. Several reasons might be
responsible for this discrepancy between recorded and predicted motion, such as neglect-
ing the torsional motion of the bridge about the vertical axis, yielding of bridge pier, yield-
ing of pile-heads and so forth. Such effects are not captured with this simple model. For
instance, the deck acceleration response is very sensitive to the value of the cross-horizon-
tal-rocking stiffness of the pile foundation. As the absolute value of the cross-horizontal-
rocking stiffness decreases, the predicted deck acceleration becomes more and more pro-
nounced, reaching the recorded values when the cross-horizontal-rocking stiffness is
assumed to be zero. Such reduction in the value of the cross-horizontal-rocking stiffness

might result from yielding of the pile heads. However, if one decides to compute the
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bridge response by neglecting the moment transmitted at the pile-heads, the entire analysis
should be redone, starting from the interaction factors given by (2.1) which have to be
modified for free-head piles. The results offered by prediction (B) are less favorable, since
the response is underestimated by 60%. An interesting result of this study is prediction
(C), where the results offered are erroncous. The acceleration of the deck is substantially
overestimated (more that 100%), and high frequencies are present. It is a notable example
of poor modeling of the foundation drastically affecting the response of the superstructure.
The origin of this poor prediction is the omission of foundation damping in the analysis.
By assuming a fixed, monolithic foundation, no energy dissipation is allowed through the
foundation (i.e. zero radiation damping), and all the induced seismic energy is trapped in
the superstructure and is eventually dissipated only by structural damping.

Another interesting observation is that the ratio of the deck-drift to the height of
the bridge pier is of the order of 8, = 1 %. Although there is no precise value of that ratio
which indicates the level of nonlinearities in the structural response, structures with mod-

erate ductility are expected to experience some nonlinear behavior for 8, = 1 %.

2.5 Concluding remarks

This chapter presented a simple integrated procedure to incorporate the existing
theories for the computation of dynamic pile-foundation impedances and kinematic seis-
mic response factors info a complete foundation-superstructure interaction problem. The
method was shown to be capable of estimating system response fairly well within the lim-
its of a linear analysis. The importance of modeling foundation dynamics was established.
The possibility of nonlinear behavior was identified for the superstructure. The analysis of

such a system is the subject of the next chapter.
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CHAPTER 3

TIME-DOMAIN ANALYSIS OF PILE
FOUNDATION-SUPERSTRUCTURE
INTERACTION

The substructure method to solve the linear foundation-superstructure interaction
problem is usually performed in the frequency domain because of the inherent computational
simplicity as well as the ease of formulation. However, when nonlinear behavior is encoun-
tered, time-domain analysis becomes a much more viable option. Macroscopic time-domain
models, which describe the response of the substructures at the force-displacement level, are
of particular interest to structural engineers, since they allow for nonlinear modeling and are
also easily incorporated into existing computer codes. In the specific problem of pile founda-
tion-superstructure interaction, the two important stages involved in a time-domain substruc-
ture approach are: i) to obtain an appropriate macroscopic model for the foundation response;
and ii) to devise a link between the simplified foundation model and the superstructure model.

In the last 25 years, several researchers have proposed various models for foundation
response. Pioneering work in this field was done by Veletsos and Verbic (1974) who pre-
sented analytical models for the response of circular footings resting on the surface of a
viscoelastic halfspace. They proposed a simple real parameter Kelvin model with frequency

dependent coefficients for the horizontal, vertical and rocking modes. In the case of pile foun-
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dations, several formulations for dynamic stiffnesses of piles and pile-groups have been
developed and published in the literature including finite-element (Blaney et al. 1976,
Gazetas 1984, Kagawa and Kraft 1982, Kaynia and Kausel 1982), boundary-element
(Banerjee and Sen 1987, Fan et al. 1991, Kaynia 1980, Waas and Hartman 1984, Kaynia
and Novak 1992), semi-analytical type methods (Tajimi 1977, Kobori et al. 1991, Nogami
1983), and a number of simplified solutions (Dobry and Gazetas 1988, Makris and Gaze-
tas 1992, Makris and Gazetas 1993, Makris and Badoni 1995).

When the dynamic stiffness of a viscoelastic system is known, either in the form of
approximate closed-from expressions or in numeric or graphical form, its time domain
response can be obtained by a variety of approaches. The Fourier transform approach, in
which the response is first computed in the frequency domain and then transformed in the
time domain, is computationally convenient, but is limited to linear analyses. The convo-
lution integral approach, in which the response is determined directly in the time domain,
requires knowledge of the basic response functions (memory function or relaxation stiff-
ness) of the system, which can theoretically be obtained from the dynamic stiffness or
impedance of the system through integral transforms. When part of the structural system
behaves nonlinearly, a common case in seismic response of bridges (e.g. yielding pier,
nonlinear behavior of isolation bearings on pile-foundation), the convolution integral
approach becomes very attractive, since an analysis with the Fourier transform approach
requires cumbersome hybrid-frequency-domain-time-domain solutions. Another possibil-
ity is to get a rational approximation for the provided dynamic stiffness, and obtain the
governing differential equations in state-space form.

In this chapter, two such time-domain techniques are developed. The first utilizes a
convolution integral in which the kernel is the dynamic relaxation stiffness of the founda-

tion. This is obtained by numerically transforming available frequency response data in an
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appropriate manner. The second uses a state-space representation of the governing equa-
tions in conjunction with a ratio-of-polynomials approximation for the dynamic stiffness.
In both cases, nonlinear behavior of the superstructure is represented by the Bouc-Wen
model. The procedures are validated for a linear problem, and then at the linear limit by
choosing the Bouc-Wen model parameters accordingly. Subsequently, a nonlinear analy-
sis is carried out to demonstrate the capability of the method. The versatility of the pro-
posed procedure is demonstrated by means of a qualitative analysis of two nonlinear

models representing isolation systems for bridge decks.

3.1 The convolution integral method for time domain response of pile foundations
Once the dynamic stiffness of the pile foundation is known based on any realistic
available method, the resulting force P(t), for an arbitrary displacement u(#) of the pile-

cap, can be obtained through the inverse Fourier Transform

P(t) = zin J K () (®)e @ da 3.1)

—_—00

where u(®) is the Fourier Transform of u(t) and K () is the dynamic stiffness of the
pile foundation.

The restoring force from the pile-foundation, P(t), can also be obtained through a
time-domain integral, the convolution integral, which permits the computation of the

response without going into the frequency domain as
t
P(r) = JM(tu‘c)u(’c)d’l: (3.2)

where M(t— 1) is the memory function of the pile foundation, and is defined as the result-

ing head-force at the present time ¢, for a unit-amplitude impulsive displacement input at
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time T, (T <t}. Equation (3.2) has been successfully used by Veletsos and Verbic (1974)

to calculate the response of elastic foundations after developing approximate analytical
expressions for M(t—-1).

From the convolution theorem of the Fourier integral given by (3.1), the memory
function M(t) can be directly obtained from the inverse Fourier Transform of the

dynamic stiffness

M(t) = %{ J K(@)e'dw | (3.3)
The Fourier transform given by (3.3) can be in general obtained with the Discrete Fourier
Transform (DFT) method (Clough and Penzien 1993) via established Fast Fourier Trans-
form (FFT) algorithms (Veletsos and Ventura 1985), and the resulting memory function
could be used in the convolution integral given by (3.2). However, when this approach is
directly followed, the numerical results for the response of pile foundations are poor, even
when sophisticated time-domain integration algorithms are used.This is because the inte-
gral does not exist in the classical sense given the nature of X (®) for pile foundations,
which is not absolutely integrable over the ®-axis. For instance, for the Kelvin model, for
~ which K(w) = K+iwC, the corresponding memory  function  is
M(t) = K8(r—-0)=Co(¢-0). The strong singularity associated with the second term of
this function makes it particularly susceptible to numerical error when applied directly.
To avoid this problem, one could develop approximate closed form expressions
for the memory function of single piles, similar to the expressions developed by Veletsos
and Verbic (1974) for elastic foundations, which could then be integrated analytically.

Although this method could be a feasible approach for single piles, it becomes highly

impractical when pile groups are considered. In general, pile groups yield a dynamic stiff-
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Figure 3.1:  Displacement and velocity time history input (from 1940 El Centro
earthquake).

ness that fluctuates much more with increasing frequency than for single piles. Moreover,
the “peaks” and “valleys” of the dynamic stiffness of pile groups depend on the geometri-
cal configuration of the pile group. Accordingly, even if an approximate analytical solu-
tion were possible, the parameters of the model would be different for every pile-group
configuration, rendering such an approach rather difficult to implement.

Herein, the numerical evaluation of the basic response function of piles and pile
groups is studied, and alternative techniques to bypass numerical singularities are pre-
sented. As an illustrative example, the time domain response of a 2x2 pile group is exam-
ined. The massless pile-cap is subjected to an induced transient motion. For simplicity, the
selected motion is that of the 1940 El Centro earthquake, whose displacement u, and

velocity u p time histories are shown in figure 3.1. It should be noted that, in reality, the
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pile-cap has a finite mass and its motion would be the result of an analysis including the
_ pile-cap mass as well as the superstructure dynamics. The integrated dynamic analysis of
such a system is presented in a subsequent section. Herein, the El Centro motion is
selected only to examine the numerical performance of the proposed procedure under a
realistic transient input. The memory function, M(¢), given by (3.3), is numerically com-
puted using the dynamic stiffnesses from Kaynia and Kausel (1982) (Figure 3.2 (b)). This
memory function is then used in the convolution integral equation (3.2) to compute the
resulting force history which is plotted in Figure 3.3. It is compared against the “exact”
solution obtained with the inverse Fourier transform given by (3.1). The prediction of the

convolution integral is poor. The time-domain solution is inaccurate because of the singu-
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larity in the memory function at the time origin mentioned previously. One way to bypass
this difficulty is to express the dynamic stiffness X (®), of a pile-group as

K(w) = K, +inC,+ X, (0) (3.4)
where K _ is the (real-valued) static stiffness, C, is the zero-frequency damping coeffi-
cient and X, () represents the regular part of the dynamic stiffness which is absolutely

integrable over the ®-axis.

Substituting (3.4) into (3.3) and breaking the integration one obtains

M(t) = K8(0—1)+C,8(0 1) + ilﬁ J' X (0)ei dw (3.5)

where the singularity of the memory function, M(t), is lumped in the first two terms in
which 8(0 - 1) is the Dirac delta function (Lighthill 1989). The third term, the inverse
Fourier transform of %X (), can be more accurately computed with established FFT rou-

tines (IMSL 1987). Denoting this term by M (), we may write:
39



MJ(1) = %Jxr(m)ei%'m (3.6)

- -

and after using equations (3.5) and (3.2), the time-domain response of the pile-cap of a
pile group is simply

t
P(1) = Ku(1) + C (1) + er(t—’c)u(’c)d'c (3.7

This formulation gives better results than equation (3.2) as shown in Figure 3.3.
Clearly, there is still a discrepancy in time and frequency domain results due to the nature
of the regular part of the dynamic stiffness, which fluctuates considerably at the higher
end of the frequency range of interest.

In the above numerical example, the maximum frequency present in the Fourier
spectrum of the El Centro input motion is ®,,, = ®/At = 157.08 rad/sec, where
Ar=0.02 sec is the time step interval of the recorded input motion. Since the dynamic
stiffness of the pile group from the Kaynia and Kausel plots is available only up to
g max = @d/V, = 1.0, the ratio V_ /d required to cover the entire frequency range
~present in the seismic input is V /d =157.08 rad/s (given by the Nyquist frequency =
7t/ At rad/s). This is indeed a realistic value (i.e., V; = 80 m/sec, d=0.5 m). For values of
V./d < 157.08 rad/sec, the high-frequency components of the seismic input will not be
present in the response, unless the dynamic stiffness of the pile group is available at values
of @y max > 1.0. For example, if V/d =50rad/sec and a; ,, = 1.0, only the frequencies
up to 8 Hz of the seismic input will participate in the response analysis of the system. For
analysis of bridges which are flexible structures, 8Hz is a reasonable value. However, in
cases where the superstructure is stiff (e.g., a nuclear power plant), the knowledge of the

dynamic stiffness of piles at dimensionless frequencies ag ., > 1.0 might be needed.
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Besides equation (3.2) or (3.7), the time domain response of a pile-foundation can
be expressed through an alternative convolution integral. This alternative convolution
integral relates the force, P(r), at the present time ¢, with the entire velocity history
u(t) = du(t)/dt , -o<TLH.

t
P(t) = JK(I—T)u(T)dT (3.8)

—e9

where K(f— 1) is the relaxation stiffness of the pile group and is defined as the resulting
force at the present time t, for a unit step displacement at time 7,.(T<?)

The relaxation stiffness K(z) (symbolized with a times roman K) is a time-
domain representation of the mechanical behavior of a system, and is directly related with

the dynamic stiffness (symbolized with a calligraphic X) by the relation

K(1) = 3K(0) + 5 ”‘f(;") it g (3.9)

—00

where K (0) = K| is the static stiffness of the system (Makris 1995).
Furthermore, the static stiffness term can be factored out of the dynamic stiffness

to give

K(t) = —x(0)+ sgn(t)?C(O)+ Jx‘i’( ) ot gy (3.10)

-—00

(Makris 1997a) where
K (@) = K(w) - K(0). (3.11)

Since we are only concerned with ¢ > 0, this may be written as

41



K(t) = 5'((0)+%E weim‘dm (3.12)

-—00

If K () denotes the second term in (3.12) for a pile group,

K (t) = EIEJ K?((Dm)efmfdm (3.13)

-—

then, using (3.9) and (3.8), the resulting force from a pile-group is also

P(1) = K.u(t) + j K (1 - 1)i(t)dr (3.14)

where K, = % (0) is the real-valued static stiffness of the pile group. Note that for mod-
els with frequency independent hysteretic damping, this is not strictly true, since X(0) is
not real. For the scope of this study, causality is assumed to be implied.

Equation (3.14) is an alternative time-domain expression for the pile foundation
response, which gives much better results than (3.7). This is explained by the nature of the
dynamic impedance X ;(®)/iw, which decays with increasing frequency more strongly
than X .(w). The prediction of the time domain solution obtained with (3.14) is depicted
in figure 3.4, where the response is compared against the “exact” solution obtained with
the inverse Fourier Transform given by (3.1). A very good agreement is obtained between
the two methods for this formulation.

It is interesting to note that the first term in equation (3.14) represents the purely
elastic part of the reaction force from the pile group. The second term represents the “fad-
ing” memory of the pile group, which is the result of (a) the ﬂuctuations of the group

dynamic stiffness about the static stiffness and (b) damping.
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Figure 3.4:  Accuracy of relaxation stiffness convolution in the problem of a 2x2
pile group under an induced earthquake excitation.

3.2 Dynamic relaxation stiffnesses of pile foundations

This section illustrates the nature of dynamic relaxation stiffnesses for pile groups
as computed numerically using equation (3.12). The model chosen to compute foundation
dynamic stiffnesses is one proposed by Makris & Gazetas (1992). The authors presented
an approximate analytical model to estimate the lateral response to inertial loading of sin-
gle piles and pile groups in a homogeneous half-space. The single pile model was a linear
elastic beam on a Winkler foundation with frequency dependent coefficients. The proce-
dure essentially involves solving the harmonic steady state equation for the system under

an applied load P,, given by

4
E 1,1 U(2) + (k, + i0c, -mo)U(2) = 0 (3.15)
dz

with k, = 12E, and c, = 6ag’ 'p,V.d+2Bk/®, along with the appropriate

boundary conditions, such as those below, for the case of a fixed-head floating pile
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3 2 3

d d d d
==U(0) =0, E,)]l —U0) = Py, —UL)=0;—UL)=0 (3.16)
dz PP 3 a7 P
The dynamic stiffness is simply given by
K Lo 3.17

Here, d, E o 1 2 Pp and m are the diameter, Young’s Modulus, second moment of iner-
tia, mass density and mass per unit length of the pile, respectively. E;, V, B, and p, are
the Young’s Modulus, shear wave velocity, damping ratio and mass density of the soil.
These single pile stiffnesses can then be used to get pile group dynamic stiffnesses accord-
ing to the method already discussed in section 2.2.2.

Figure 3.5 shows the dynamic stiffnesses (normalized with respect to static stiff-
ness) of a single pile as a ratio of dimensionless frequency, a,, for a single pile with
E,/E, = 1000, p,/p, = 142, L/d = 15 B, = 0 and v = 0.49 along with the cor-
responding dynamic relaxation stiffness (also normalized and shown as a function of
dimensionless time &) obtained using a 1024 point FFT. The result closely resembles a
delta-function, which is expected, since the single-pile model is in fact close to a Kelvin
model within the frequency range taken, To illustrate the effect of frequency independent
| hysteretic damping, a case with B; = 0.05 is also shown. This clearly leads to a non-
causal response. In fact, the relaxation stiffness arising out of this term is symmetric about
£ = 0, and varies as the natural logarithm of £ (Makris 1997a). A new causal hysteretic
model has been recently proposed by Makris (1997b) to account for this behavior, but is
beyond the scope of this study.

Figures 3.6, 3.7 and 3.8 depict the normalized (with respect to mxn times the sin-
gle pile static stiffness) relaxation stiffnesses obtained for pile groups of different configu-

rations with the parameters EP/ES = 1000, pp/ps =142, L/d = 15 Bs =0,
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and spacing-to-diameter ratios as labelled in the respective figures. Clearly,
there is significant “memory”, especially for the higher spacings. This is in contrast to the
single pile behavior which primarily behaves as a Kelvin model, at least for the case of no

hysteretic damping.

3.3 Validation of proposed convolution integral approach for a linear system

In the previous section, the convolution integral method for time-domain analysis
of pile foundations was presented for a massless pile-cap under an induced earthquake
excitation. However, it is necessary to include the inertial effects of the superstructure in
the total response of the system, since it can substantially modify the behavior of t.he'pile
foundation itself, making dynamic effects much more significant.

The problem studied herein is a simple two-degree-of-freedom system supported
on a complex-valued foundation spring and excited by an earthquake ground motion, as
illustrated in Figure 3.9. The complex valued foundation stiffness in the frequency domain

is given by K (@), while the restoring force of the spring in the time domain is given by

ms [—— U,
CS
K () = k +iwc, ‘—:_D_ Ugy = Ug— U
‘kf\/\/\/_
mf R uf
P (1), X {(w) U = U=ty

input ground motion

Figure 3.9:  Simple linear two d.o.f. model to validate the convolution integral
approach.
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P f(t). The state variables selected for the analysis, the relative displacements u , and

Usg , are also shown in the figure.

3.3.1 Frequency domain governing equations

The transfer functions between ground acceleration # . and the aforementioned

relative displacements in the frequency domain are obtained as:

.. - 2 -
(®) (K (@)~ m o ) K (@) —m0") = K (@)m 0]
2
ufr(a)) _ m ;m @ -7(s((n)(ms+mf) (3.19)
i 2 2 2 :
U(©) (K (@) ~ m@ ) (K (@) ~m p00") = K (0)m "]
The accelerations may be obtained using the relations i (@) = —mzusr(m) and
iifr(m) = —(Dzufr(u)).
3.3.2 Time domain equations of motion
The equations of motion for the system may be written as:
" 1, 1Y, 1.1 P (1)
i, (1) + cs(~— +— (1) + ks(—-m + ——)u"(t) = L (3.20)
ms  mg me  mg mg
g k, —P £(1)
ii —_— - — —— 1ty = ————— i (1 3.21
where the restoring force from the foundation spring is given by:
t
P(t) = K (O)ug () + JKd(t—t)ufr('r)d'c (3.22)
K ,, the dynamic relaxation stiffness is obtained from:
Kp(w)~K(0) .
K (1) = 1KLL ), s ) ot gy (3.23)

2n im

—0
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Clearly, the above system of equations is coupled, and no explicit solution is possible. The
scheme utilized herein is a fifth-order Runge-Kutta method with fourth-order step-size
control. In this scheme, the convolution integral needs to be calculated at each of the inter-

mediate time steps. The analysis is carried out using the Simulink utility in Matlab.

3.3.3 Results

The values of the foundation and superstructure parameters were taken from the
Painter Street bridge analysis discussed in chapter 2. Adcordingly, m, = 1000 Mg,
my = 225 Mg, k., = 5.69 % 10° kN/m, modal damping ratio { = 0.05. The dynamic
foundation stiffnesses shown in figure 3.10 were obtained by multiplying the dynamic
stiffness factors for the two 4x5 pile groups, shown in figure 2.6, with the appropriate sin-

gle-pile static stiffness of K£1] = 65 MN/m. Other parameters needed were the pile

(@)} (KN/m)

Re{K
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2.5 T T 1 T T T 1 ] 1

—

g 2— 4

< 15

=~ ?

g |

Ei05- ONN

h§ .
G —1 B L] I i i - 1 ! _2 L J ] ) ! L 1 1 1
0 0 2 30 4 5 6 0 80 80 100 O 02 04 06 08 1 12 14 15 18 2

f=w/2x (Hz) t(s)

Figure 3.10: Foundation dynamic stiffnesses for Painter Street bridge and
corresponding dynamic relaxation stiffness.
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Figure 3.11: Ground acceleration input (from 1940 El Centro earthquake).
diameter, d = 0.36 m, and the shear-wave velocity, V. = 250 m/s. The corresponding
dynamic relaxation stiffness (obtained using a 1024 point fast Fourier transform) is also
shown in the figure. Notice that the relaxation stiffness resembles a numerical delta func-
tion, which implies that the foundation damping coefficient is close to a constant. This can
also be verified from the loss stiffness plot in figure 3.10. This actually represents a
numerical worst case scenario for analysis, and is therefore a good example problem to
validate the accuracy of the proposed procedure.

The input motion for the analysis was the 1940 El Centro earthquake, whose accel-
eration time history (i.e., for the first 40s) is depicted in figure 3.11. The time step used for
the analysis was 0.02s. Figure 3.12 shows the comparison between time and frequency
domain solutions for both the deck drift 1, and the foundation relative displacement u , ,
as well as the absolute accelerations at the two levels. The results are clearly in excellent
agreement. The convolution integral approach can now be extended to a nonlinear analy-

sis, which is discussed in the subsequent section.
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3.4 The nonlinear superstructure linear- foundation interaction problem

As mentioned earlier, considerable advancements have been made in the nonlinear
modeling of R/C structures such as are found in most bridge superstructures. An enhanced
modeling scheme using a member-by-member modeling approach was proposed by Kun-
nath et al. (1990), which removed many of the drawbacks of older macro-models, thus
substantially increasing the precision of analytical predictions. However, this scheme has
so far been confined to the study of buildings, where foundations do not contribute to the
system response. Hence it cannot be applied in the modeling of structures where founda-
tion properties influence the structural dynamics without resorting to the kind of technique
proposed in this section.

A recent paper by Ciampoli and Pinto (1995) investigated the relevance of soil-
structure effects to the dynamic response of bridge piers on spread footing responding in
the inelastic range. They modeled the problem as a vertical cantilever carrying a mass at
the top. Inelasticity of the superstructure was modeled by prescribing a plastic hinge zone
at the base of the cantilever, with a prescribed moment-curvature relationship. The foun-
dation dynamic stiffnesses were obtained from analytical results (Gazetas 1983). How-
ever, the authors then derived equivalent viscous and hysteretic damping coefficients to
model foundation response, justifying it by the nature of the dynamic stiffnesses over the
frequency range of interest. Hence the proposed method has limited applicability. This
type of problem can be better analyzed with the convolution integral method as illustrated

in the next section.

3.4.1 Nonlinear analysis model
Figure 3.13 illustrates the model to be used for this analysis. In this case, the super-

structure and foundation are connected with a nonlinear spring, which is governed by the
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Figure 3.13: Simple model to study nonlinear-superstructure-linear-foundation
interaction.
Bouc-Wen model constitutive equation. The restoring force in the spring, P (¢}, is given
as
P(t) = ok, + (1 —o)kuul (3.24)
in which { (not to be confused with the modal damping ratio {, for the superstructure) is

governed by the nonlinear differential equation

ol + i, |CIC 1 + B, IC" - Ay, = O (3.25)
in which B, 7y, n and A are dimensionless quantities that control the shape of the hyster-
etic loop. The hysteretic model of (3.24) and (3.25) was originally proposed by Bouc
(1967) for n = 1, and subsequently extended by Wen (1975, 1976), and used in random
vibration studies of nonlinear systems. The formulation presented herein is different in
that all the model parameters except k; and u, are dimensioniess.

One may eliminate the time variable in equation (3.25) to obtain
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u e = A BT (3.26)

dusr

in which the £ sign depends on whether the values of y and { are positive or negative.

The initial condition {(0) = 0 implies thatat t = 0,

di(1) -
uom . = A (327)

Also, differentiating equation (3.24) with respect to u,, gives

dP (1) d{(s)
— 5 = 1= 3.28
Tu_ () ok + ( oc)ksuodu”(t) (3.28)
which implies thatat ¢t = 0,
——dPs(t) = ok 1 k A 3.29
dusr(f) _as+( _G)S (3.29)
=

From equation (3.29), it is easy to see that if A = 1 then k; becomes the initial stiffness
of the spring. Also note that, for a monotonic displacement input, the maximum value of

€ is obtained when d{/du,, = 0, and as such

dP (1)
dug (1)

= ak (3.30)

max
Hence, o can be viewed as a post-yielding-to-pre-yielding stiffness ratio. Based on this
observation, in the subsequent nonlinear analyses, the parameter A = [. By virtue of

(3.26), the maximum value of { is given by

Cmax = (B%{)l/" (3.31)

Thus, if  +v = 1, then the hysteretic variable { lies in the range -1 <{ < 1, whichisa
convenient formulation extensively used in base isolation studies (Constantinou and

Adnane 1987).
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The ratio B/y controls the shape of the unloading curves, while n controls the
sharpness of transition from the linear-to-nonlinear range, with large values of n corre-
sponding to bilinear behavior.

The equations of motion for this system can now be written as

i (1) + c’(ﬁtl_f + "L) A+ ok (n_:; + ms)u"(t)

1 P (1) (:32)
_ 1 _ L =

+(1 a)ksuo(mf + ms)C(t) +(1-0)k uﬂ( + )C( ) m

.. Cs . ks ks _ '_Pf(t) .
ufr(t)manusr(t)—OLm—fusr(t)—-(1 ~0£)m—fu0?;(t) = — i (1) (333)

where P (1) is given by equation (3.22). The method of solution is the same as that for

the linear problem, i.e., a fifth order Runge-Kutta integration scheme.

3.4.2 Validation of nonlinear model

The parameters for the Bouc-Wen model that govern the behavior of the nonlinear

spring were first chosen as: o = 0, u; = 002m, A=1, f =05, y =05 and

= 10. The chosen large value for n ensures that the spring behaves elastically, and the
chosen u, ensures that the yield limit is not reached, as can be seen from figure 3.14. In
this limiting case, the behaviof of the system is expected to be linear, and the comparison
shown in figure 3.16 proves that this is indeed the case.

Having validated the nonlinear formulation at the linear limit, the value of n is
changed to n = 1 to provide a smoother transition to the yield limit. This could possibly
represent yielding of the column or formation of a plastic hinge at the pile cap. The corre-
sponding spring force-displacement loops are shown in figure 3.15, and the resulting rela-
tive displacement and absolute acceleration time histories in figure 3.17. The time step

used for both the analyses was 0.02s. The drifting behavior of the deck, characteristic of a
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non-self-centering system, is clearly observed. It is clear that the reduced accelerations
result in reduced inertial loading from the superstructure, which reduces foundation rela-
tive motion. This implies that yielding of the superstructure reduces the inertial forces on
the foundation, and if these forces fall within or are close to the linear range of foundation

response, the use of linear or equivalent linear foundation models can be justified.

3.5 The state-space realization approach

An alternative approach to the solution of the same problem is considered in this
section. The theory of obtaining a state-space formulation is well established, and it is a
widely used technique for vibration analysis and system identification. Herein, the method
is formulated for a two-degree-of-freedom superstructure resting on a linearly behaving
foundation with dynamic stiffnesses specified within a given frequency range. The pro-
posed model also serves the useful purpose of assessing the accuracy of the convolution

integral approach proposed in the previous section.

3.5.1 Development of state-space equations
The approach involves four basic steps:

1) Approximate the provided dynamic stiffnesses of the foundation subsystem as a
ratio of two polynomials to a desired accuracy,

2) obtain a state-space realization for the approximated subsystem,
3) obtain state-space matrices for superstructure, and

4) link the state-space matrices of the foundation with that of the superstructure and
solve the resulting system for the given input.

Step 1: Rational polynomial approximation for dvnamic stiffness
The provided dynamic stiffness for the foundation, X f( i®), may be approximated by

X f(im) , aratio of two polynomials in i®, written as
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P(in)
Q(io)

. . N2 oM =1 .M

, .2 . N-1 . N
g+ 9 (i) + g,(iw)" + ... + g5 _ (i) + (i)

K () = K f(io) =
(3.34)

where the coefficients p; and g; are real and may be determined using an appropriate
least-squares curve fitting technique for complex functions. This approximation has also
been discussed in Wolf (1988) in the context of a recursive equation formulation in the
frequency domain. The order of the numerator and denominator may be chosen depending
on the accuracy of the resulting function, within the constraint M < N . It is also shown in
the next section that this requirement may be relaxed to M < N if an appropriate formula-

tion is obtained.

Step 2: State-space representation for foundation substructire

The governing equation for the foundation subsystem in the frequency domain is

Pf(im) = ?(f(im)ufr(im) (3.35)
which may be written in the approximated form as

Poiw) = Kf(i(o)ufr(i(o) (3.36)
- Substituting for & r(i®) from equation (3.34) and defining the states for this system as
- -
x(2)

X,(2)
x(1) = | x,(1) (337)

()

a state-space realization for this system is (Rohrs, Melsa and Schultz 1993)
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o 1 0 o o0 | 0
0 0 1 .. 0 0 0
i) = | : SN ; a0+ |Hug (338)
0 0 0 . 0 1 0
| 40 41 4 ~AN-2 ~qN- | 1]
Piy={py P Py o Py Py O . 0 ]¥®) (339)

or denoting by an appropriate matrix notation
x(1) = Afx(t) + Bfufr(t) (3.40)
P(t) = Crx(t) 1(3.41)
Note that equation (3.41) above is for the case of a strictly proper K f(io) , with M <N .

In the case where M = N, X ((i®) may be rewritten as

P, (iw)

342
Q,(im) ( )

E_Cf(lao) = Df +

where the second term is again a strictly proper function. This leads to an additional term
in equation (3.41), which may be written in a more general form as
Pe(t) = Cpx(t) + Dgug, (3.43)

It can be inferred that D # 1s the static stiffness of the system.

Step 3: State-space representation for superstructure

The governing equations for the superstructure, as given by equations (3.32) and (3.33),

may be written in state-space form as
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1 Jo 1 0 o |.
Y,(®) - k, c, Y,(2)
. a__ —
Y, _ m g mf Y, (1)
Yy [0 0 0 Y5(2)
: 11
Yun| |00 ua(“_.*— s (—+“ J L)
L d me Mg my mg) ]
i i (3.44)
0 0
k
IR (M-w)=uy [,
myg . My
+ P (1)
0 0 0 o
t
o L _a -a)(i+i)ksu0
I mge me  mg |
where ¥, = g Y, = uf,; Y, =u,;Y, = a,. Thisis of the form
Y(1) = AY(1)+B.U() (3.45)

where the input vector U(¢) incorporates the foundation restoring force P F; (given by
equation (3.43)) as well as the superstructure nonlinearity, contained in the term &, which

is governed by the equation (obtained from equation (3.25) by replacing &, with ¥ )

uol + |V |ClGIn -1+ BY,Cl" - AY, = 0 (3.46)

Step 4. Integrated state-space representation

Equation (3.44) may be rewritten as
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o1 fo o1 0 o ] .
Yl(.t) 0 0 ks c, Yl(t)
. a__ —
Y| _ m; me||Ya(®)
Y] |0 O 0 1 Y,5()
Y'4(t) 0 0 _a(_l_ + i s _(_1_ + _1_ ; _Y4(t)_
L d mg Mg me m;) "
B _ i (3.47)
[0 0 [0
k 1
N mg G| P (o)
0 0 L 0
1
0 —(l—oc)(—l—+—1— g —
L Mp s | " ]
or
Y(r) = A Y () + Bs]Us(t) +B,P () (3.48)
in which U (¢) is the input vector {iig(t) C(t)}T.
From equation (3.43), P f(t) may be written in terms of ¥,(f) as
Pty = Cpx(t) + DY (1) (3.49)
Substituting in equation (3.48),
Y(1) = AY()+ BsiUs(t) +B,C x(1)+B,DY,(?) (3.50)

we note that the last term simply adds to the first column of A . Defining
A, =A+[B,D,0,, | (3.51)

where 0, _, is a matrix of n x n-1 zeros, n being the number of states for the superstruc-
ture and hence the size of the A ; matrix, and rewriting equation (3.40) as
x(t) = Afx(t) +BfY1(t) (3.52)

the governing state-space representation of the entire system is obtained to be
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, A, BC
[Y(r)} - ‘ P [Y (’)] | P U,(1) (3.53)
0] |[B, 0y, o] 4,

where [ is the length of the input vector U (¢) (=2 in equation (3.47)). Note that the input

vector contains the nonlinear hysteretic term £, governed by equation (3.46), which con-

tains the state variable Y.

3.5.2 Validation of proposed procedure

The problem analyzed is the same as in section 3.4, with the foundation dynamic
stiffnesses as illustrated in figure 3.10. To first verify the procedure, the completely linear
case is taken in which o = 0. This ensures that the nonlinear variable € does not contrib-
ute to the solution.

The foundation stiffness is first approximated as a ratio of a third order to a fourth
order polynomial. An excellent fit is obtained in the frequency range of interest as shown
in figure 3.18, using a uniformly weighted least-squares minimization algorithm. How-
ever, when the resulting state-space matrices are used in the analysis, it leads to numerical
instability due to the presence of an unstable pole (at = 142 Hz). The same problem is
encountered with other “strictly proper” approximations for & 7(i®) using the same algo-
rithm.

The chosen approximation for this analysis is shown in figure 3.19 for the case
M = N = 4, along with the corresponding ratio-of-polynomials expression. This
expression was obtained by constraining the poles to be stable for the foundation sub-
system as well as the overall system matrix, and by judiciously choosing the poles and
zeros to match magnitude and phase of the complex valued dynamic stiffness. The
approximation is slightly inaccurate at frequencies above 80Hz, but this is not expected to

produce significant error given the low frequency content of the induced seismic excita-
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tion. Keeping in mind that the largest pole in this system is at 350Hz, the time-step for

simulation was chosen as 0.001s. The results for deck drift and foundation relative

motion, obtained using the Simulink utility in Matlab, are shown in figure 3.20. The com-

parison with the frequency domain approach (equations (3.18) and (3.19)) demonstrates

the accuracy of the proposed procedure for a linear analysis.

3.5.3 Nonlinear analysis

As in the case of the convolution integral method, a limiting case nonlinear analy-
sis is first carried out. Accordingly, the parameters of the Bouc-Wen model were chosen
as: oL = 0,uy = 002m,A =1, =05,y = 05 and n = 10. At this large value of
n, the spring behaves in an elastic-perfectly-plastic manner, and since the yield limit is
chosen to be fairly large compared with the actual spring displacement, the behavior is
essentially elastic, as shown in figure 3.21. Figure 3.23 shows that the results of the non-
linear analysis indeed converge to the linear solution (obtained via frequency domain
approach).

Subsequently, the parameters were selected for the nonlinear spring as: o = 0,
ug=002m, A=1,p=05,v =05 and n = 1. Figure 3.22 shows the force-dis-
- placement behavior of the nonlinear spring, and figure 3.24 shows the resulting time histo-
ries for the deck drift and foundation relative motion, and the absolute accelerations. The
drifting effect of the deck is again captured, and the results seem to be in agreement with
those obtained via the convolution integral approach. This is confirmed by a direct com-
parison of the two methods shown in figure 3.25. The time step used for this analysis was

also 0.001s.
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3.6 Application to analysis of bridge-response employing isolation and energy
dissipation devices

Either of the two methods discussed previously can be very useful in the nonlinear
seismic response analysis of bridge superstructures that use isolators or energy dissipation
devices, schematically illustrated in figure 3.26. This is qualitatively illustrated with the

two example systems that follow.

3.6.1 Lead-rubber bearings

These are popular isolation devices for bridge superstructures and exhibit typically
bilinear hysteretic force-deflection behavior. Such a relationship can be reproduce;d by
choosing the Bouc-Wen model parameters as: o = 0.1, u, = 0.005m, A =1,
B =005,y =095 and n = 5. Inapractical example, the value of 0, would depend on

the rubber height (or plan size), and u, would depend on the lead plug size. With these

A d

isolators

Figure 3.26: Model for an isolated bridge on “bile foundation.
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Figure 3.27: Idealized force displacement loops for lead-rubber bearing.

parameters, and an analysis identical to the one in section 3.5.3, the force displacement
loop is obtained as shown in figure 3.27. The corresponding displacement and accelera-

tion time-histories are depicted in figure 3.29.

3.6.2 Sliding bearings with restrainers

For this example, a slip-lock element (zero stiffness within sliding zone and infi-
nite stiffness otherwise) is connected in series with the nonlinear spring illustrated in fig-
ure 3.13. The parameters were chosen as o0 = 0.01, uy = 0.02m, A = 1, B =005,
v = 0.95 and n = 5. The length of sliding zone was taken as 0.04m. The resulting force-
displacement loops are shown in figure 3.28, and the time-histories of deck and founda-
tion motion in figure 3.30. The model is able to reproduce the nature of desired force-dis-
placement history very well. The substantial increase in the accelerations of the

foundation illustrate the importance of modeling foundation dynamics in this problem.
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3.7 Concluding remarks

Two time-domain techniques to analyze the nonlinear foundation-superstructure
problem were developed in this chapter. The first approach, employing a convolution inte-
- gral formulation, was shown to be capable of predicting accurately and economically the
response of a simple two degree-of-freedom system with nonlinear behavior incorporated
in the superstructure model. The method employs direct numerical transformation of
available dynamic impedances to obtain foundation relaxation stiffness, which was shown
to be more accurate than memory function convolution.

The second approach utilized a state-space formulation for the governing equa-
tions by using a rational polynomial approximation for the foundation dynamic stiffness.
However, it is not trivial to obtain a stable realization for the foundation states. Even when

the foundation subsystem has stable poles, when combined with the superstructure matri-
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ces, it can lead to numerical instability. Also, in the case that a stable realization has been
found for the system, the required time-step for simulation may be prohibitively small.
However, these problems can be countered by using model reduction and balancing tech-
niques, which are outside the scope of this study.

Both methods can incorporate foundation dynamics over a provided frequency
range, implying greater dependability under different loading conditions. Note that, even
though these methods were discussed in this chapter in the context of pile-foundations,
they can be applied to virtually any type of foundation, as long as the dynamic stiffnesses
are available. Also, the methods, formulated herein for simple two degree-of-freedom sys-
tems, can be easily extended to more complicated systems as long as the governing equa-
tions can be derived in a suitable form.

It was shown in this chapter that superstructure nonlinear behavior can be modeled
efficiently uSing the Bouc-Wen model. Results from the nonlinear analyses indicated that
the presence of a nonlinearly behaving superstructure reduces foundation response and,
under moderate loading conditions, this could be justification for the use of linear or
equivalent linear models for foundation response. In the next chapter, the problem of

obtaining these equivalent linear stiffnesses for pile foundations is addressed.
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CHAPTER 4

PILE-TO-PILE INTERACTION IN
THE TIME DOMAIN- NONLINEAR
RESPONSE OF PILE GROUPS

Most available numerical and analytical techniques to compute foundation response
accounting for pile-soil-pile interaction are restricted to small-amplitude vibrations where lin-
ear viscoelasticity approximates satisfactorily the physical problem. The mechanical proper-
ties of pile foundations are strongly frequency dependent, and the assumption of linear
viscoelasticity makes possible the analysis of the problem in the frequency domain. Accord-
ingly, most of the results available on the mechanical properties of piles and pile groups are
~ presented in terms of complex dynamic stiffnesses and frequency dependent kinematic
response factors. Several researchers have developed a variety of numerical (Blaney et al.
1976, Tajimi 1977, Noval; 1974, Wolf and von Arx 1978, Kaynia and Kausel 1982, Sheta and
Novak 1982, Mamoon and Banerjee 1990) and approximate analytical (Dobry and Gazetas
1988, Makris and Gazetas 1992, Makris and Badoni 1995) methods for assessing pile-soil-
pile interaction and calculating the dynamic stiffness and kinematic response factors of pile
groups. More recently, Mamoon and Banerjee (1992) developed a hybrid boundary element
formulation to compute the transient vertical response of a linear pile-soil system.

The success of the aforementioned approximate analytical solutions relies on an
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approximate expression for the dynamic interaction factors, which was proposed by

Dobry and Gazetas (1988). This is based on the asymptotic cylindrical wave expression
for the displacement field, v(z, r, @), generated in a homogeneous continuum due to the

vertical oscillations of an infinite long rod with diameter d, (Morse and Ingard 1968):

d d

r—= r—=
v xp| —io v

v(z, r, ®) = w(z, W) %exp —Bow 4.1)

5

where w(z, ®) represents the elongation-contraction of the rod at depth z, ® is the fre-
quency of oscillation, B is the hysteretic damping of the soil and V is the shear wave
velocity of the deposit. The term Jd/2r in equdtion (4.1) accounts for radiation damping,.
The first exponential term accounts for the energy loss in the deposit due to hysteretic
behavior of the soil, and the second exponential term is the phase difference between the
motion of a point at distance r, and the motion of a point on the pile at the same depth.
The efficiency of equation (4.1) was demonstrated in the papers by Dobry and Gazetas
(1988) and Makris and Gazetas (1992).

An expression similar to equation (4.1) has been proposed by Nogami (1983).
However, Nogami’s expression, which involves modified Bessel functions with complex
- arguments, cannot be transformed in a closed-form manner into the time domain, and one
has to construct approximate expressions in the time domain in order to analyze the non-
linear response of pile groups (Nogami and Konagai 1987). The advantage of equation
(4.1) is that its time domain representation can be computed in closed form which is pre-
sented in section 4.1 of this chapter.

Equation (4.1) can be written in the form

v(z, r, ®) = ¥(r, ®)w(z, ®) 4.2)

where ‘¥'(r, @) is the attenuation function
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d d

r—-= r—=

¥(r, w) = Jgexp —Bo V2 xp|—i®m V2 (4.3)

s

Dobry and Gazetas (1988) assumed that the vertical elongation-contraction of a neighbor-
ing passive pile at distance S can be approximated by the displacement of the free-field at
its location v(S, @)}. Using this simplifying assumption, they proposed that the vertical
dynamic interaction factor, o, (S, ®) = ‘¥'(S, @) . As an example, the dynamic stiffness of

a two by two pile group is provided by the simple expression (Dobry and Gazetas 1988):

4

4.4
14 2%(S, ©) + F(542, ®) o

KZ[ZXZ]((D) = Kgl](m)

where K [11(®) is the vertical dynamic stiffness of a single pile.

In this chapter, an approximate, physically-motivated procedure is presented to
compute nonlinear, axial group-response in the time domain. First, a closed-form expres-
sion for the attenuation function, ¥, in the time domain is derived from an existing fre-
quency domain formulation. Subsequently, a phenomenological model that is based on the
theory of viscoplasticity is proposed to approximate the nonlinear dynamic response of
singlc piles under harmonic axial loading. The parameters of the distributed viscoplastic
model are calibrated from data obtained from full-scale experiments. Herein, two different
experiments conducted by Muster and O’Neill (1986) and Bond and Jardine (1995) are
used. The time-domain formulation for pile-to-pile interaction is used in conjunction with
the ponlinear shaft model to compute the nonlinear axial response of 2x1 and 2x2 pile
groups embedded in actual soil profiles. The effect of nonlinear behavior on the group
response is then discussed in terms of equivalent linear stiffness and damping.

The model presented herein forms a complement to a model for lateral response of
pile groups developed earlier (Badoni 1995, Badoni and Makris 1996). An outline of this

companion model is provided at the end of this chapter for the sake of completeness. It is
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worth mentioning that the response of piles to vertical loads is influenced by the soil prop-
erties along the entire pile length, as opposed to a few pile diameters for the case of lateral
loading. The analysis of axial response also includes tip soil reaction and the influence of
slippage as additional modeling considerations. At the same time, the symmetry of wave
propagation outward from the pile makes the attenuation function simpler in form than the

corresponding function for lateral response.

4.1 Attenuation function for vertical response in the time domain

Under harmonic steady-state vibrations, the diffracted wave field, v(z, r, ®), is
provided by equation (4.2), which is the product of two functions in the frequency
domain. Accordingly, the time domain expression of the diffracted wave field can be

expressed in terms of a convolution integral:

vz r 1) = jw(r, [~ T)wlz, T)dt @.5)

where ¥(r, t - T) is the time domain kernel given by

W(r, 1) = %Iwu, ®)eide 48

Substituting (4.3) into (4.6) and denoting by ¢, = (r—d/2)/V, the travel time needed

for the shear waves emanating from the active pile to reach the passive pile, equation

(4.6), takes the form:
_ [d 1 { -Bor, -iwr_iw
Y(r,t) = J;ane e e do 4.7
The integral in equation (4.7) is computed by using again the convolution integral theo-
-B

rem. First, the Fourier transform of the term F (@) = e “'s is examined. C_‘learly, since
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this is a real function, it must be an even function of frequency in order to yield a real-val-

ued solution in the time domain (Papoulis 1988). Accordingly, e PO i replaced with

~Bleo} e
e Bl I‘, and therefore:

- , t
() = FHF (o)} = %-t j e Plolts pior gy = %BTE;E (4.8)

where F-1{ } denotes the inverse Fourier transform operator. Furthermore, recognizing

that
Fy(o) = e = ]iﬁ(t— t)e ' 0dt 4.9)
one may write -
il;c ]: e e }'—1{ 7{715[322;:_ tz}}'{ﬁ(t —t,) }} (4.10)

—C0

and from the convolution integral theorem and equation (4.7), one obtains

W(r, 1) = IJ—"_——-E‘-—— B#0 @.11)

TN2rB22 + (1 -1,)?
Equation (4.11) is the closed form time domain expression for the attenuation function,
and is valid for } # 0. Equation (4.11) is a dispersive kernel with finite amplitude at the
time origin due to the hysteretic behavior of the soil. Figure 4.1 plots the attenuation func-
tion for different values of B . For the hypothetical case of a purely elastic medium with

zero hysteretic damping (p = 0), the kernel becomes singular and reduces to

Y(r, 1) = }M/zzrﬁ(t—ts), B=0 (4.12)

where 8(¢—t,) is the Dirac delta function (Lighthill 1989).
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Figure 4.1: The attenuation function in the time domain.

With the help of (4.11), equation (4.5) takes the form

1 [d ¢ Bz, '
vz, 5,1 = - ﬁjﬁ2t2+(t—t _T)zw(z, 1)dr, (4.13)

Equation (4.13) is the general expression that describes, in the time domain, the displace-
ment field generated by a vertically vibrating pile under any transient load. As an exam-
ple, consider a vertical pﬂe subjected to a transient load, and assume that the motion of the
pile at depth z is the time history shown in figure 4.2 (center). Figure 4.2 (bottom) shows

the computed motion (using equation (4.13)) of a soil point at distance r = 34 and the
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same depth z. The result obtained with equation (4.13) is identical with the frequency
domain solution.

In the special case of steady-state vibrations, standing waves are developing along
the active pile, and the spatial and temporal dependence of the pile displacements can be
decoupled as

w(z, 1) = W(2)f(2) | (4.14)
where W(z) is the amplitude of elongation-contraction of the active pile along its length.
As an example, in the case of harmonic vibrations with frequency €, (ie.,
f(t) = sinQ7), the integral in (4.13) can be integrated analytically by using the result

(Gradshteyn and Ryzhik 1980):

oo

J‘sinﬂ(t—zg)dg = R QcginOy (4.15)
c2+& ¢

—_—00

and the closed form expression

viz,r,t) = EW(z)e_BQt‘sinQ(t—ts) (4.16)

is obtained. This result can also be verified directly from the frequency domain expression

given by equation (4.1).

4.2 Nonlinear model for axial response of single pile

A limited number of studies have been presented in the literature on the nonlinear
axial response ‘of single piles. Angelides and Roesset (1980) have extended the finite ele-
ment formulation originally developed by Blaney et al. (1976) to consider nonlinear soil
behavior in the frequency domain. Nogami and Konagai (1986) proposed a polynomial
expression to approximate the pile displacement at discrete depths and a six-parameter

generalized Kelvin model to approximate the soil reaction along the pile. Recently, El
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Naggar and Novak (1994) presented a similar shaft model that combines springs, dashpots
and sliders to approximate the behavior of the pile-soil interface (“inner field”) and the
“outer field”. In order to analyze pile-to-pile interaction, El Naggar and Novak utilized a
special case of equation (4.1) (equation (18) in their paper), where the hysteretic damping
term was neglected (p = 0). Furthermore, the nonlinear hysteretic model they adopt to
describe the behavior of the pile-soil interface consists of two separate equations to model
the ascending and descending branches of the force-deflection curve, thus necessitating
the detection of any reversal of loading, and leading to a computationally complex proce-
dure.

The most comprehensive study on the nonlinear response of piles using a nonlin-
ear Winkler-type foundation model is probably that of Trochanis ef al. (1991), who uti-
lized the Bouc-Wen model to describe the force-displacement relation of distributed
nonlinear springs that approximate the soil reaction along the pile. Their study concen-
trated on the static and quasi-static (zero-frequency limit) loading of piles, and for this
type of loading, it was shown that the Bouc-Wen model predicts satisfactorily the
response of a variety of soil-pile systems.

In this study, the distributed (along the pile length) nonlinear spring described by
the Bouc-Wen model is combined with a distributed viscous dashpot placed in parallel,
together with a slider connected in series as shown in figure 4.3. The presence of the
damper makes the model realistic for the prediction of the pile response under dynamic
loading, since it accounts for the energy that radiates away from the pile-soil interface.
The slider accounts for slippage along the pile-soil interface, which is a phenomenon that
often governs the nonlinear response, since the adhesive capacity at the pile-soil interface
can be exceeded before the surrounding soil reaches its ultimate strength.

A primary aim during the formulation of this model was to readily associate most
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mathematical parameters with physical soil properties. For instance, the Young’s modu-
lus, E_, and the undrained shear strength of cohesive soils, S, , are explicit parameters of
the proposed model. Furthermore, while the hysteretic springs described with the Boue-
Wen model account for the energy loss due to friction (hysteretic damping), the distrib-
uted dashpots governed by a realistic frequency dependent expression (Gazetas and
Makris 1991; Makris and Gazetas 1993) account for radiation damping. Consequently, the
proposed model, at the limit of small amplitudes, reduces to the linear frequency-depen-
dent Kelvin model, which has been used with success for the prediction of the linear iner-
tial and seismic response of piles and pile-groups (Gazetas and Makris 1991, Makris 1994,
Makris and Badoni 1995). The parameters of the proposed model are calibrated from
well- instrumented, full-scale, field experiments conducted by Muster and O’Neill (1986)
and by Bond and Jardine (1995).

The pile is modeled as a linear-elastic rod with circular-cross-section area A P
diameter d, Young’s modulus E,, and mass density p,,. The surrounding soil is consid-
ered to be an inhomogeneous deposit with Young’s modulus, E (z), shear wave velocity,
V. (z), and shear strength, S(z), that vary with depth z.

The general form of the constitutive law that describes the nonlinear spring alone
is

F, = okw + (1 —a)kwyl 4.17)
where w is the elongation-contraction of the spring, k is the small amplitude distributed
elastic stiffness, o is the ratio of post yielding stiffness to initial stiffness k, w; is the
value of pile deflection that initiates yielding in the spring, and { is a hysteretic dimen-

sionless quantity that is governed by the following equation

wob + YWl LIgn=1 + Bw|gr—w = 0 (4.18)
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In the above equation [3, ¥, n are dimensionless quantities that control the shape of
the hysteresis loop. The expressions given by (4.17) and (4.18) are preferred to similar
expressions used by Trochanis et al. (1991), since in the present formulation the hysteretic
parameter { is dimensionless, whereas in Trochanis’ formulation, { has dimensions of

length.

4.2.1 Pile shaft parameters

According to API (1986), the vertical shear strength for piles in clays or sands is
represented by the unit skin friction capacity, f, , (skin friction per shaft surface). For
clays other that the ones found in the Gulf of Mexico, f should be taken equal to the und-
rained shear strength of clay (i.e., § = S,) in the case where S, < 24kPa, and equal to
one half of S in the case where S, > 72kPa. Linear interpolation is employed for inter-
mediate values. Herein the maximum shear capacity is simply expressed as

f(2) = M2)S(2) (4.19)

where A(z) is a scalar parameter, which is a function of depth and is calibrated from
experimental data. Combining (4.17) with (4.19) and using the fact that the post yielding
stiffness of the pile-soil interface is assumed zero (i.e.,, o = 0), the restoring force from
the nonlinear spring alone, which is given by (4.17), simplifies to

F(2) = ndA(2)S(2)C (4.20)

where C is prov_ided from the solution of (4.18), and the value of w, in (4.17) is given by
wo(2) = M) E2nd (4.21)

where k is the small-amplitude elastic stiffness of the distributed springs. Scott (1981)

suggests that the zero-frequency limit of k for rigid piles is

1
i —VZES

90

T
k=7 (4.22)



and for flexible piles is

k= E, 4.23)

L
1+v

13

As an example, for an average value of Poisson’s ratio, v = 0.45 the static stiffness value
for the distributed springs is: 0.54E < k < 0.98E . This range of values is in agreement,
at the zero-frequency limit, with the expression proposed by Makris and Gazetas (1993) to

analyze vertical vibrations of single piles and used in this model:

k(ag) = 0.6E5(1 +% J&;) (4.24)

in which g is the dimensionless frequency parameter a, = %1 .

The parameters n and A, in equations (4.18) and (;.20) respectively, can be
readily calibrated from experimental data (z-z curves) or from empirical #-z curves (Coyle
and Reese (1966) for steel-pipe friction piles in clay). A systematic procedure to estimate
model parameters using established nonlinear regression algorithms (Marquardt 1963) is
highly impractical because of the limited availability and scatter of data. In the analyses
presented herein, a systematic trial and error approach employing engineering judgment
wasl used. For instance, the parameters for the tip spring are calibrated first, and then the
parameters of the shaft springs are calibrated using available t-z curves at given depths.
The parameters at intermediate depths can then be estimated based on the soil layering
configuration. Parameters A and n control the yielding behavior of the soil immediately
surrounding the pile. This behavior is nearly rate independent under monotonic loading
(Kramer 1996) and of a hysteretic nature (frequency independent) under cyclic loading;
therefore the associated parameters are also frequency independent.

Under dynamic loading (i.e., finite frequencies), part of the input energy is

dissipated through hysteresis in the vicinity of the pile-soil interface, and the remaining
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energy radiates outwards. In this case, the nonlinear spring alone is not sufficient to model
realistically the response, since the radiation damping is of a viscous type. This
insufficiency motivated the addition of the viscous dashpot in parallel with the nonlinear
spring as shown in figure 4.3. Of course, one could adjust the parameters of the Bouc-Wen
model to incorporate the energy loss due to radiation into the hysteretic loops generated by
the nonlinear spring. However, this will result in poor modeling since radiation damping is
frequency dependent, and, therefore, the parameters of the nonlinear spring would have to
be re-adjusted for different frequencies. Moreover, the incorporation of all the energy loss
into one hysteretic loop implies that all the energy is dissipated along the pile-soil
interface with no waves propagating outwards. Accordingly, for the case of dynamic
loading, the presence of a frequency dependent dashpot accounts for the energy dissipated
due to radiation.

A reasonable expression that describes the force resulting from the dashpot also
has to be valid for small-amplitude motions. In this linear range, theoretical studies
(Blaney et al. 1976) show that the frequency dependence of the distributed damping coef-
ficient can be approximated with the expression

y (4.25)

¢, = ﬂ:daal ! 5
which has been used extensively in computing pile-group response at the linear limit
(Gazetas and Makris 1991, Makris and Gazetas 1993).

Slippage effects are taken into account by introducing a slip element in series (see
figure 4.3) with the nonlinear spring and dashpot model described previously. The friction
capacity provided by the slider, T, is a measure of the adhesion at the pile-soil interface,

which may have a smaller value than the yield strength of soil f, (given by equation

(4.19)). It can be approximated with the Mohr-Coulomb friction law:

92



T, = G, tand (4.26)
where o', is the radial effective stress and 6 is the angle of interface friction between soil
and pile.

In the case of perfect bonding between the pile and soil (1, > f ), the soil restoring
force would transition in a smooth manner to the value of ultimate soil strength. However,
if the friction capacity, T, is less than the soil strength f at some depth, slippage will
occur, and the soil reaction at that depth will abruptly reach a constant value, independent

of settlement.

4.2.2 Pile tip parameters
The soil reaction at the pile tip is modeled by a single nonlinear spring and dashpot
in parallel. At the pile tip, z = L, the restoring force from the spring is given as

d2

Fyyp = 9RS(L)G 4.27)

where { is again governed by equation (4.18), the yield displacement wy, in this case is

given by

The elastic stiffness k. for the reaction of a homogeneous elastic half-space to a rigid

tip

massless disk undergoing harmonic vibration is given as (Lysmer and Richart 1966)

b, = D4 (4.29)

i
-V
and the dashpot constant is given as

dV(L)p,(L)

ctip = 34W (430)
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With the proposed macroscopic model, the nonlinear dynamic analysis of a single
pile reduces to a one-dimensional problem, which is solved with the finite element
method. The governing equation for the pile motion and the finite element formulation are

provided in Appendix A.

4.3 Calibration of nonlinear model parameters

As indicated in the previous section, the parameters A and n for the nonlinear
springs along the pile shaft, as well as n for the base spring, need to be calibrated from
static test data. This is done in the subsections that follow for two different geotechnical

profiles.

4.3.1 Pile in medium stiff clay

O’Neill, Hawkins and Mahar (1982} carried out static load testing of two single
piles and a 3x3 pile-group in a nonhomogeneous soil deposit consisting of four recogniz-
able layers of very stiff to medium stiff clay. The same site was later used in dynamic test-
ing of a single pile by Muster and O’Neill (1986), who also presented geotechnical data
obtained from the site.

The test pile was a 273 mm outside diameter closed-ended steel pipe with a 9.3
mm thick wall. For the static tests, it was driven to a depth of 13.1 m (43 ft.). The pile and
soil properties used in this analysis are those presented in figure 4.3. The chosen und-
rained shear strength profile follows closely the Cone Penetration Test (CPT) trend
obtained in the field. Results from Unconsolidated-Undrained (UU) triaxial tests show
large variation and are not used.

Figure 4.4 shows the results of the calibration procedure. Figure 4.4(a) shows
observed #-z curves at four different depths along the pile and the corresponding model-

predictions after calibration. The calibrated values of A and n are also shown. The influ-
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ence of pile-soil slip is clearly visible from the abrupt levelling of the #-z curve at 12.3 m
depth, implying that at this depth the adhesive strength along the interface governs the
ultimate soil resistance. The value of this adhesive strength is taken equal to 113 kPa and
used directly iﬁ the analysis for lack of effective radial stress measurements or angle of
interface friction values. The smooth transitions to failure observed in t-z curves at the
other levels indicate that yielding, as opposed to slippage, governs the behavior of the soil.

Figure 4.4(b) shows the static base unit load transfer curve from which the param-
eter n of the tip spring is calibrated. The soil strength obtained from this curve is consis-
tent with measured values of §, at the pile tip.

Figure 4.4(c) compares the measure pile head load-settlement curve and the model
prediction. The agreement is fairly good, especially considering the uncertzﬁnty in soil
parameters at different depths, all of which contribute to the head response comparably,
unlike in the case of lateral loading, in which the major contribution is confined to a few

pile diameters below the surface (Badoni 1995, Badoni and Makris 1996).

4.3.2 Pile in high OCR clay

Bond and Jardine (1995) described a series of field experiments carried out on
instrumented closed-ended steel piles (102 mm diameter) in heavily over-consolidated
London clay. A variety of measurements were made to 'investigate the influence of differ-
ent factors on shaft capacity. From their observations, they concluded that the shaft capac-
ity for this particular case was governed by an effective stress interface sliding criterion
and not by failure of the surrounding continuum. This observation also provides justifica-
tion for the presence of the slider in this model.

In order to show the significance of the presence of the slider, two predictions are

offered. In the first more traditional approach, the undrained shear strength S, of the clay
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was multiplied with an empirical factor A as recommended in API (1986) (described ear-
lier in the section on pile shaft modeling) to account for slippage. Accordingly, the slider
was constrained to behave as a rigid support. In the second approach, the slider was
assumed to be governed by the Mohr-Coulomb friction criterion given by (4.26). The
measured effective radial stresses from the field were used as input to the model, and the
value of the angle of interface friction & was calibrated from the force-displacement
curve.

Figure 4.5 shows the predictions with the two methods. The soil and pile proper-
ties used in the analysis are also illustrated. The AP1 method underpredicts the pile capac-
ity. On the other hand, the calibrated value of § = 10° obtained with the second approach
is in good agreement with the values obtained from interface ring shear tests reported by
Tika (1989). Of course more tests on a wider variety of soil types are needed to fully vali-

date the proposed procedure.

4.4 Prediction of nonlinear dynamic response of single piles

The calibrated model can be used to predict dynamic force-displacement loops at
différent levels of loading and induced frequency. Figure 4.6 shows dynamic force-dis-
placement loops at the pile head for four selected frequencies (f= 0.1, 1.0, 10 and 20 Hz),
where the pile properties and soil profile are those reported by Muster and O’Neill (1986).
It is interesting to note that, as frequency increases, the shape of the loops tends to that of
an ellipse, since viscous forces due to radiation damping prevail over the hysteretic forces.
For the sake of comparison, the loops corresponding to linearly elastic soil behavior are
also shown in the figure. There is a substantial difference in the predicted stiffness and
damping of the pile-soil system.

In the context of an equivalent linear analysis, the “loss” stiffness, K,(®), of the
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Figure 4.5: Model calibration from static test data of Bond & Jardine (1995).

98



"(Z861) 7v 12 [N O w0y sapsadoad fros pue

aid :seuanbaxy Jussayp je yndur 3010§ druourrey Jpun (NP =0d) sdoo] juduradejdsip-9210] peay dSrmeui(q  :9'p 3andiyg
! (wrur) INFNFDV1dSIA (ww) INHNIDV1dSIA
c I [ 4 I 0 1= [y
. 00— . _ v 00)

{1002 100¢—
gyl
)
A

0 0 t
2

1002 100¢

(0]0] 4 00v

[ I =

00] 2 . 00v—

Jeau -

1002- Jeaujjuou — 100¢—- -
o
o
0

0 o =
2

100¢ 100¢

00V 010} 7

99



nonlinearly behaving pile is:

K,(0) = oC(0) = ¥p (4.31)

where W, is the area of the force-displacement loop at the pile-head and w,,,  is the
maximum pile-head settlement. This area corresponds to the total energy loss by hyster-
etic and radiation damping. The “storage” stiffness of the nonlinearly behaving pile,

K (), is obtained from:

P(] 2 5 1/2
K(o) = H"" } —{Kz(co)}} (4.32)

max
The equivalent linear dynamic stiffness of the pile is
K(w) = K{(0) +iK,(®) (4.33)

In most dynamic testing, a mass, m, is placed on the pile cap, and in this case the complex

frequency response function of the pile-mass system is

H(w) = M@ _ 1 (4.34)
Py k(o) +iK,y(0)-mae’

Figures 4.7 and 4.8 show the model predictions for the equivalent linear dynamic storage
and loss stiffnesses, normalized with respect to the small-amplitude static stiffness, for the
two case histories studied in section 4.3. The applied load amplitudes are indicated as

ratios of the ultimate load capacity P, (P, =900 kN on figure 7, and P, ~ 80 kN on

ult
figure 8).

Limited experimental data is available in the geotechnical literature on vertical
dynamic nonlinear response of piles. Muster and O’Neill (1986) used, for dynamic test-

ing, a pile of the same dimensions and properties as in the static case, which was driven to

a depth of 12.61 m with a protruding portion of 0.81 m. It was capped with a rigid mass
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Figure 4.9: Dynamic test model setup and frequency dependence of applied
loading for experiment conducted by Muster and O’Neill (1986).

weighing 55.3 kN, and subsequently excited using a linear inertial mass vibrator. The
arrangement is depicted in figure 4.9. The applied load to the pile cap was measured by
load cells placed in between the cap-mass and vibrating assembly, and as such the weight
of the vibrator need not be included in the analysis. Accelerometers were located in the
cap and at various depths along the pile. Details of test arrangements and procedures can

be found in the original paper by Muster and O’Neill.

Three levels of dynamic loading (amplitudes 1.8kN, 18kN and 36kN) were succes-
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sively applied in frequency sweep tests. Because of the dynamics of the pile-cap-vibrator
system however, the applied load amplitudes vary with frequency, as illustrated in figure
4.9. This is an important factor taken into consideration in this analysis.

Figure 4.10 shows the computed complex-frequency-response-function magni-
tudes (equation (4.34)) obtained with the calibrated model and experimentally obtained
transfer functions (referred to as “vertical flexibility” in the figure according to Muster
and O’Neill’s nomenclature) between displacements and applied load amplitudes for two
different accelerometer locations. The resonance frequencies are predicted fairly well for
all three levels of loading, whereas the magnitudes at resonance are, in general, overpre-
dicted by approximately 20%. It should be noted that the observed peak for the 36kN load
shows a sudden increase in flexibility which may be attributed to the formatio.n of a “gap”

through soil erosion at the surface during the earlier tests.

4.5 Nonlinear dynamic group response

The procedure utilized herein to compute pile-soil-pile interaction is an extension
of the approximate procedure developed by Gazetas and Makris (1991). It is assumed that
the nonlinear behavior is concentrated in the vicinity of the pile-soil interface (i.e., in the
near field; Nogami ez al. 1992, El Naggar and Novak 1994), and that the remaining soil
between piles (the far field) behaves elastically. This assumption allows for the use of
wave propagation expressions in the far field. The original procedure, inijtially developed
for linear response analysis of pile groups, is also used herein. The procedure consists of
three steps. |

Step I. The axial elongation-contraction, w(z, t), of a single pile, subject to iner-
tial loading at its head, is determined using the proposed nonlinear model.

Step 2: The induced soil-deformations due to the oscillations of the pile generate P
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and S-waves travelling radially outward from the pile and also being reflected from the
soil free surface. To simplify the problem, it is assumed that these waves spread out only
along the horizontal direction in the outer field, attenuating in the process. These attenu-
ated waves will eventually reach the near field of the neighboring (“receiver” or “pas-
sive”) pile. Here, the soil displacements produced by the waves emanating from the
“active” pile are used as support motion on the nonlinear springs and dashpots associated
with the receiver pile. A schematic illustration of this approach is shown in figure 4.11.

Step 3: The response of a pile belonging to a group is the result of its own load plus
the additional influences originating from its neighboring piles in the form of support
motion at the pile-soil interface. The time domain expression for the additional wave field,
given by equation 4.13, is employed to obtain this support motion at each timé step of the
time-marching scheme.

With this method, the simplest pile-group configurations that can be analyzed are
the 2x1 and 2x2, since each pile in the group is subjected to identical loading conditions.
In such cases, the problem reduces to the analysis of a single pile subjected to the head
loading as well as the displacement field emitted from the neighboring piles. The govern-
ing equations and finite-element formulation for combined head loading and wave loading
induced from the diffracted wave field are described in Appendix A.

The model was used to determine the effect of nonlinearity on the vertical
response of pile groups. The results for a 2x1 and 2x2 pile group, embedded in the soil
profile reported by Muster and O’Neill, for different pile-to-pile spacings are shown in
figures 12 and 13, respectively. The reference shear wave velocity used te determine a,, is
V, = 116 m/s. The storage and loss stiffness coefficients are normalized with respect to
n-times (n = number of piles in the group) the linear static stiffness of a single pile, while

the applied load levels are indicated in terms of the ultimate load capacity of a single pile
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P, and n. It is clear that increasing load levels, and thereby increasing nonlinearity in the
response, leads to substantial decrease in the equivalent linear stiffness (storage stiffness)
while increasing equivalent linear damping (loss stiffness). Also noticeable is the flatten-
ing of peak response for increasing load levels indicating that pile-soil-pile interaction

effects are suppressed due to increasing nonlinearity.

4.6 Lateral response of pile groups: summary of the companion model

This section presents a description of the companion model for lateral response of
pile groups developed earlier (Badoni 1995, Badoni and Makris 1996). The salient fea-
tures of the model are described first, along with the method of determination of model
parameters. The results from a calibration procedure undertaken for five full-scale experi-
ments are then outlined. Subsequently, a few results for the dynamic lateral response of

single piles are presented.

4.6.1 Attenuation function in the time domain
In the case of lateral response, the expression for the displacement field
u(z, r, ¢, ) at depth z at a distance r away from the pile and at an angle ¢ with respect
to the direction of pile motion may be written as
u(z, r, 9, ®) = y(r, ¢, 0)y(z, ®) (4.35)
where y(z, ®) represents the lateral displacement of the pile at depth z and ® is the fre-

quency of oscillation. y(r, ¢, ®) is an approximate attenuation function proposed by

Makris and Gazetas (1992) given by

W(r,6,0) = (5, 0,0)(cos0)’ + y(r, ] 0 (sing)” (4.36)
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r d g d

0 d 72 ® _i .0) _5
y(r,0,m) = (2—;_) exp|—B; 7 expli v, (4.37)

r d r d
n O\ (d)/2 Bm( "2 .o)( 2 438
\If(r, 5 (D) = (5) exp|-B; v exp|i 7 (4.38)

in which 4 is the pile diameter, V_ is the shear wave velocity and V;, = [3.4/7(1 - V)]
is the Lysmer’s analogue wave velocity (v being the soil Poisson’s ratio). Equation (4.35)

can be transformed in the time domain with the help of the convolution integral.

u(z, 1) = jw(r, 0, 1—T)y(z, T)dr 439

where

w00 = 32 [ W, 0)e o (4.40)

Denoting the travel times for the compression-extension and shear waves by

t; = L ;/a’/Z and ¢, = r-d/2 respectively, and using equations (4.36) to (4.38), equa-
La s
tion (4.40) takes the form:

— : t .
y(r, 9, 1) = coszq)'\/g‘%t“'e Bthe:m Lez(mdm

B iwe, -
+sin2¢g§%—tje e ‘e'do

which can be obtained, by a process similar to that in section 4.1, as

(4.41)
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t {
t (S, 0,1) = %E{cos 0— Py 2+sin2¢2L] LB#0  (4.42)

Bt +(t—1p) [32:5 +(t—ts)2

v(s, 0,1) = %E[cas%ﬁ(t— 1)+ sin2¢8(t— t)],B=0 (4.43)

The displacement field given by (4.39) may now be written as

u(z,t) = —j: cos ¢J 5> 2y(z, T)dt
B tL+(t—tL—’t)
,Pp#0 (4.44)

+ sin ¢J 2y(z, 1)dt
|3 t +(t—t -1)
u(z, 1) = EY(z)[cosz¢y(t—tL)+sin2¢y(r—ts)], B=0 (4.45)

4.6.2 Nonlinear model for lateral response of single piles

The problem herein is that of a single pile embedded in a layered soil and sub-
jected to lateral motion. The pile is modeled as a linear elastic beam with circular cross-
section area A p? diameter d, moment of inertia I oo Youngs modulus E » and mass density
Py The surrounding soil is considered to be an inhomogeneous deposit with shear wave
velocity V., density p,, shear strength §, or angle of 'interﬁal friction ¢, that vary with
depth. The soil-pile interface is modeled as a Winkler foundation interacting with the pile
through continuously distributed nonlinear springs and linear dashpots as sketched in fig-
ure 4.14.

The restoring force from the nonlinear spring at depth z is given by

F(z) = Mz)S(z)d{, for cohesive soils (4.46)
I 1+ sing . .
Fz) = wydi— C ,  for cohesionless soils (4.47)
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where A varies linearly from 3 to 9 according to the equation

(6]
e Y £4 4.48
oM (4.48)

Az) =3+
as recommended by Matlock (1970).
Here, d is the pile diameter, vy, the soil specific weight, o, the overburden pressure, and '

is a hysteretic dimensionless quantity that is governed by the following nonlinear equation

Yol +¥IyILIE -1 + BylEln - Ay = 0 (4.49)
in which y is the pile deflection at the location of the spring, and y, is the yield limit
defined by y, = §/k where k is the small-amplitude distributed elastic stiffness usually
approximated by (Gazetas and Dobry 1984, Makris and Gazetas 1992, Makris 1994)

k=12E, (4.50)

B, v, nand A (=1 in this formulation) are dimensionless quantities that control the shape of
the hysteretic loop. The parameters that need to be identified from static test data are »n,
and J or p for cohesive and cohesions soils respectively.
At the small-amplitude linear limit, the restoring force from the dashpot is of the
form
F; = [Qa3®¥p V. d]y (45D
where the term within the brackets is the distributed freduency dependent damping coeffi-
cient c(ay) = QagdPp. V.d. a; = wd/V, is the dimensionless frequency, and the

coefficient Q is given by the expression

Q= 2[1 + E(-%‘i\a]l'zs(g)w 4.52)

At shallow depths (i.e., less than three diameters) the expression given by (4.52) can be

simply replaced by Q = 3 (Gazetas and Dobry 1984).
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Under harmonic vibrations with frequency @, equation (4.51) yields a force pro-
portional to wy. However, when the response becomes nonlinear (y >y, ), the force gen-
erated from radiation damping does not increase considerably compared to the maximum
damping force that develops under linear conditions. Accordingly, in order to account for

large pile deflections under harmonic excitation, equation (4.51) is refined to

Fy = Qaz®®p. V. do(y) (4.53)
where

(W =y, for y>y, (4.54)
and

=y for y<y, (4.55)

With this formulation, the nonlinear spring equation, (4.46) or (4.47), and the dashpot
equation, (4.53), of the constitutive model are consistent with the viscoplastic analysis at
the limit of small-deflections and the plasticity analysis at the zero-frequency limit. A

more detailed description of the model can be obtained in Badoni (1995).

4.6.3 Calibration of model parameters

Five well instrumented full-scale experiments were selected where the pile
response was recorded beyond the elastic limit. In all cases, the model was first calibrated
using static test data and subsequently used to predict dynamic response. Table 1 summa-
rizes the soil properties, pile characteristics and the values of the calibrated model param-
eters. The primary purpose of Table 1 is also to provide a realistic range for the values of
n, J and p. Recall that parameter # controls the transition from the linear to the nonlin-
ear range, and parameters J and |1 are associated with the strength of a cohesive or cohe-
sionless soil respectively. It is observed that, for cohesive soils, <1 and 5<A<9,

whereas for cohesionless soils 2<n <3 and 3<u<5.
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TABLE 1

Constitutive model parameters for different experiments

Test / Year Soil Properties Pile Characteristics p Model
arameters
Cohesive Soils J n
Kramer et. al. 1990 Vo= 0.49 =149 m 0.5 1.0
Crouse et. al. 1993 V, (tip) = 30 m/s d=0.20m
p= 1.12 Mg/m? t= 0.0064 m
E,l=3.81x10° kN-m?
Brown et. al. 1987 v=0.49 L=13.4m 0.15 | 0.25
Blancy & O’Neill 1986 | V (tip) = 115 m/s d=0.273 m
pe= 2.1 Mg/m?3 t= 0.0093 m
E,l=7.3x10° kN-m”
Cohesionless Soils 1 n
Brown ef. al. 1988 V=048 L=13.1m 50 13.0
(Sand) V(tip) = 160 m/s d=0.273m
p.= 1.6 Mg/m? t= 0.0093 m
Epl,= 7.3x10% kN-m?
Jennings et. al. 1984 ve=0.49 L=675m 50 |30
V(tip) = 125 m/s d=0.45m
pe= 1.6 Mg/m® t=0.010 m
Epl= 0.8x10° kN-m?
Ting et. al. 1987 V=048 L=9.75 m 3.0 |20
V(tip) =70 m/s d=0.61m
p.= 2.0 Mg/m? t=0.013 m
Epl,= 2.2x10° kKN-m?

4.6.4 Nonlinear dynamic response of single piles to lateral loading

Figures 4.15 and 4.16 show equivalent storage and loss stiffnesses normalized

with respect to the static small-amplitude linear stiffness, as a function of dimensionless

frequency, for two of the aforementioned pile-soil data sets. The “rigorous” solutions of

Kaynia and Kausel (1982) for linear response are also illustrated for the sake of compari-
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son.' This boundary-element formulation uses Green’s functions defining displacement
fields due to uniform barrel and disc loads associated with pile-soil interface tractions,

which are computed by solving the wave equation through Fourier and Hankel transforms.

4.7 Concluding remarks

In this chapter, a simple, physically motivated procedure has been presented to
compute the nonlinear axial dynamic response of pile foundations. This complements the
earlier model for lateral response developed in Badoni (1995) and Badoni and Makris
(1996). The single pile response was computed using a nonlinear viscoelastoplastic
model. Yielding of the soil surrounding the pile and slippage along the pile-soil interface
were identified as two different failure mechanisms and modeled separately in accordance
with experimental observations. Distributed nonlinear hysteretic springs described by the
Bouc-Wen model were found capable of modeling soil reaction and hysteretic damping,
whereas radiation damping was modeled with distributed frequency dependent dashpots.
The proposed model was calibrated with data recorded during full-scale experiments. A
plane-strain theory of wave propagation was subsequently utilized to compute pile-to-pile
intefaction in the time domain. The nonlinear response of single piles and pile groups
shows a significant deviation from linear behavior at high load amplitudes, with reduced
equivalent stiffness and augmented equivalent damping. Nonlinear effects were also

found to suppress pile-to-pile interaction to some extent.
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CHAPTER §

YIELDING BEHAVIOR OF
REINFORCED CONCRETE PILES
UNDER LATERAL LOADS

Under moderate and strong seismic loading, pile foundations are subject to large
deformations, and the behavior of the soil-pile system departs significantly from the linear
limit. This was observed after the Northridge and Kobe earthquakes, where the motion of
the ground near pile groups supporting highway bridges, overcrossings and ramps was of
the order of a pile diameter (Porcella et al. 1994, Comartin et al. 1995). An example of
strong ground motion is the Sylmar Converter Station record from the Northridge earth-
quake (figure 5.1), where the maximum peak-to-peak ground displacement reached one
meter (two to four times the typical pile diameters used by Caltrans). In Japan, the effects
of near-source long period pulses is becoming a subject of concern, in light of the collapse
of elevated highways and severe damage of newly constructed high-rise apartments dur-
ing the Kobe earthquake. Due to the high displacements involved, nonlinearity is expected
to play a substantial part in the system response to such input.

To address this problem, a rigorous analysis of the pile foundation itself is
required, accounting for nonlinear pile-soil interaction as well as yielding of the pile itself.

However, while great advancements have been made in recent years in the modeling of
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soil-pile interaction, the assumption of a linearly elastic pile is still used in most of these
analyses. A nonlinear pile-soil interaction model developed earlier (Badoni 1995, Badoni
and Makris 1996) is extended herein to include yielding of the pile in the analysis. This is
accomplished by incorporating a special element formulation, that accounts for the forma-
tion of a plastic hinge of finite length, into the existing model. The moment-curvature rela-
tionship for the plastic zone is governed by a bilinear hysteretic model of the type used by
Roufaiel and Meyer (1983, 1987). The advantage of this formulation is the ability to get
accurate results using a small number of elements.

Note that pile yielding is most relevant for reinforced concrete piles under lateral
loads in the low frequency-high amplitude range. Hence, this chapter specifically targets
this case. The problem is first defined, followed by a description of the model and the pro-
cedure employed for incorporation of this model into a one-dimensional finite-element
analysis scheme. The model is validated using an example presented by Priestley et al.

(1996). A qualitative analysis of pile yielding is then presented.

5.1 Problem definition

| The problem studied herein is that of a single pile embedded in a layered soil and
subjected to lateral loading. The pile is modeled as a beam with circular cross-section area
A P diameter d, moment of inertia I p Youngs modulus £, and mass density p P Addi-
tional parameters required to model pile yielding and hysteresis are the yield moment M v
the yield curvature 9, post-to-pre-yielding-stiffness ratio p, and an empirical pinching
factor o, . These are explained in a subsequent section. The surrounding soil is considered
to be an inhomogeneous deposit with shear wave velocity V, density p, shear strength
S, or angle of internal friction ¢, that vary with depth. The soil-pile interface is modeled

as a Winkler foundation interacting with the pile through continuously distributed nonlin-
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ear springs and linear dashpots, as shown in figure 5.2. The governing expressions for

these have been described in section 4.6.2.

5.2 Model for reinforced concrete

The choice of selecting a proper model for reinforced concrete behavior in this
analysis is not a simple one because of the large number of sophisticated models available
in the literature. Miramontes et al (1996) classify the various available numerical models
according to scale as:

1) Local models, which start at the level of material constitutive laws (stress-strain
relationships), and involve integration of stress across spatial coordinates to arrive at the
macroscopic behavioral law. They offer the advantage that all parameters involved have
physical meaning and can be utilized independent of geometry. Of course, the computa-
tional effort required is immense.

2) Global models, which use generalized variables that incorporate both concrete
and steel properties into uniaxial behavioral laws and utilize simplified kinematic hypoth-
eses. These models are cross-section and load history specific. Also, they do not provide
any information at the local level (e.g. stress distribution across the cross-section). How-
ever, they are very suitable for nonlinear dynamic analysis, where global behavior needs
to be modeled and where computational time is at a preinium.

3) Semi-local models, in which the equilibrium and kinematic conditions are man-
aged at a global scale, while stress and internal variables are calculated at the local level.
Thus, these models can exploit simplified kinematic hypotheses as well as uniaxial behav-
ioral laws, resulting in reduced computational effort required in the integration of stresses.

4) Adaptive models, which involve progressive mesh refinement to account for the

spread of inelasticity across members. Inelastically behaving members use local (or semi-
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local) models, while elastic members are modeled with global models. This approach is
both economical and accurate even though it is somewhat complicated to implement.

In this study, the primary aim was to use a model that would be easy to incorporate
into the existing one-dimensional finite-element formulation for the pile-soil system,
without compromising accuracy. Local and semi-local models would clearly be difficult
to implement and also unnecessary, since we are primarily interested in simulating global
behavior. A type of simplified adaptive model was also considered in which plastically
behaiving elements would be constrained to follow a hysteretic moment-curvature rela-
tionship. However, this could not account for the spread of plasticity suitably without
resorting to very fine discretization.

The model chosen for this study is based on the global frame member model pro-
posed by Roufaiel and Meyer (1987). It accounts for the finite size of plastic regions and
requires the specification of only a few parameters for analysis, which can be readily
obtained. It uses modified Takeda-type hysteresis rules (Takeda et al. 1970) to sirﬁulate
the h-ylsteretic moment-curvature relationships. The effects of shear and strength degrada-
~ tion can be modeled but are not included in this analysis to kéep the model simple. The
I'nodcl_'has been tested extensively and verified for reinforced-concrete frame members
un,c.lér"strong cyclic loads and under high shear and axial forces. It is therefore ideally
'suitf.:d to the analysis of pile yielding. In this study, the model has been adapted to the
finite-element scheme employed in Badoni (1995).

The Bouc-Wen model was also considered to model the moment-curvature rela-
tionship for concrete, but that would increase the number of parameters to be identified
and multiply the uncertainties involved in identification from scattered data that is usually
available for most pile analysis experiments. The present model, on the other hand, has

already been employed extensively for the study of plastic deformation of columns, and
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all its parameters are already defined or well established.

5.2.1 Primary moment-curvature relationship

The primary moment-curvature relationship for this model is obtained using the
assumption that plane sections remain plane even after cracking of concrete. Roufaeil and
Meyer (1983) describe a procedure to analytically obtain this M — ¢ relationship starting
from assumed bilinear stress-strain curves for steel and trilinear ¢ — € curves for concrete,
and using conventional reinforced concrete theory. This leads to a close-to-bilinear curve,
the deviation being small enough to be ignored. The idealized primary moment-curvature
reiationship is shown in figure 5.3. The two points of interest are the yield point ((by, M)
and a point (¢,,, M, ) which corresponds to the failure of the concrete cover, assumed to
occur when the concrete at the extreme fiber is strained to its failure value €,,. ET is the
elastic stiffness for the section, and p is the ratio of post-yielding stiffness to elastic stiff-

Nness.

T X
|
f
.=
&

MOMENT

CURVATURE

Figure 5.3: Idealized primary moment-curvature relationship for reinforced
concrete pile section.
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This primary moment curvature relationship can also be determined by any alter-
nate approach (e.g. finite-element analysis or by experiment), and an appropriate bilinear
idealization may be obtained. In effect, this approach decouples the analysis of the cross-
section properties from the analysis of the pile, making it a one-dimensional problem

which can be easily incorporated into the existing formulation.

5.2.2 Model for hysteretic behavior of reinforced concrete

The model for hysteretic behavior used herein, as given in Roufaiel and Meyer
(1983), is a modified Takeda-type model with five branches as illustrated in figure 5.4.
These are enumerated below:

1) Elastic loading and unloading: Until the maximum moment has reached the
yield moment, M 3 the incremental moment curvature relationship is given by:

AM = (EI)(Ad 5.1
where (EI), = EI is the elastic flexural stiffness obtained from the primary M — ¢ curve
in figure 5.3.

2) Inelastic loading: If (i) the moment is greater than the yield moment, (ii) the
moment is also greater than the maximum inelastic moment reached in any previous
cycle, and (iii) the moment is still increasing, then we have the relation

AM = (EI),Ad (5.2)

where (EI), = pEI is ‘the plastic loading stiffness also given in the primary M - ¢
curve.

3) Inelastic unloading: If (i) the yield limit has been previously exceeded, (ii) the
absolute value of the moment is decreasing, and (iii} the sign of the moment is unchanged,
then

AM = (EI);Ad _ (5.3)
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The calculation of (ET); is described in section 5.2.3, along with (EI), and (EI)s.

4) Inelastic reloading during closing of cracks: If (i) the yield limit has been previ-
ously exceeded in the opposite direction of loading, (ii) the absolute value of moment is
increasing, and (iii) its value is less than the “pinching moment” M p for the current cycle,

derived in section 5.2.3, then

Figure 5.4: Hysteretic moment-curvature relationship for R/C pile section
showing five branches of hysteresis loop.
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AM = (EI),Ad (5.4)

5) Inelastic reloading during closing of cracks: If (i) the yield limit has been previ-

ously exceeded in the opposite cirection of loading, (ii) the absolute value of moment is
increasing, and (iii) its value is greater than the “pinching moment” M P for the current

cycle, then

AM = (EI);Ad (5.5)

5.2.3 Determination of pinching point and unloading/reloading flexural stiffnesses

Inelastic reloading involves closing of previously opened cracks leading to “pinch-
ing” behavior, especially under the action of high shear forces. In this model, this is incor-
porated by having two reloading branches (4 and 5). The coordinates of the pinching point
and the stiffnesses for branches 3, 4 and 5 are calculated in the following steps for the
half-cycle illustrated in figure 5.5.

The coordinates of an auxiliary point (M, ¢, ) are first established as:

M, = l_f;(q)'lEl-M’l) (5.6)
0o = ——| 47 - 21 6
07 1-p|™ EI '

where M, and ¢, are the maximum moment and curvature reached in the negative direc-
tion during the current load cycle.

A hypothetical “no-pinching” reloading stiffness, depicted by EI, is then:

+
El = M"Jr__MO (5.8)
o, —

+ + . . . s .
where M~ and ¢, are the maximum moment and curvature reached in the positive direc-

tion during any previous loading cycle.
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The residual curvature, ¢,, can now be obtained from

M
o, = bg—— (5.9)
El

A “point of no pinching,” (M, ¢,,), is then defined as

- EI

= ¢ — 5.10

o ¢'EI—-EI ©-10)

M_ = Elp (5.11)
M

Figure 5.5: Unloading and reloading stiffnesses incorporating pinching
behavior of reinforced concrete.
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From this the pinching point, (M ;, ¢;) , can be calculated as

M=o M (5.12)

¢, = o0, (5.13)

where o, is an empirical “pinching factor” that represents the effect of shear stress on
pinching behavior. Thus, if the shear effect is negligible, o, = 1, and branches 4 and 5
will be in a straight line with slope EI (no pinching). For &, = 0, that is when shear
effect completely controls the load-deformation behavior, branch 4 will be along the ¢-

axis. Roufaiel and Meyer (1983) provide an empirical correlation of o, with a shear-span

r

to effective depth ratio, a/d, as

a
o, = 0.45-06 (5.14)

where o, = 0ifa/d<1.5,and o, = 1 if a/d >4 . In our analysis, o, has been kept as
a model parameter which can possibly be identified from experimental testing or other-
wise.

The stiffnesses for branches 3, 4 and 5 are now given as

(ED); = _M‘ - (515
0y~ 0,

(EIy; = (5.16)

3
+

M -M
(EDg = ——F (5.17)

5.2.4 Finite-element formulation

Consider the finite element formulation for the linear-elastic pile, nonlinear soil
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system studied earlier (Badoni 1995). The equation of motion for this system was given
by:
PpA Iz, ) + EQl Ly (2, 1) + 0ky(z, 1) + (1 - a)kyol(z, ) + c¥(z,1) = 0 (5.18)

The discretized form of this equation using standard cubic-hermitian shape functions,

N(z), are
[MIF0}+[CHIO}+{F™0)} = {F™0) (5.19)
where
Ln
o= p, A IN(Z,)HN(z,)} d, (5.20)
0
Ln
[c] = nzdl {N(z,) HN(z,)} dz, (5.21)

{F™(0} = (IK,]+ oK D{y(0)}

nel b (5.22)
+ Y J.(I - kyo{N(z,) }C(z,, dz,
n=1 0
and {F em(t)} is the vector of nodal point loads and
Lﬂ
nel
(K, = 3 |E 1 {N"(z,)H{N"(z)} dz, (5.23)
n=1 0
Ln
nel
(K]= 3 |K{N@)HN(E,)Y dz, (5.24)
n=1

In all the above equations, z,, is the local length coordinate within each element of length
L

n*
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In the present model, the moment-curvature relationship for reinforced concrete is
assumed to be piecewise linear, so equation (5.19) is still valid within each branch. How-
ever, from one branch to the next, the value of £/, changes depending on the prescribed
M — ¢ relationship. This affects the matrix [K,] directly, and since the moment and cur-
vature vary across the length of the element, a special formulation is required that can
accommodate discontinuous E I, along the element length.

The element used herein is schematically illustrated in figure 5.6. Note that the soil
springs and dashpots are not shown but are modeled as part of the element. As shown in
the figure, there are eight degrees of freedom. The intermediate d.o.f.s can, however, be
factored out by a process of static condensation. Within each section, the cubic hermitian
shape functions are still valid. The symmetric element stiffness matrix can therefore be

written as:

I
| (EI);
F

plastic zones

El

l ED

Figure 5.6: Special element used to model variable elasticity showing
uncondensed dof numbering, and plastic zones.
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[K,] =

ED), ED), ; El ED), |
12(—3)‘ 6{—2—-)' 0 0 -12(—3)‘ 6(—25 0 0
L I I L
ED. ED), f ED), ED),
NI : R 0 1 & LED; o 0
0 0 12—(E?f —6—(E;)j 0 0 -12(—-JE?' 6(—JE£) j
lj l]. l} lj
ED, (ED;i El}, ED).
0 0 -6(—-}’ 4(—)—1; 0 0 -6( ) 2(—)’
roooh i ’j
El ED), " (ED), ED.
1 6 0 Sk (ED B E 62l
I I L i I ! ! i
(ED); (ED); (ED; g1 (EIYy EI EI E!
7 ; 0 0 6= 465 4+ 4 -6 2=
; i I, I i 1
El), (ED; ED); EI
0 0 -12(—3)—1 -5(—2)12 128 651 12(—3-)l+ 12Z 6£T)-’—61—5-2-]
L I | ! ! I I l; i
(ED); _(ED); El El (En; Er ,(ED; EI
0 0 6 [2 ZT ? 2—2- 6"72—“ - 4 7. +4T
L J ;o j { I i
(5.25)
which is defined by
(5.26)

(K, ){y} = {F}
wheére {y} is the 8x1 vector of nodal displacements and rotations, and {F} is the nodal

load vector for the element. If we set the nodal load values for the internal nodes to be

zero, we can rewrite this equation as

Kbb Kbr Yy = |:Fb] (5.27)
Krb Krr Yy 0

where the subscript r denotes the degrees of freedom to be condensed out. The condensed

equation is then obtained as
-1
(Kpp— Ky, K K {y,} = {F),} (5.28)

which gives the modified beam stiffness matrix as
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-1
[Kp] = [Kpp—Kp K K]

(5.29)

where
[ (ED.  (ED). |
12t 3)’ s LD 0
I %
ED. (ED).
6—( 2)‘ 4(—)‘ 0 0
5 :
(K,,] = i ' (5.30)
ED, ED.
0 12( ) —6( );
P 12
J J
ED. (ED,
. (ED; (ED),
A g
| j 7]
[ (ED), ED). ]
8D Bl (D GEL R 62
I ! I ! ! I
ED), ED),
_¢ED:  (EIED); EI _¢El LEI
2 F ) ] 2 I
K, ] = ' ED ED (5.31)
-12E—3I —6E—21 12— 12%1 6 21-6521
! ! r I I !
ED, ED.
6= 22! 6EDi_GEL B0 4Bl
i I r I l; g
[ (ED). (ED), |
ED., (ED),
D ED
% :
(Kl = Kl = | % (532)
(EI; (EI);
0 0 -12—-3-—1 6—2—1
¥ ;
ED. (ED.
% I
L J i

in which (ET); and (ET) j are obtained from the M — ¢ relationships at the corresponding

136



element ends, according to the conditions described in section 5.2.2. For the special case
where the middle of the element is uncracked, and end 7 is in branch 3, 4 or 5, the average
of (ET); and EI is taken to account for the variation along the cracked length.

The plastic region length [; for end i is obtained as:

L - Mi—sgn(Mi)My
T MM,

(5.33)
for branch 2. For all other branches, the plastic region length is unchanged, since they do
not involve additional cracking. Since the plastic zone length depends on the end moments
at the current time step, a simple iterative technique is employed in which /; is progres-
sively refined until convergence is achieved according to the steps listed below:

For each time step

» Calculate [, [ It (EI); and (ET) j for all yielding elements based on the end

moments at the previous time step.

* Calculate the modified beam stiffness matrix {K,} for these elements and

assemble the global effective stiffness matrix and load vectors.

» Calculate nodal displacements and rotations.

* Update element end moments based on new nodal vector.

* Recalculate /;, [ I (EI); and (EI) i and check for convergence. Repeat until

convergence is achieved.

Note that this can also be accomplished by using an adaptive finite-element
scheme with moving nodes, which would require considerable computational effort and
be particularly susceptible to problems of numerical instability. It is also of note that Rou-
faeil and Meyer (1983) obtained their stiffness matrix from an inverse-flexibility formula-
tion. It can be easily shown that these two formulations are identical.

There are a few assumptions involved in the static condensation technique
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employed here. It is not strictly valid for a dynamic problem where the mass and damping

matrices are included in the incremental stiffness matrix and load vector. However, if the
number of elements chosen is not too small, the few elements with discontinuous curva-
tures will have little effect the accuracy of the finite-element scheme. This is the inherent

advantage of using a finite-element scheme instead of a global beam member model.

5.3 Model validation: The viaduct example

Priestley et al. (1996) describe a detailed analysis example of a long regular via-
duct. The problem is modeled as depicted in figure 5.7. Model A is the one used in the
book, whereas Model B, which needs to be validated, is the one proposed here. Model A
uses a lumped mass approach along with discrete linear soil springs and does not incorpo-
rate soil radiation damping. Model B has the capacity to model nonlinear soil behavior as
well as radiation damping. It uses consistent mass matrices, except at the top where the
mass of the superstructure is lumped, as in Model A. However, in this analysis, only the
nonlinear model for reinforced concrete needs to be verified, and so the dashpot coeffi-

cients are set to zero, while the spring modeling equations are constrained to be linear.

5.3.1 Column, pile-shaft and soil properties

The column is circular with a diameter of 1.83 m. It is continued into the ground as
a cast-in-drilled-hole (CIDH) pile shaft with the same dimensions and reinforcement
details, as depicted in figure 5.8. The column reinforcement consists of 30 D36 mm
{(No.11) longitudinal bars and D19 mm spirals with a pitch of 115 mm. The assumed yield
strength for reinforcement is fy = 414 MPa, while the nominal concrete strength
f. = 24.1 MPa. The moment-curvature relationship depicted in figure 5.8 is for an
expected below-ground plastic hinge with an axial load of 8.85 MN, which includes the

superstructure weight of 8 MN and the weight of the column, The equivalent mass density
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Figure 5.8: Primary moment-curvature relationship for expected below-
ground plastic hinge (axial load = 8.85MN).

for the cross section with area A, = 2.63 m?, is p = 24 Mg/m3.
The soil is characterized as a very dense sand with a linearly varying distributed

elastic stiffness of k (z) = 18.3z(MPa), where z is the depth below ground level.

5.3.2 Quasistatic analysis

To assess the quasistatic seismic response of the system, an equivalent lateral load
applied at the center of mass of the superstructure is used. An approximate method is first
employed to locate the position of the plastic hinge at a depth of 1 m below ground level.
The lateral load corresponding to yielding at the base of an “equivalent” 12m cantilever is
then calculated to be 1150kN.

The results from Model B for a lateral load of 1150kN are compared in figure 5.9
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Flgure 5.9: Static deflection and bending moment profiles for the viaduct
models.

with the Model A predictions. Note that Model A is essentially a linear model, based on
the assumption that the applied lateral load corresponds to the linear limit. However, it can
be seen from the bending moment profile that there already is a significant plastic zone,
even for this load level. To illustrate the error involved in this assumption, two cases were
examined for Model B. In the first, the M — ¢ relationship for the pile section was con-
strained to be linear, and, as expected, the agreement obtained with Model A is excellent.
The second case utilizes the bilinear M — ¢ curve of figure 5.8, and represenis the actual
inelastic action of the plastic region. There is a noticeable increase in the above-ground

deflections, while the bending moment reduction in the plastic zone is barely visible
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owing to the small magnitude of inelastic overloading.

To illustrate the effect of pile yielding in this example more clearly, the applied
load amplitude was increased to 1250kN, and three quasistatic load cycles were applied.
Figure 5.10 depicts the resulting force-displacement relationship at the top of the column,
which shows the characteristic bilinear curve in the loading zone. The cyclic loading
induces global P — A behavior similar to the local M — ¢ curves, which are illustrated in
figure 5.11 for different depths along the pile shaft. The pinching factor was taken as

o, = 0.8 in this analysis. The desired moment curvature relationships are reproduced

along the depth of the pile.
The associated displacement and bending moment profiles corresponding to maxi-

mum loading at the column top are illustrated in figure 5.12. For the sake of comparison,

't 500 T T T T | L T T T
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500
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APPLIED FORCE, P, (kN)
j=]

-1000

_1 500 1 1 1 1 | L 1
-1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1

TOP DEFLECTION, A,(m)

Figure 5.10: Cyclic force-deflection relationship at top of column
(z = -11m).
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Figure 5.11: Observed moment-curvature relationships at different depths
along the pile.
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Figure 5.12: Linear vs. nonlinear (pile yielding) deflection and bending
moment profiles for quasistatic cyclic loading with amplitude
1250kN.

the corresponding linear profiles are also shown, ie., the profiles corresponding to no
yielding. The increase in displacement levels due to yielding is evident while bending
moments are reduced around and below the yielding zone. Consequently, the length of the
plastic hinge predicted from the bending moments from a linear analysis is greater than

that actually obtained from the nonlinear analysis.

5.4 Influence of nonlinear soil behavior on yielding pile response
In the previous section, the soil springs were constrained to be linear, which is an

unrealistic assumption given the significant magnitude of soil deflection close to the sur-
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face. This fact was also pointed out by Priestley ef al. (1996) in their example. In this sec-
tion, the influence of soil nonlinearity to the overall viaduct response is investigated. In
the absence of available geotechnical data, the angle of internal friction for the dense sand
is taken as ¢, = 30°. According to the recommendations in Badoni (1995), the empirical
parameters that control the shape of the soil spring force-displacement loops (see section
46.2)arechosenas a =0, A =1, =05,y =05,n=2 and p = 3. The yield
displacement at a given depth y,(z) is given by the relation

Y,d 1+ sing,

Yo(2) = M T * (5.34)

The resulting head-force displacement loops for an applied load of 1250 kN are shown in

figure 5.13, and the corresponding displacement and bending moment profiles in figure
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Figure 5.13: Force-deflection relationship at top of column with nonlinear
soil behavior.
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Figure 5.14: Maximum deflection and bending moment profiles under
different modeling assumptions.

5.14 (gray line) along with the previously shown profiles which excluded soil nonlinearity
(the solid line corresponds to no pile yielding) in the analysis. The substantial i‘ncreasc in
deflections and bending moments is evident. This result is easily explained by considering
the soil p-y curves at four depths as illustrated in figure 5.15. It is clear that the yield limit
for this sand has been exceeded up to a significant depth. Notice that the maximum restor-
ing force of the soil increases linearly with depth, being close to zero at the top. For cohe-
sive soils, where this is constant with depth for the most part, the influence will not be as
dramatic.

Perhaps the most significant result of this analysis is that the length of the plastic
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Figure 5.15: Soil p-y curves at different depths for quasistatically loaded
pile with load amplitude 1250 kN.
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Figure 5.16: Deflections and bending moment profiles including soil
nonlinear behavior but different pile modeling.

zone has been increased. Thus, the inclusion of pile-yielding alone, without incorporating
nonlinear soil behavior, can actually give a non-conservative estimate of the pfastic zone
length and underestimate deflections. This is further investigated in figure 5.16, in which
soil nonlinearity is included in both analyses, but the pile is modeled as linearly elastic in
one of the cases (corresponding to the solid line). Clearly, the pile deflections after yield-
ing are influenced greatly by soil nonlinearity. The bending moments, however, are barely
affected in this case (compare with figure 5.12). As such, an analysis including soil non-
linearity can give a fairly good estimate of the plastic zone length, which can then be used

in an equivalent fixity analysis of the type used by Priestley (1996) for subsequent time
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history analyses.

5.5 Concluding remarks

In this chapter, a nonlinear model for soil-pile iteration has been presented that
accounts for yielding of the pile itself according to a bilinear hysteretic moment-curvature
relationship. This model for reinforced concrete has already been used extensively in
other types of analysis, and so can be used with confidence here. A new finite-element
procedure has been developed which accounts for spread of plasticity within an element,
thus reducing computation time considerably compared to the alternative of adaptive or
mesh refinement techniques. The model has been verified at the linear limit for a one-
dimensional viaduct model resting in a CIDH pile shaft, and the significance of consider-
ing both soil nonlinearity and pile yielding to overall structural response has been estab-

lished.
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CHAPTER 6

CONCLUSIONS

In this research, the problem of nonlinear pile-foundation-superstructure interac-
tion was addressed by utilizing a substructure approach and developing appropriate time-
domain methodologies for the analysis of each subsystem in conjunction with two alterna-
tive techniques for integratéd analysis of the system. The importance of foundation
dynamics to overall system response was established first by studying the response of the
Painter Street bridge to the Petrolia Earthquake of 1994. It was found that a simple six
degrees-of-freedom model for the superstructure incorporating dynamic foundation stiff-
nesses gives much better results than using single-valued stiffness and damping relations
for the foundation. The considerable error involved in assuming a rigid foundation base
(i.e., no soil-structure interaction) was also demonstrated.

Subsequently, the problem of a yielding superstructure on a linear foundation was
studied. The superstructure considered was modeled by a simple two degrees-of-freedom
system, while the Bouc-Wen model was used to model nonlinear behavior. Two different
formulations were proposed for the system governing equations. The first method models
the restoring force from the foundation in terms of a convolution integral that uses the rel-
ative velocity history of the foundation motion and the dynamic relaxation stiffness of the
foundation, while the second utilizes a state-space formulation. Both methods were vali-

dated at the linear limit by comparing time with frequency domain analyses. The versatil-

151



ity of the Bouc-Wen model in modeling a variety of nonlinear behavior was demonstrated.

A time-domain procedure was presented to compute nonlinear axial dynamic
response of pile groups under inertial loading. The phenomenon of soil yielding and slip-
page were modeled in a physically motivated manner, and linear wave propagation theory
was used to compute pile-to-pile interaction using a novel time-domain formulation. It
was found that there is a significant deviation from linear behavior for single piles and pile
groups at high load amplitudes. Increased nonlinearity resulted in reduced equivalent stiff-
ness and augmented equivalent damping, although pile-to-pile interaction was suppressed.

The significancc of pile yielding to overall system behavior was studied with the
help of a new model which incorporates a bilinear hysteretic moment curvature relation-
ship for the pile cross-section into a nonlinear soil-pile interaction model for lateral
motion. This one-dimensional finite element model was shown to be a promising tool in
analyzing foundation-structure interaction under strong earthquake motion, especially for
CIDH pile shaft foundations. It was observed that neglecting soil nonlinearity while con-
sidering pile yielding can provide unconservative estimates of plastic zone length and
position.

One of the most important contributions of this research is the demonstration of
the Bouc Wen model as an efficient tool to model nonlinear behavior in seismic analysis
of pile foundation-superstructure systems. This model was used for soil as well as super-
structure nonlinéarity by developing appropriate formulations and associating the model
parameters with physical properties of the system being modeled. It was found to be very
versatile with respect to different types of nonlinearities that can be handled without
requiring inordinately large computation times.

Another important concept used extensively was the convolution integral, which

was used both in modeling foundation-structure interaction and in describing wave-propa-
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gation functions for pile-to-pile interaction. It was shown that, when properly used, it can
give very accurate results and make time domain analysis much easier without having to
resort to complicated methods of analysis.

There is considerable scope for future work utilizing the techniques presented in
this dissertation. Since the focus of this study was to develop and validate these methodol-
ogies, the implementation aspect was not addressed in much detail, even though real sys-
tems have been used as examples where possible and qualitative analyses have been
carried out. It would be naive to assume, however, that these methods can be used indis-
criminately for any type of problem. For example, the convolution integral approach is
particularly susceptible to numerical error if the causality of the complex foundation stiff-
nesses is not ascertained. This clearly needs to be studied so that proper guidelines can be
established to the applicability of this method. Along the same lines, the method for
choosing an appropriate state-space model for foundation response needs to be formal-
ized. The effect of pile yielding on the dynamic response of piles can be studied using the
model proposed after suitable refinement of the nonlinear model for concrete to be stable
under high frequencies. Also, the seismic response of piles with pile yielding has yet to be
investigated and could give very meaningful results. A more direct application of the
method proposed in this dissertation would be to carry out a complete nonlinear analysis
of the Painter Street bridge example. This is obviously contingent on the possibility that

the nonlinear parameters can be reasonably estimated.
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APPENDIX A

FINITE ELEMENT
FORMULATIONS

This section provides the finite element formulations for the soil-pile system gov-
erning equations for vertical motion of piles given in chapter 4. The formulations for
active and passive piles are considered separately since the latter also involve a support

motion input for the soil springs.

A.1 Finite element formulation for an active pile

The governing equation of pile motion in the axial direction is given as:

ppApW(z, t)— Eppr"(z, 1)+ akw(z, t)
(A.])
+ (1 - o)kwyl(z, 1) + cW(z, 1) =0

Using the Galerkin method of residuals and discretizing over the pile length, one obtains:

n=nel
n§1 [p, A W(z Wiz, 1) - E,A W' (z, Dw(z, ) + akw(z, Nw(z, 1) (A2)

O'——.P‘

+ (1 - kwyl(z, Hw(z, 1) + ew(z, Hw(z, t)]1dz = 0

Variable z in the above equation, and in all subsequent equations in this section, is a local
coordinate going from 0 to L within each element, distinct from z in equation (A.1). The
summation sign represents assembly over neighboring elements. To yield a symmetric
formuiation for the stiffness matrix, the second term must be integrated by parts once:
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L

L
—jEpAPw"(z, Hw(z, t)dz = JEPAPW'(Z, Hw'(z, Hdz +
0

0
E,Aw(0,)w(0,1)-E A w(L, w(L, 1}

Defining the element internal force vector {Q(¢)} as:

el
wiL,

and using linear shape functions { N(z)} to discretize w(z, t) and w(z, f) as:

w(z, 1) = {N@)} {w(n)}

w(z, ) = {IN@}Y {w()} = {w()} {N(2)}

with

{W(I)} = [W(O, t)]; {w(r)} — |:‘f(0, E):|
w(L, 1) w(L, 1)

the following equation is obtained

L
nel
Y [jppA,,{w(r)}T{N(z)}{N(z)}T{wm}dz
n=1

0

L

+J'E,,I,,{w(t)}T{N'(z)}{N'(z)}T{wm}dz— (w1} {01}

0
L

+ jak{vg(t)}’"{N(z)}{N(z)}T{w(r)}dz

0
L

+ j(l — kwo {w ()Y [N} (e 1)z

0
L

+ Ic{w(t)}T{N(Z)}{N(Z)}T{W(t) tdz | =0
0
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This reduces to the general form that can be incorporated into a time-integration scheme

such as the Hilbert-Hughes-Taylor-o. method used in the present model.

(MW +[CHRO T+ {F (D} = {F(0)} (A9)
It is to be noted that equation (A.9) is in global coordinates. To incorporate the tip stiffness
and damping, the boundary condition at the pile tip is considered:

—EPAPW'(L, t) + atk;w(L: t) + (1 - a’t)kIWOi‘qt(t)

(A.10)
+ew(L, 1) = 0

Note that the above equation is in local coordinates for the element at the pile tip (i.e.,
n’ = nel). Substitution of (A.10) in equation (A.3) gives

L L
_JEPA W2 Dw(z, 1)dz = JEPA W2 W (z, t)dz
0 0 (A.11)
+ Eppr'(O, ow(0, 1) + o,k w(L, )w(L, 1)

(1 —o)kwy, &, (w(L, 1)+ c,w(L, Yw(L, t)
The spatial discretization of equation (A.11) now leads to additional terms in the stiffness

and damping matrices, and the force vectors:

nel
[Cl= 3 |cAN@HN@Y dz+ e INLYHNL)Y 8,0 (A.12)
n=1 0
nel L
(K] = 3 [HN@OHN@DY de+kANL)HNL)Y 8, (A.13)
n=1
0

(F™(1} = (K} +o{K,Diw(n)}
L

nel
+ ¥ | ((1-a)kwo{N(2)}C(z, t)dz) (A.14)

n=1

+(1-a)kwy {N(L) }gt(t)ﬁnnel
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0, .1 is the Kronecker-delta, used here to indicate that the additional terms are appended

to the matrices and vectors corresponding to element n = nel only. Furthermore:

L
nel
M] = 3 |p,A,{N@HN(@)} dz (A.15)
n=1
nel 7
{Kpt = X |E, AN @QHN (@)Y dz (A.16)
n=1
‘ nel
{F™(n} = ¥ {0} (A17)
n=1

Slippage is introduced by specifying, at the element level, the maximum possible
soil-restoring force to be equal to the pile-soil adhesion. The incremental stiffness and
damping contributions of that element are set equal to zero once this condition is encoun-

tered.

A.2 Finite element formulation for passive pile

The governing equation for pile motion in this case is given as:

ppApW(Z, ) - EpApW"(Z, t) + oke(z, 1) + (1 - a)kSOC(Z’ ) (A.18)
+cé(z,t) =0

where €(z,t) = w(z, 1) —v(z, 1)} (A.19)
Upon application of the Galerkin method of residuals to {(A.18) and subsequent discretiza-

tion over the pile length, the following equation is obtained:

L
nel

na (p,A,W(z, NE(z, 1) + E,A W' (2, 1)E(z, 1) + ake(z, 1)E(z, 1) (A.20)
0

(1-o)keyl(z, )e(z, 1) + cé(z, 1)E(z, 1) ]dz = O

Again, z in the above equation is now a local coordinate within each element of length L.
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Introducing linear shape functions

wz 1) = {N@)} {w(n)} (A21)
e(z1) = (N@)}Y (e} (A22)
ez 1) = {N@)} {e(0} = {e)}Y {N(@)} (A.23)
vz 1) = {N@} {v(0)} (A.24)
with
w(n} = (e(0}+ (1)} (A.25)
(W0} = (B} +{5(1)} (A.26)

The boundary condition at the pile tip, written in terms of local coordinates for element
n = nel,.is:

—EPAPW'(L, n+oke(l, )+(1- a;)k:e()z(:t(t)
+ct(L,t) =0

(A.27)

Upon integrating by parts twice the second term in equation (A.20) and using equation

(A.27) one obtains:
L L
—JEPAPW"(Z, Ne(z, Ndz = JEppr'(z, 1)E'(z, t)dz
0 0 (A.28)

+E, A w(0, Ne(0, 1) + ok e(L, 1)e(L, 1)
+{(1-0o,)keq, L NE(L, 1)+ c,&(L, t)e(L, 1)

On discretizing equation (A.20) along with (A.28) we get to the same standard form:

[MI{E(D} + [CHED} + {F™ ()} = {F(0)} (A.29)

in which
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nel

L
M1 = 3 [0, AN@HN@Y dz
n=1
0

L
nel
[Cl= ¥ jc{N(z)}{N(z)}sz+€,{N(L)}{N(L)}T5nnel
n=1
0

L
nel
{K}= 3 jE,,A,,{N%z)}{N'(z)}sz
n=1
0

L

nel

K]= Y k{N(z)}{N(z)}sz+k,{N(L)}{N(L)}T6nnet

n=1
(F™(0)} = ({K,} +a{K,D{e(n)}
L
nel
+ Y j(l - )keg{ N(z) }l(z, 1)dz
n=1
0

+ (1= ke {N(L)}E(0)D,,.;

nel

(F(} = 3 {00} - IMI{F)} - {K, (1)}

n=1
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